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FOTltORD S 

TOie InOMasing contribution of ma^aroatles to the dultura ' 
of ttm modmm worlds as wall as its ^^jortanae ^as a yital part . 
©f aclahtlflc and husianistlc aduaatlon, htt Mda l*t esaentlal - , 
tl^t the mathematlds In our sohools be. both well selected' and 
"well taught. ^ 

With this In mind, the various, mathematical' or^niM 
in the United States cbopeMted in the fomatlon of the Sohdol ^ 
Mathematles Study Group (SMSO). SMSO inoludes oolle^ and unii- 
versity mathematicians/ teaohers of siathematics at all levels, 
experts in education, and representatives of ^science and tech- 
nolo^. ^e geneSal objective of SmQ Is the Improvepent of the 
teaching of mathematics in the /sohools of tthis oowstry, Thm . 
National Science Foundation has provided substantial 'funds gor 
the support of this endeavor. ^ . 

Qnm of the prerequisites for the improv^^t of tim teach- * 
ing of mathematics in our schools is an improved c\^*rloulOTi" * 
one which takes aooount of the inoreaslng usf of^ mathematics, in , 
science and technology tod in other areas of taowledge and at 
the same time one which reflects recent advances In mathematics 
itself* .. One of the fJ^rst projects i^dertaken by SMSO was to 
enlist a group of outstanding mathematloians and mathematlos 
teachers to prepare a series of textbooks which would illustrate 
such an Improved curMoulum, 

The professional mathematicians in SMSO believe that the 
mathematics presented In this text is valuable for all well- 
educated^ oltlEens In our society to toow and that it is impor- 
tant for the preooil^ge sti;uaent to learn in preparation for 
advanced wprk in the field. At ^he same time, teachers in ^SO 
believe that it is presented in such a fom that it can be 
readily grasped by student a* 

*In most instaneeB the material will have a familiar note, 
but the preseh'tmtion and thr point of view will be different* 
Some material will be entirely new to the traditional currlcu- . 
luHi. This ^Is as it should be^ for mathematics is a living and 
ah ever-growing subject, and not a dead and frozen product of 
antiquity* This healthy fusion of the old and the new should 
lead students to a better under^standlng of the basic' conceptd 
and structure of mathematics and provide a flraier foundation 
for imderstandlng ahd use of mathematles in a scientific sodiety. 

' It is not intended that this book be regarded as the only 
definitive 'way^ of presenting good mathematics to stiadents at 
this level*. Instead^ It should be thought of as a sariple of the 
kind of improved curriculum that we need and as a souroe of 
augges;tions for the authors of corranercial textbooks. It Is 
slnceraly hoped thab these texts will lead the way toward a more 
meaningful teaching of Mathematics, the ftueen and Servant of the 
Sciences . 
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JtoiTOl g#om©tiy Is usually Int'raduoed In a year-long 
Qoxxi^mm, often tau^t ^in the tenth grade* Qeomet^ with 
OoordlnataB Is dasi©itd for such an introduatory iourse/ and 
oontauii most of the material of geoTiieti^ which has been found 
appropriate for a ooursa at .this level. The prasentatlpn here 
h^B one prlnolpal feature of novelty--lt rslles more heavily on 
^iigebra than has^a^ coimMft In a first eourse In formal 



Such a fusing of geomati^. with algebra Is charaoterfcitlc 
of the development^ mathematlos. In whloh boundary lines 
aamg tomohes ^of the subjeat beoome blurred and .eventually 
erased. Moreover^ the reiatlonihip between geometry mnd 
algebril has recently been emphasised In' the text Gfeometry j 

where MrWiaff's postulates, which tMke referenae to the real 
numbers, »e e^lolted. .ThtB book carries on in the same 
spirit, miking explicit use of ooordlnate methods to obtain 
^eon^trl^bL faults, ^ / 

) It should be noted that the reader Is- not required to have 
/much facility In algebra to understand this book* It Is 
expected that classes using this ttext will h,ave had one year 
of algebra, and that the geometry course will provide an 
opportmilty for students to review, consolidate, and extend 
their imowledge of algebra, . , 

The pr^nary emphasis in this treatment remains on 
geometry as a deductive system* It is hoped that our 
presentation will help to make clear that an|lytio geometry 
fits into this deduotive system — that it Is not Just a set of 
recipes for solving problems, but Is also a portion of mathe- 
matics, having its place in the organic structure which 
mathjpmatics is today. 



Chapter 1 
II^RODUOTION TO FOWUL SlOMiTRY 

r. 



l-l. Introduction . - 

Pbr peverai years new. In ^ohool and aui, you haVe bt^n 
aoquirlng isiowladge about gaomawia objeots like squares and 
alroles* This knowledge ^as based on a atudj^ of tKli^fi suah 
as- tiles and ooinsL or plotures of such thl^s* Kiese things 
pietures are pmmlQml ^wibts, This year we aroMsah the 
subject of geomet^ from a ma^^^matiaal rather than a 
physical^ point of view. A mathematician is conaernecl with 
ideas. For instanae his idea of a squa^ corresponds to, but 
is 'not the same as, a physical square. He uses platures of 
squares to suggest not only what is true about them but al^o 
what may be true about geomtric squares, that is, the 
squares which exist ^s ideas. 

You may ask why a mathematician is not content to. work ^ 
only with physical, objeots. As you leam to ^rk with geo^ 
metria objects some of the reasons will become clear to you. 
A mathematician looks for relations among ideas, blowing 
these relatiions gives him understanding and insight, and this 
kind of Imowledge is sati^ying. Moreover an ^understanding 
of relations helps him to di^oover additional properties which 
are less apparent in the pl^sioal world, ajid which a^m often 
found to be useful. ^ 

1-2. Fhysiaal Space and Infornial teomt ta^r * 

Geomet^ began Informally in the Babylonian and loptian 
civilizatioRs as a physical science. Indeed, the very nwne of 
the subject refers to " earth -measurement"i and mar^ results 
about areas of fields, volumes of buildings, and the were 
obtained experimentally by observation of niimerous ejounples. 



fdr thm E^tlans learned 

W mJ^mrimmm that if a figure like 
the adjaaent one is mde from sticks ^ 
w atratdhad mpa^ with the lengtHs 
^ing 3 uniti, 4 im^i^Si Bni 5'"^ 
i ^ unit 5 J than tha f iguz^ has , a " square 
- corner," day used this fact to 
^conatruet squa^-oor^nered bMld^tngs,^ 

* Other sets of niaabers besides* "3, 4, 5 
square oeraers* Far example * the set 




will also glare 



works Just as wel^j so do 



5* 12, 13 

= ^ 8, 15* 17 i ' 

\ ' 6.6, 8.8, 11 I 

^and there ^are many more • 
J Startir^ with such ejt^rimfintally verified faets, the 
^ Qraeks brou^t order and organlEatlon to' the subjeot by 
developing geometry formally as a loglgal system . In this 
f\ ohapter we oompare the method of experimentation in informal 
or physical geometry with the method of logieal d^Wuction in 
f formal geometiT'. The rest of the book is largely devoted to 
the formal development of geometry as a logloal system. 

^ 1-3, Gecfmetrieal Figures and a general Statement , * 

* First wa make k "streMained" version of the figure on 
the previous page by, eliminating the fw^ilness In the piatured' 
rope.- The features^ in which we are interested do. not depend 
upon ^hm sides being made of rope, or stieks, ox anything of 
, tfy% kind. Ink marks on paper or. ehalk marks on^ a ^oard will 
.serve equally well. , Moreover, we do not need to Save "thick" 
^rks (as in a pieture of rope)i "thin" marks will be even 
better. We are thus led to a picture like this one. In which 



n 2 
4p 




-tha ildes appear thin and straight. 
But wff realise that, howtver care- 
fully a picture like t^hj.^ might be 
dravm, under a mlcrosoope It would 
look irre^lar and fuEEy, somewhat 
like tiie rope picture. To avoid 
thesfr difficulties we form Bfi Idea % 
of a triangle t^t assists, only in our minds, not In physical 
spaee, and we refep jbo' it as a geometric triangle. This geo- 
metric trifchgle has^nono of the ^irregularJ^tleS of a physical 
triangle, but we find It oonveBlent to 'use a diagram (^hat ^Bj,, 
a^ physical trlangl^^ as a Temlndfr of what we wish to talk 
about , - ^ 

It will be helprul to use the term right angle to corre- 
spond %to "-square eorner;" Now we search for ^ome common 
feature of the various sets of numbers which, used as lengths 
of sides I lead to right-angled triangles. Do you Imow,' or can 
you guess, what the coiranon feature Is? 

It has to do with the squarely of these niMiberfi. Observe 



that ^ ' ^ 

2 2 -2 
likewise ^ ^ 13 ^ 5| + 12 . 

You should convince youcjelf by checkir^ that similar 

equalities hold for the other sets of numbers listed In 

Section 1-2. 

Prom our experience with several special cases, we are 
thus led to a conjecture, which we term Statement k\ 

Statement If the square of the length of one 
side of a triangle equals the sum of the squares 
at the lengths of , the other two sides, t^en one 
of the angles of the triangle is a right angle, 

' Note carefully what this statement is about., and how far- 
reaching it Is.' Statement A does not refer to some rough 
physical triangles which we might make of sticks or stretched 



pop©, nor to th€ flomewhat finer {but still physieal) triangles 
which we might sketch on a^ pad of ^paper or conetruct carefully 
with a toaftsn^'s Instrupents. It refers rio the ideal 
gaQmetrie triangles which exist in our minds. And it ±& not 
^restricted to the handful of such triangles which are listed 
in Section 1-2* Statement A says something about every 
'trimgle which, anyone might imagine^ so long as the basic as- 
sumption is fulfilled (the square of the length of one' side 
equals the sum of the squares of the lengths or the other two 
sides,) For every such trlan_gle, whatever its else, one ^ of the 
angles Is a right angle, according to, Statement A. 

Ther^ are three major ^uestiwis st^^mning from the fore- 
goin^jdiscussion: 

(1) Whkt is the pi^ocedure by whlGh we guess a general 

statement like Statements A? 
(fi) Can we be certain that it is true? 
^ (3) Just what are the things being tailed about In 
the statement? What are "sides," "triangles," 
'"right angles," etc? 

We Shall consider each of these questions separately In 
the following sections. But first an exploratory problem will 
help you understand our later analysis of^^uestlons (l) and (S), 

Exploratory ^ roble mi Let Q represent the expression 

_ — - - —^_ 4 " ^ 

n + n + ll-\ Compute the values of Q for n - 1, '2, 3, 4 ^ 
What features common to these values of Q do you notice? 
Do you^think that these features of ft will still appear if 
larger values of n are used? Try n = 5, 6, 7, 8, 9 * Do 
you think that these features will appear no matter how larg^. 
n may be? Try n ^ 10 , 

1-4, Inductive Reasoning and Informal Geometry , 

The exploratory problem and the discussion leading up to 
Statement A indicate an important method by whiGh wy guess 
statements that may have validity in general. We observe 
features common to a number of particular cases, and we 



" ^ .1 

formulate a statement tha^fits them all. This procedure is 
Imown as Inductive reasoning , ^and is basic to work in the 
seiences. It is also widely used in mathematics and in every- 
dav affairs- It is the rlvethod of informal geometry used in 
earlier grades. , . 

Suppose, forexample, that there are fifteen boys in your 
class, and that on one^ day each of the first five boys to 
arrive is wearing a tie. Jf you say to yourself, -'I guess all 
the boys will be wearing ties today," you are ^eneraliging from 
specific cases ^ Do you think that such a conclusion is 
entirely reliable?'^ Would it be more reliable If each of the - 
first ten boys to report is wearing a tie? Could you be 
certain of the result if you_ observed ^that the first fourteen 
boys to report are all wearing ties? 

Clearly, inductive reasoning is never certain unless we 
can check every case.^ When we'^ formulate a statement about an 
members of a set, we really mean not "almost all, J" Hence, 

one contradictory example proves the general statement: false. 
Such a contradictory example Is known as a counter-example. 
Thus the general statement, 

* . "All the boys in class will be 

wearing ties today," 
seems like a sensible Inference, if thevfirst five boys to 
report are wearing tiesj it is even more likely, if the first 
ten, the first fourteen, boys are wearing tiesi but it is 
proved false if the fifteenth boy reports without a tie.' 

Let us raturn to the exploratory problem. There are at 
least two fairly natural oonjeotures to make about the values 
2 

of Q^n"+n+ll* 

(X) If n is any positive integer (i.e., 1, 2, 3, etCL), 
Q is an odd number j 

(Y) If n is any positive integer, ft is a prime 

number* (A prime number is an Integer greater than 
1 which has no positive factors except 1 and the 
number itself.) f 



r 



¥ou will find that both statementfi (x) and (Y) seem 
reasonable If you check ri - l, 2, 3, . . , 9 , But- for 
n ^ lOj ft m 121 , and 121 is not a prime number, Ksnce, 
Statament (y) is false, because we have^ discovered a counter- 
example , ' 

You can continue teBtlng Statement (x) v/ith .larger and 
larger values of n without finding a counter-example. If 
Statement (X) still seems reasonable for all n up to 
1,000^000 / does this mean that the statement Is certainly 
tr^e? No, for such a process does not tell us what might 
happen for n ^1,000,001 . Some other procedure is necessary 
and this is what we discuss in the next section. 



(b) 



(c) 



y^th your 



Problem; Set 

(a) The diagram shows two intersecting lines, 
protractor, measure the angle 
labeled a , then measure the 
angle labeled b , and compare 
the sizes of the two angles. 
Now measure the two angles 
marked c and d , and 
compare their measurements. 

This diagram shows ariother isair of intersecting lines 
Repeat your experiment . Do ^ 
you find a significant re- 
lationship between the number 
of degrees In angle a and 
la angle b ? How about the 
c and d ? 





angles labeled 

Do you think that this relationship holds for every 
two lines which meet at a point? How would you 
expf-fss this fact in a short sentence but, as 
alvAye, a complete sentence with good English 
structure? ^ 



1-u 




(a) The triangle shovm in the 
dlagrMi has two sides of 
the BBme length. Use your 
protractor to measure each 
of the three' angles of the 
trlangleli Do two of the ^ 
angles appear to have ^he 
same sige? How are these 
two angles related to ^he 
two sides which have eqaal 
length?- ^ 

(b) - Repeat your experiment, 
\ using the^ triangle at 'the 

right, vn^^c^two aides 
^bf this ^trlaiigle Bmew to 
have ^qual lengths? What 
can you say about the - 
ni:mber of degrees in the 
two angles that are opposite. 

the .sides of equal length? 

- m_ ' ' ^ 

(c) Try to express the general/idaa which your expei^lment 
with the triangles has suggested to you. Be sure to 
use one or more complete sentences, giving all the 

' necessary data first and then stating the conclusion. 

* V 

In earlier grades you may have been abked to measure 
each angle in a triangle with your protractor. If 
so, you probably found thd[t thi tot^al niimber of ^ 
degrees in the three angles was ap^oxlmately l80 . 
If you performed this experiment several times , what 
induction < that is, generalisation) did you make? 




Three quadrilaterals are shovm. in each case, 
measure with your protraator each angle In the 
quadrilateral, addltloo, find the total number 
of deg?%es in the ■four angles of .each quadrilateral. 
Use induction to form a^eneral statement. How can 
you achieve more reliability for the truth of your 
generalization? 




e a 



Figure b 




In thie circle there are four chords containing the 
point. Z . .Usjyffg a millimeter rule measure the 




dlstanoa between A and Z ; between B and Z , 
Find the product of these measures. Now repeat this 
experiment for the dist^jice between C and and 
between D and Z , Are the two products equal? 
Repeat for the distances between E and Z and 
between F and Z , Repeat also for the distances 
between H and Z and between G and Z . After 
iMking these pairs of measurements and finding the 
products what induction do you think Is 'true? 



6. 



7- 



8. 



Stowjthat n ' 2n + 2 



n if n =^ 1 



the 



equation trtie when 
values of n ? 



n ^ 2 ? Is it true for all 



If *two students carefully and independently measure 
the width of a classroom with mlers, one measuring 
from left to right and the other from right to left, 
they are likely to get different answers. You may 
check this with an experiment. Which of the follow- 
ing are plausible reasons for this? 

(a) The rulers have different lengths, 

(b) One person may hava lost count of the number of 
feet' in the width, 

(c) Things are. longer (or shorter) from left to 
right than from right to left* 

<d) The errors made In changing the position of the 
-I ruler accumulate^ and the^ sum of the small 
errors makes a cNL^scernlble error, ^ 




number 
of points 
connected 2 



number 
region! 
formed 



of 



2 



8 



16 



Replace the question mark by the number you 
think belongs there. Verify your answer by making 
a drawing in which six points on a circle are 
connected in all possible ways. 

Try to prove that the following statement is correct: 

If n is any positive integer then 
Q ^ ^ ^ is an odd number. 
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1-5. Deductive ReaBonlng and Fomal Mathematic& > v ; 




0^ . 



Suppose that, as a result of= inductive reaching/ 'we- havi 
fonnulated a general statement about a sefe^-of o&tl^qt's'w " - We 
think the statement Is true, but how can we be &^e?4 ,If .the 
set is infinite, as is the case for most interes^ih^land ^ 
important generalisations in nrnthematics, we obJ^^rd^m^ 
check each particular instance. In such a sftuatjl&^l turn 1 
deductive reasoning--we try by logical ffi'gumerit.'tpgmeduce ■ 
our conjecture from previously accepted statemer^s^ /"^This is 
the oharacteristlc methdd of ^te'mal geometry. 

For example, from the two statements, 

: All squares are rectangles, ' 
and 

No rectangle is a pentagon, 

we can deduoe tht s^^tement, 

C \ No square is a pentagon. 

The combination of the two statements labeled 
is called the hypothesis ) the statement labeled C 
the conclusion . Thus, by deductive reasoning we obtain a 
conclus|iQn from some hypothests. . But where do the hypotheses 
come from? We may be able to deduce them as conclusions from 
some other hypotheses, possibly simpler ones. And where would 
these other hypotheses come from? Can you see that this 
proceBS of pushing our argument ever farther back must stop 
somewhere? We decide to make a start somewhere by frankly 
assuming some hypotheBas, 

These basic initial assuLmptionB are usually called 
postulates or axioms , We choose as postulates some relatively 
simple statements which seem reasonable on the basis of our 
experience. In this book we shall assume over 20 postulates 
as the foundation for building the logical system of geometry. 
Other statements in the geometry, called theorems, will be 
proved (i,e,, logically deduced) from these postulates. Once 
we have proved a theorem, we can use it, as well as the 
postulates, in the logical arguments by which we deduce more 
theorems. In this fashion we obtain a satisfying organ! zat Ion 



is ealife4 



1-5 



of the subject ot geometry- -we no longer deal with a Jumble of 
"fmets," but we can see haw the "facts" fit together, like, the 
bricks m a building. .In proving a theorem, thus adding to 
our organisation^, we shall use only postulates we have assumed, 
definitions we have fohnulated, and theorems we have proved, 
The| growth of a logical Bystem Is suggested by the following 
dlag^aki. 




Postulates and Definitions 



Ijet us return to a consideration of our postulates, those 
assumptions on which the rest of our geometry is based. Are 
we certain that they are true ? The answer Is "no" --we Just 
decide to assume them* ^Then what about the theorems, our 
conclusions by logical deduction from the postulates? We 
can't say that they are "true," either--the best we can do is 
to say that they are valid deductions from the postulates. If 
the postulates are true, then valid deductions from them are 
also true. ... - 

As am example of deductive reasoning, we shall prove 
Statement (X) in Section 1-4, taking as hypotheses the 
fainillar facts, of arithmetic. 
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.Wa are, then, to ^ prove the following statement i 

' / \ - P 

(X) If n is any positive Integer A and Q Is 

2 " 

given by bt 4- n =f 11 j then Q Is an odd number. ^ 

Proof I We can write ft as follows i 

I . Q ^ n(n + 1) + 11 . 

Since n and (n + l) are conBecutive Integers, one of them 
Is an even number. Hence ^ n(n + 1) is eveni for the produat 
of two integers^ one of which is evenj is §n even numbe^. Hit 
the ,sum of an even number and an odd number (in this ease, the 
number 11 f is odd. Thus we have deduced that Q iff odd ^^rn© 
matter what integer n Is, i 

We work out another example of ,deduatlve reasoning Inj 
ordmr to Illustrate the Important concept of Indlrept 
argument t ' ^ ^ ^ 

In a certain small conmiunity consisting exclusively df ^ 
young married couples and their small children , the following 
facts are knovm to be true. 

' ■ . \ 

(a) Every boy has a sister, '\_ 

(b) There are more boys than girls, 

(c) There are more adults than children. 

Prove that there must be at least one childless couple* 

Here our Initial assumptions are simply the facts stated 
in the problem. This timej the logical process yvhich will lead 
us from the given Infomatlon to the desired conclusion Is 
what is Imown as indirect reasoning , In this, we aBS\ime the 
opposite of what we really want to prove, and show that this 
is Impossible, This leaves the deBired conclusion as the only 
remaining possibility. 

We begin, then, by assuming that there is no ahildless 
couple , Prom this, we conclude that every family must have at 
least on# girl, since by the first fact there can be no family 
having' only boys. Thus, there are^t least as many girls as 
there are families* Moreover, by the second fact, there are 
actually more boys than there are families. Hence the number 



or boyi^.and girls together is mo^^han twice the number of 
fantm^i. But this means that .there are more children than 
adultfr^whleh contradicts |he third fact,/ Hence it Is false 
thats every fwilly has a child. In other words, at lea^t one 
fmiily must be childless, which is whatf we were asked to prove 



Problem ^ Set 1-5 

Co^^^tfd^^^ach pair of sentences below as a pair pf 
hypotheses, the first one general, the second specific. 
Jf the specific hyppthesls Is related to the 'general one 
; so that a logical deduction follows, state that deduction 
If one does not follow, explain why. 

(a) If a student is In Miss Snith's 'classy Miss anith 
is his teacher, . 

John ±B In Miss, Smith's fifth period ^gllsh class, 

(b) Every member of the^ High Peak Club must have 
climbed a mountain. 

My father is' a member of the High Peak Club, 

(c) To be a policeman In Elk City one must be at 
Ifeast 6 ft . tall , 

Jim's uncle is a policeman in Elk City. 

(d) All Eagle Scouts must have passed Test R, 
Harry is an Eagle Scout, v ' 

(e) All seniors in the school left for the beach 
Saturday morning. 

Alice went to the beach Saturday morning, 

(f) Children under 12 years of age ride on buses 
for half fare. 

Jack rides for half Lave. 

(g) All insects have six legs, 
A fly has six legs. 



(h) Rainy days are disagreeable. ' 



(1) 

(J) 



Friday was a rainy day* 
All apples aW red when ripe. 
The Early Transparent is a variety of apple' 
All trees have needtfes. 
The fir is a kind of tree, ' 
Prove ;,^ach of trte following statements, 

(a) In a classroom of 25 students, there, are at fleaat 
two whose blrfhdays fall in the same month* 

(b) There are at least two trees on this earth that haye 
the same number of leaves. (Assume that tlie number 
of trees on earth is larger than the number of 
leaves on any one tree and that every tree has at 
least one leaf,) ^ ^' *^ 

At the right is a checkerboard. 
As you can see, it has 64 
squares; it is to be covered by 
dominoes each the size of two of 
these squares. Of course^ it 
takes 3S such dominoes to cover 
the entire board without any over- 
lapping. Now suppose that the 
two black squares^ one at each end 
of a diagonal are removed from the 
board. Can what remains of the 
board be covered by 31 dominoes? 
Explain, 

Give a conclusion which might have been drawn ttjm each 
of ■ the following situations or statements. InM^ate^^ 
whether the conclusion is a deduction or an induction. 

(a) In the ten years in' which I have lived in this part 
of the count ry_ we have never had a snowstoMft^ 

(b) The prica fange-for a suit in that store ia(^to5 
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i - ' ^ 

(c) In Wie thousands of specimens of that type of cell 
which I have examined all have a thick cell wall, 

(d) All the buildings designed by Mr, Broyn are the new 
sfcmel and glass typf of stnucture, ■ 

Mr, Brown was the architect for the medical center 
V in Sprlngdale, 

-^^ ^ 
^ (e) All officers of the Hl^h Schop^ Student Bod^ must ^ ^ 

\ have passing grades* ^_ , 

Jerry is the se'^retary of the Student Body. ■ 

1-6, Definitions , ^ ^ ' , 

triangles with which we dealt in Section 1-^2 are. ^ 
ioiown as righ^ triangles. . & We giva- a formal definition as 
follows: ' , ^ k 

\ ■ : • . ■ ■ 

DEFINITION ^ A triangle that has a right an^le Is 
a right triangle . ^ 

In this definition. ^e underline "right triangle" to show 
what Is being defined. The purpose of the definition is to 
enable us to replace the phrase, "a triangle that has a right 
angle/' by a shorter phrase, "a right triangle," and thus avoid 
the inconvenience of having to repeat the long phrase In a 
discussion about right triangles* Since the two phrases are 
names for the same object the definition may; be reversed as 
follows I 

DEFINITION : A right triangle is a trlangl| one 
of whose angle.s is a right angle. 

The first form of the definition might also have been 
written: 

If a triangle has a right angle, 
then it is a right triangle > ^ 
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The second form'of the definition might also have been 
'wrltteni 

>' ' , . ... - - ' - . 

If a triangle is a right trlanp:le ^ 

f then It has a right angle, 

^®^.^^lL^^^^® ^^^^ thisi together as follows: 

DEFINITION I A triangle is a right trianglW 

if and only if one of its angles^ is a right aj^le^ 

The definition or'rlght triangle given above might, be 
corfaldered to be Useless, for it appears to r^ise moi-e 
questiojis than it answers. What is a triangle? What Is an 
angled 'What is^a r±ght>angle? We will find in. Chapter, 4 that 
angU is defined in te^^fe of ra^ and some other conGepts. 
What, then. Is a ra^? We will fi^d in Chapter 3 that ra^ is 
defined in tei^ns of point , line , and some other concepts. 
What, then, is ap point ? ' * ^ 

Do you see that w# have^a situation similar what we 
encountered in Section 1^5, where we discussed the necessity ^ 
of assuming some postulates in order to make a start with our 
deductive system? Just as we canit prove all statements and 
hence must assume some, so likewise we can't define all terms 
and hence must accept some as undefined , 

*niis may seem like an unsatisfactory procedure, but it 
really works very well. In this book we shall accept ''point, 
"line," and "plane" as undefined terms, aircL will discuss the 
process of definition more extensively in Chapter 2 where we 
encoimter these words formally, and again In Chapter 5,, 



1^7* Special Words and Phrases , 

In mathe|^ics we sometimes use ordinary words in special 
ways. We tr^i^o be careful and precise in our language, which 
is not always the case In everyday discourse. We have*already 
noted that the word "all'' really means "all," and not merely 
"a great ^ many" or "most." When we state that there ^ a thinj 
of a certain kind, we mean that there is at least one such, 
but we do not mean to exclude the poaslblllty of there b&lng 



in^ft 'than ©n#* for Iriitiaii^s/ w© ml^t sayj "ni#rt is a line 
imieh eofrtalni pain^ A *" Jf^m want to eall attantlon to 
the/ faat that there ls| exactly one thini of a oertayi kind^ we 
use the phraie one and only one and sowietijses say that the 
objeot In question Is unique . For Instanae, we might s^, 
"fhere is one and only one line which contains two given 
polntSi'' or we mli^t sayi "mere Is a unique line whiah cqa- 
tains two glv^ joints." Still another imy to put this Is to 
state I "two ^vi^ points deteralne a line," r 



Ma^^ of our #tatements have the fom, "If , then Q " 
where t and Q are statements. For eximple, m Important 
stat^nt, known as the pythagorem Theorem, oiui be worded as 
follows I , 

*If one angle of a trlai^le Is a right angle* then 
"^the square of the length of one side of the triangle 
J equals the s\am of the squares of the lengths ©f the ^ 
other* two sides*" . |^ 

you will reao^lze that our Statement A of Section 1-3 
also has the If-then foiTu and that it be obtained from the 
statjement of the ^hagorean Theorem by Interehanglng the 
statement of the iff-rclauBe with the statement of* the then- 
clause: It happens that both Statement A and the Fythagorean 
Aeorem- can be deduced from our postulates of geometry • ^oh 
ii^therefore an example of a theorem. You will find that many 
theorems in geometry are stated, or can be stated. In the 
If-then form* This will be useful to us because this form 
makes it eagy to Identify the hypothesis and the conclusion* 
Thm hypothesis is its if -clause and.;lbhe conclusion is its 
then-ciause^ Reasoning by deduction, the method of foirol 
geometry starts with the hypothaslB and proeeeds logloally 
through a sequence of Btatements until the conclusion is 
obtained. Such a sequence of statements is a mathematical 
proof. In our next chapter. we shall see some examples of such 
proofs * ^ 
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1-8. SmrnBLVY ^ - — t 

We hav© stressed fchf aontrasti bet wean. Informal geometnr# 
whieh deals with oerialn properties of objects we can see and 
touoh, and fonwl geomet^j whleh Involves slrtillar properties 
of objeets whiah we oan only imagine. 

Within formal geometry (the subject matter of this book), 
there are also several interesting contrasts; 

(1) between inducttve reasoning , which we use to help us 
discover geori^trlcal relationships ^ and deductive 
raasoning, which we use in proving these relation- 
ships I ' ^ 

(2) between postulates (assumed statements) and 
theorems (deduced statements) j 

(3) between undefined terms and defined terms. 

.It will be helpful if you keep these contrasts in mind 
as we begin our study of formal geometi^. 



Sf you would like to learn more about the ideas discussed 
in this chapter, it is suggested that you read some of the 
following books, or chapters selected from them* 

Bell, E* T., Man of Mathematios . New York i Simon and Schuster 

,1937, . ' 

Eves, H. , to Introduction to the History of Mathematics , 
New York- Hlnehart and Comp^iy, 1953. ^ 

Kline, M. , Mathematics in Western Culture , New Yorki Oxford 
University Frese, 1953. 

Kramer, E, E., The Ma^n Strei^ of Mathematics . New York i 
Oxford University Press, 1951, 

Sanford, Vera A,, A Short History of Mathematics . Bostoni 
Houghton, Mifflin and Company, 1930. 

Strulk, D. J,, A Concise Histo^ of Mathematics . 2 Volxwies. 
New York: Dover Publlcatiohs, 1948. 

IHimbull, A. W,, The Great Mathematicians , New York^ NfW 
York University Press, 1961, 



♦ Chapter 2 , 

SETSl POINTS, LIMES, AND PLAlffiS \^ 

L^L^uage Qf Sate . . 

In ou^ ^tudj of gaomatx^ we shall have to make extensive 
use of a numbar of teohnioal terms whose prtolse meanings we 
oust understand elearly« It would of course be a serious mis- 
t&k| to burden ourselves with all of these at th^e hegltmlag of 
oii^Bwork. and wa shall Introduce them only as to haye need of 
Howeveri there are a few whlahj^e need to starts with, 
the most fundamental of these Is, perhaps siirprlslngly^ 
the slmpla word set . ^ ' * = 

The Idea of a set is a very fam^lar-one. A hasktttia^ 
te^m the eourt'la a set of five pSi^ta^, a baseballi tstai In 
the field Is also 6 set of players, .In each ease the players 
are the members of the set, Howevei*, the mertDecs of a set need 
not be people. Thus the United States Is a set whose members ^ 
are the fifty states, and the aigllsh alphabet is a set whose 
members are the twenty=slx letters. We even have such expllolt 
everyday uses of the word as "a set of china,-' "a set of 
silverware ^iLa^" ^ "^^t of golf clubs," Still another example 
Is the set whose five memberB are the Qnpire State Billdlng, 
Mount Fujiyama, Abraham Lincoln, the Declaration of Independence 
and the North Star, 

Thm members of a set are often called the elements of the 
set. ITie members, or elements, of a set are- said to belong to 
the set, and the set Is said to coritain its elements and 
consists of all its elements* The letter f belongs to the 
English alpha'b^t, a certain set' of china contains a meat 
platter* The set composed of the four numbers 3, 5* 7*11 Is 
often denoted by the symbol [3,5*7*11] * The notation 
[Alaska, California, Hawaii, Oregon, Washington) names the 
set of states which border on. the Pacific Ocean, 



< > 
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Dd the sets t*i5^7f ll'^-4arid (5,11,7,3} have, the mm^ 
elements? Do yau trilhk that the sat [3,5,11) Is the siuna i4 
the set (2^5,11) ^ Whyj or why not? Would you say that the 
sat (5f^,3,2] has the SMie member»B as the^jet_^j5j3^g) ? Do 
you balifve that a sat with fifty members GBin be the same as a 
set wlt^ sixty mambartf? ^^^v 

Let us agree that two sets are the SMie provided t^oh of 
them has axaotly the same members as the other. If the two 
seta are named A ,and instead of sayiiig that the sets 

A and B are* the same > we often^ say they are equal i and we 
¥frite A^ B , For^' example, the sets (3,5,7,11) and . 
(5jll|7#3) ire equalj and we express this sMieness by writing 
[3,5/7,111 ^ [5,11,7*3) , Explain why the statement 
(2,^} = (5,2) Is/falee, Is the Btatement (-1,0,1) ^ (1,-1) 
true or false? Wiy? 

Often a certain set may be described in different ways. 
If S is the^et whose elements are, the Integers between 1.5 
and 6.2 / and if M is a name for the set (2,3,^,5,6) , 

then S ^ M . ^ ' 

Vftien you wer^ asked in algebra to solve the equation 

X - px + 6 ^-0 , your problem was essfnttally to find the 

members of the set of solutidns of the equation. Since 
2 

x~ - 5x + 6^ (x - 2)(x- 3) p you concluded that the solution 
set is {2,3} * This pet Is the same the'set whose ^emants 
are the smallest two primes. 

it 

Problem Set 2-1 ^ . " 

1* Fill in each blank with an. appropriate word: 

Canada to the set of nations called the British. 

Commonwealth. The senior United States Senator from your 

state 'Is a of the set of public officials* The set 

(1,2,3,6,7,8] the element 6 . 
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Name taeh of the following sets by malting a list oJP the 
membepB sni enoloBlng the list in a pair of braoes' # 
I ) . 

(a) Thm B^t of mamberi In ^ur faiid.iy* v 

(b) She s©t of eouries In which you are presantly 
enrolled* 

{q) Thm sat of posltivt even Integari from S to- 14 
inoluBlve. 

(d) Th^ mmt of all those n\imberi from ^ to 50 , ! 
inolualvej whioh are aquarie of integeri. 

<a) List the set of l^tegeri from 0 to 10 , whloh are 
perf to t square b , 
^(bj Isvthe sat .(4,9) equal to your answer for (a).? 
Miy? 

liow might the set (3*5,7,91 be described in words? is 
it possible to give more tharwone deaprlption? 

Vtoloh of the sets listed below are the sames 

(a) the set of integers from 'i to 5 , incluslvej 

(b) the set of positive integers between -6 and 6 j 
(o) the set A - (0,1,2,3,4,5) ?^ 

Are the sets [John, *,|,5,t) and {8#t, John, *,5) 
equal or not?^ Why? 

(a) Given that x stands for such a nimber that 

X ^ 8l , find one possible value for x , Is there 
m\y other number which x might stand for? vmat is, 
the solution set of the equation x^ ^ 8l ? 

(b) Write the solution set of the equation 

X- + 5 ^ 21 , ^ ^ . 

Write the solution set ef each of the following equations: 

.(a) 5x - 3 ^ IS . (d) x^ - 7 ^ 18 

(b) 4(2x ^'3) - 8 (e) x^ . 3x ^ 10^ 0 

(c) a(3x - 4) ^ X + 10 



list at iMBt th^wm tmmhmFB gf MCh, set described balbw. 
In taoh eaie itate whether or not It would be possible to 

;raak3g a aomplata list of all the members. /r ' : 

\ ■ ^' ' ^ /-J-... , _._ . _ 

.^(a) the even integers from 10 to 200 

(b) the positive' integers between -10 and 20© 

(e) the ^^ational nianbers between 1 and 2 , 

(d) the Integers 

{m) the- integers divisible by 7 

(ff th^ positive integrei faotorg of : 30 

(g) the prime factors of 30 ^ ^ 

do, Consider Ahf two .sets X)^ [6v^*r ItlOS.Sg) and 

' Y ^ (/i,-8i/o,- -1,105,28) , 

(a) Wiat elements belong to both X i^d Y ? 

(b) What fiements belong to one of* the sets X and % , J 
^ but not to both? 

(c) What elements belong to either X or Y or both? 

Sets\ / . ^ 

-We observe that the set (3,6,7,9} ^ is not the laBe as 
'the set^ 13j7i9) . The two sets are not equal because the 
number^fi a^ears In one membership list, but not in the 
other. However, each element of [3, 7^9) 1^ al^o a member of 
the other* One of the sets seems to be a part of the other. 
We are led in .this nmnner to the notion of a subset. 

If each element of a eat A is also a member pfa set 
B , we may say tim. A is ai subset of B . Other ways of 
eacpressing the sami dea aret the set B ^contains the set 
A , or A is co^iwained in B , , ' ^ 

For InsteuiG^e, [Paris, pome) is a. subset of .{London, . 
Paris,. Rome r Tokyo) , and, {-1,0,1) contains the set {-1,1) . 
Notice that the word "contains" has two usagesi a ,set may 
oontaln a member, and a set may contain a subset. 

1 

Although the notions of a part of a set led us to Intro- 
duoe "subset" and although the prefix "sub-" may emphasise the 
"part of" idea, you should observe carefully that the 



^©finltion of "subset" does not require that A jjid B ' be 
dlffawnt Slnae mviry ©lemant of any set Is also a mamber of 
the mwm^ set, every set' is a subset of Itself. 

It Lb nQt .always poMlblf to eaeh and every member 

of a s^t, even numbersj 2, 4^, 6, , » * (the three dots are 

read "and so on^mdef Irri^tely" ) form a subset of the set of all 
positive Intagers 1„ 2/ 3, 4, , ^sma latter^ {1,2,3*4,,,. 

consisting of all positive Integers/ iq^ in turn, a subset of ' 
'(0*1,-1,2,-2*3,-3, ..,) oonslBtlng of all integers/ ^e 
members of Congress form a subset of the set of all United 
States oltlzens. The set consisting of Just this one book Is 
a subset of the stt of all books. 

The last Illustration su^ests the need for distinguishing 
earefully batwaen a set and the elements which it contains, 
Mban a set aontalns more than one element, this dlstinetlon is 
*clear. Our notation with braces hilps to Emphasize the 
sltuationi [3,5*7*11] represents a set; its members are 3, 
5, 7# 11 * V^at notation would you use to-rame the set whose 
only element is 8 ^ Do you see any distinction between the 
number 8 arid the set [8J ? ^ 

When a set contains a single element, it may seam trivial 

or even unreasonable, to think of the element and the set eon- . 

sisting of Just one element as two quite different things*- 

But there really is an important distinction. Perhaps the best 

way to explaJLn the dlfferanoe Is by an example. In a certain 

high school, Maiy Brown was- the only student who enrolled In 

the course In advanced Latin, in other words, at the beginning 

of the term thi advanofd Latin class was a sejt consisting of 

the single .element, Mary fe'cwn. Because teachers were scarce 

>i ■ _ _ _ _ _ ' ' _ _ ^ 

that year, the principal decided that ha couldn't continue a 

class with. Just one student, ao the class was canceled. Thus 

the set oonsistlng of Mary Brovm was eliminated, its existence 

ended by order of the principal. On the other hand^ Mary 

Brown was certainly not eliminated. To have eliminated the 

set consisting of Mary Brovm was a necessary and desirable 

econon^. To have »ellmlnated Mai*y ^own would have been 



Cgnil^r the two sets /Hl#3*U,5#9} and (3,4,6,8) Is , 
there a nmbep whioh balang^ to mnm of these sets but not to 
the other? . Are there sever^ suah elements? Is there ar^ 
nwiber whloh these two sets have in aonuaon, that is, any 
number ^whiah is an element of eaoh set? Eaoh of the nymbers 
.3 anS 4 belongs to both sets. We say that the set (3,4) , 
whiah is oomposed of the numbers oommon to the^ given sets, is 
the interseotlon of the given sets* In ganaral, if we have ar^ 
two sets, their inter seot ion is' the set oonsisting of all 
common members* In other words, the interseetion is aompose^ 
of all elements which belong to each of the glveh sets* 

One set consists of the New England statesi another sat 
consists of the states whose names begin with the letter M j 
the intersaction of these two sets is [Malna, Mkssaohusett^s} . « 
What is the interseetion of the set of all blue^eyed people 
and the Mt of all girls in your gaomatry class? Wiat is the 
intarsaction of the set of prime numbers ajiti the sat of 
natural niunbers between 4 'and 12 ? . - ^ 

Thm word inter seetion" has been chosen in the- language 
of sets, because of Its usage in geometrical situation^* ^ 
we^imagine .that the two circular arcs in the diagram ire sets"^ " 
of^ points, than their intersection is 
the set composed of the two- points 

labfelW P and Q • As an exercise 
in the proper use^of set ndtation, 

*writa a symbol for this intersection* 

Likei^sp, denote the intersaotldn 
of the two lines suggeeted In the ■ ^ 

pictiire * 





Given two sets, we sometimai wish to put them together, 
so to speak, by forming a set which contains all the elements 
of the given sets. For instance, if the sets [1,2,3] and 
{2,3,5,7} are put together in this nAnner, we obtain tha set 
(l,2,3,5i7) . Notice that the element 2 , which la common. to 



t|ie given sets, appeari as an element of the new set only onae, 
A similar reraark applies to the^ common member 3 , The set we 
hmve •built In the example is ealled the union of the two glvTO 
sets. In general. If we have ai^ two sets, their union Is the 
set aonslstlng of all elements * whioh belong to one or the 
other^ or both^ of the given sets. 

The union of the set of all fathera and t^e set of all 
toothers is the^ set of all parents. The union of the set of 
odd Integers and the mmt of even integers is the set of 
integers. 

Problem Set g-ga , * * 

1. Fill in eaeh blanlci 

. (a.d/JJ'. and (j/e.m) is Ca*m,e,J,dJ . 

(b) ^e of (^2,»1,0,1,2) W (0.2,4,6,8) \ 

^ is {0,2] , 

. (c) The #et {0/2) is in {-2,^1,0,1,2) . 

2. Consider more than two sets, Bmy the sets (1,2,4) a|id 
t2|4^t^L_j_and (l,7f8) . If you usei the members of 

^^T, these sets \q form the set {1,2,4,7,8) , what name might 
you give to^the set you f omed? You might call it the 
of the three given sets. (Pill in the blank.) 

3. Imagine that each of the three intersecting lines 
represented in the diagram 

' is a set of points, vmat 
set is the intersectlbn 
of all three lines? 

4. Given A - (2,4,6) , write (in set notation) seven 
subsets of A . A proper subset of a set is eontalned 
in but does not equal the set. List at least five proper 
subsets of A . 




B* an exiii^l€ in which you name four sets (each contain 

l3f^ at Itast 3 elements) such that the interseetion of * 
any two of these setQ contains at least one member, lliwi 
write the set which is the union of the, four sets, 

in geneMl, we often speak of the unlonj or the Inter ^ 
seotlonjof more than two sets, ,Th# Intersection eonslsti of 
the elements coimnon^o all of the sets^ ^e imion consists of 
all elements which are members of My one or more of the given 
sets. " 

Sometimes the notion of intfrfi'eetlon of sets leads us to 

a stras^e situation, oppose ^e are asked to tell the inter- 
section of the set (2, 5 J 8) ^d the sat M3j7J . Or suppose 
we are asked about t^e Intersection of the two circles shown 
in the diagram, 

%n each of these illustrationi, 
the two given sets have no common 
elements,^' Can we neverthelese 
consider that two such sets have 
an intersection and that the 
intersection is a set? ThBX is, 
can we speak abput a set containing 
no elements at all? This may seem like a foolish question but 
it really is not,^ In many mathematical situations it Is a 
great convenience to be able to answer it affirmatively* If 
you recall the examgle about Mary Brown and the advanced Latin 
class ^ you should realize that a set Is quite a different 
thing frofti the elements which It contains (or doesn't contain!) 
With this In mlndj^ we recognize as a meaningful idea the notion 
of the empty set , a set consisting of no elements at all. Now 
we can w^y that the Intersection of [2j5j8) and (3,7) is 
indeed a setj in factj it is the empty set. Likewise the set 
consisting of the numbers which eMtisfy the equatiori 
X + 1 - X - 1 is thV empty set, for no number' is a solution 
of the equation. . • 

f 





Thm use of the tmptjr^set permlti'ue to speak of the 
Interseetlon of two sets whether the sets have any elemente in 
ooomion or not. However, it will often be convenient to have a 
way of Indlostlng that two sets actually have at least one 
element in coTmon, that is^ that their Intersection is not the 
empty set. This we shall do by saying that the two sets 

iterseot ■ Briefly^ the Intersection of two sets may be the 
empty set^ but If two sets intersect there is at least one 
'element which belongs to both of them. 

" ^- ' 

^ Problem Set g-Sb 

' I. Let A be the set [3, 5,6^S,11*12) and B be the set 

t^#5,7*9fl0,llj • Give the answer to each of the follow- 
ing questions, by using the brace notation and listlng^ 
the numbers'? Wiat is the intersection of the sets A 
^ and' B ? What is the union of A and B ? 

/ 

a. Consider the fbllowlng sets: 

is the set of all students In your school* 

is the set of all boys in your student body, 

.is the set of all girls In your student body* 

is the set of all members of the faculty of your 
school , 

Sc is the set whose only member is yourself, a student 
in your school . 

(a) Which pairs of the above sets intersect? i 

(b) Which set is the union of and ? 

(c) Which set is the union of and Sg ^ 

(d) Describe the union of and . 

(e) Which of the sets are subsets of ? 

3* Consider the following three sets? L = (r,s,tj , 
M ^ (t,u,v} , N - [v,w,x] . 

(a) Which pairs of these sets intersect? . 

(b) Describe the InterseGti^ of sets L and M ; 
of sets L and N * 



Considdr the following three diagrams. 




OhBB I CASE II ^ CASE III 



(a) In aaoh oase If you ^o^slffer the points on the line 
and the points on the olrele as fo™ing two sets of 
points, what Is their Interseotlon? 

(b) In Case II, how would your answer be' ohanged {if at 
all). If you considered one set to consist of . all 
the points either on or Inside the.clrele? 

(c) In Cases 1 and IIlj how would your answer be ohanged 
^ (if at all)jilf you made the modification mentioned 

/ In Part (b)l-- 

imagifl© that each of the five lines suggested In the 



dlagrwn is a set of points. 




i 

(a) Fill the two blanks: The set (H) is the lnter= 



section of -line and line . , , 

(b) Vftiat Is the Intersection of a and e ? 

(c) V^at is the intersection of the three setp= c, d, e ? 

(d) Fill the bl^k with a wordj The Intersect ipn of the 
sets a and b and the intersection of b and* e 
are 
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(•) ^Uiat Is t^he Intarseq^tioh of the four stts. ' 

Consider thtf s#t of all positiva intagars divlsibla by 
2 and thm sat of all positive iirta'geri divisible by 3 . 

(a) Dasoribe the intarseotion of these two sat8« 
List its four smallest mambara^ ^ 

(b) Msdriba the 4mion Qf the two set^. _List its v 
ai^t smsllast members. \ / . 

Consider the sat of intagars batwaan 10 and 100 ^ 
written as usual « in deoiiml notation. Vi^at is the 
^JJitersaation of tha followii^ four subsets? 

(a) Th% subset oonslsting of prime niunbers. 

(b) Thm subset consisting of numbers whose 
representation Ineludes the digit 7 

(a) The subset consisting of niunbars for which tha 

B\m of the digits is an even number, 
(d) The subset consisting of numbers in Which the 

units digit Is greater than the tens digit. 

For aonveniance mathematicians often use the symbol^ f] 
to mean "Intersection" and the iymbol (J to mean ''union. 
Given M = [a,b,c,d,el and N ^ (e^fja^g) , 

(a) Wiat Is meant by the s^bollc statement 
M n N J N U N ? 

(b) List In set notation the members of the set 
M n N I M U N * 

i 

l^e #mpty set^has been defined as the set consisting of 
no elements. This Is sometlmea oalled the null set, 
^e symbol 0 la often used to denote the empty set* 
For example, if A - ipjQ*r} and [m^n^oj , then 

A n B ^ . (Note that we do not use braces In writing 
the s^bol for the empty set.) 

(a) If D is the set of males who are older than l8 

years and E Is the set of males who are l8 years 
old or younger, what la D H E^? What is D |J E ? 



(b) If A - {1, 3, 5i7, 9*11* '...), , that is, if A is the, 

mmt of all odd natural, ji\imb«rs, If 

B {2*4^6^8^6* /express AIJB In set 

notation^ depress A pj S in set notdtlon, 

10. Let f * {3,6,9^12,15,181 , g ^ (7,1^,21*28) , ' \, - 
h = (6,12,14,28) . Using the brace notation, wslte the 
ssts represented byi . 

(a) f U i ' ' M f ri/fg U,*^) . - 

(b) fng^ (d) (f n g).u (^*n '^^ 

2-3* Qne ^ to ^ ona Correspondenoe , 

In' a alassroom of 20 seats there are exactly 20 ' 
student's* For eadh student there Is a seat and for each seat 
^there is a student* When each student is assigned to a 
particular seat we have an example of a one - to -onp . Qorre spond- 
enee between the set of students and the set of seats. Of 
course, if another student were admlttedl »to the elass%then we 
could no longer have % one-to-one correspondence between the^ 
set of seats and the new. set of students. If a new seating ' 
arrangement were made for the sat of 20 students then we 
would have a different one-to-one correspondence . We note 
that in ordgjp to have a clear notion of a one-to-one porre- 
spondrtnoe between tw6 setfs, we must Imow^lidw the elements of 
the/t^ sets^ara matched. We call a pair of elements that are 
mat/^ed a pair of corsfesponding elements. We record a 
corresponding pair with the s^ntibol t » . 

E^gOnple 1. Below are three possible one-to-one corregpondSnces 
between [Jlmj John, Jane^) and ^ ' 
(Buffalo, Boston, Baltimore) , 

'jlm Baltimore 



{jini#— ^mffaio 
jo^n#— ^Boston 
-Jane ^Baltimore 



Jim — ^^ston 
john^* — ^toltlmore C^^ 



john^<^--^Boston 
Jane < — ^Buffalo 



Jane Buffalo 

Find another ohe-^to-one correspondence between the 
two sets . ' # 
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' Example 2* Consider 

' Jlm^^^Buf falo 
< Jane<-* Baltimore 
John^=^Boston . 

iB this one-to-one correspondence the same as ? 
Write in still another way. 



Ejcample 3. 


Below Is a picture of an "eight-foot rule" 




marked 


in feet on the top edge and 


in inches on the 




bottom 


edge , 






— 1 - 

1 


11 — T -■ ■ y-- 
2 3 4 5 


> 1 

6 7 


4 


8 12 
J 1 1 


24 36 48 ^ 60 
1 i 1 1 t 1 1 1 1 1 f 


72 84 96 
-X J 1 j 1 *l 1 1 




You can see that this rule matches 


3 on the top scale 




with 36 on the bottom scale ^ and 


5 on the top scale 




with 60 on the bottom scale , With what number of the 




bottom 


scale does / 6 on the top scale match? What 




number 


on the top scale is matched 


with 6 on the 




bottom 


scale? Do you see that this 


ruler establishes a 




one-to- 


one correspondence between the set of all real 




number s 


between 0 and 8 and the 


set of all real 




numbers 


between 0 and 96 ? 





Problem Set 2-3 

Let {A,B,D] and [X.Y^Z] be two sets. A one-to-one 
correspondence between the sel^^ [A,B,D) and the set 
[X,Y,Z) Is /' 



(a) 
(b) 



A^ 
3^ 



-^Y 



Give a different one-to-one correspondence 
between [A,B,D] and (X,Y,Z) . | 
Give still another one-to-one correspondence 
between the two sets. 
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Give three different one-to-one correspondences between 
the set {A,B,D,E,G) and the set (U,V,X,YjW] . 

Can there be a one-to-one correspondence between the set 
(-1^0,1) and the set (4,7) ? Explain your answer. 

Let N be the set of all negative numbers and let P be 
the set of all positive numbers. With each negative 
number n , match a positive number p , such that * 
n + p ^ 0 * 

(a) What number mtches with rl^^ 

(b) With what negative numbe;/ is matched? 
("c ) With what niimber is - 2 matched? 

(d) Does every member of P match with some negative 
number? 

(e) What negative number corresponds to the positive 
number p ? 

(f ) Does any ffiember of N correspond to more than one 
element of P ? Why? 

(g) Does any element of P correspond to more than one 
member of N ? V^y? - 

(h) Is the matching described above a one--to-one 
correspondence between the set N of all negative 
numbers and the set P of all positive numbers? 

Let S be the set of all real numbers between 1 and 
^ i Inclusive.. Let T be the set of all real numbers 
between 3 and 6 , Inclusive, Conalder the corre- 
spondence between S and T , given by 



s < » t , if and only If t ^ s + 2 
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(a) Vhmt elament of T Qorresponds to the number 
2,3 in S ? 

(b) Vftiat element 'bf S correeponda to the number 
5,3 in T ? 

(c) What element of S corresponds to the number t 
in T ? Give your answer in terms of t , 

(d) Does the smallest number in S correspond to 
the smallest number in T ? 

(e) Does each kember of S correspond to exactly 
one number in T ? 

(f ) Does each member of T correspond to elfc^ctly 
one number in S ? 

(g) Is t^e correspondence a one-to-one correspondence 
between the set S and the set T ? 

Let S be any nonempty * set , Consider the correspondence 
between the se^ S and Itself which assigns to each 
member of S thB^ same member: 



Explain why this is a , one-to-one correspondence, (We 
call this correspondence the "identity correspondence 
on the set • ) 

2^4, Points ^ Lines ^ and Plmes . 

We are now in a position to begin our development of 
geometry. As we saw in our brief discussion of the deductive 
method of reasoning in Chapter 1, this requires that we agree 
on certain undefined terms and also on certain postulates, or 
unproved statements, about ^ the undefined terms. We can then, 
by deduction^ derive more and more properties of the objects 
, we are studying. 

The fundamental undefined terms in our system are point, 
line and.^lane. We all have some understanding of what these 
words mean in the physical world. We have often talked about 
them in the past, and have drawn pictures (as we did in 
Cliapter 1, and will do again In later chapters) to suggest 
our ideas about them. However, attempted definitions of these 
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terms would turn out ^ ultimately to depend upon the terms them- 
selves (i*e*, the definitions would be "circular"), or else 
would depend upon other words which would haye^ to be taken as 
undefined. You can find many exam^lef^s of "circular" definitions 
One student, wanting to Imow the definition of the' word 
"dimension," coneulted the didtionary. To' uhderstand the 
dictionary definition he had t,b taow the meaning of "slse" or 
"measure." He therefore looked up "size" and "measure" and 
found that their definitions used the word "dimension" again i 
To get meaning from a sequence of definitions y somewhere in 
the cycle you must cut in by toiowing what a word means not 
- because_.of a definition tut because your experience provides 
you with a meaning for It, v ^ . i 

^ Rather than giving inadequate, or even meaningless/ 
d^finitltDris of point ,,*^llne and plane, we take the bold step of 
attempting no definitions of the Be t^rms^ letting our 
postulates give them the -meaning we wish them to have. 

This is not as str^ange or unusual a procedui^e as It may 
seem at first. Consider, for in stance, the game of chess. It 
is played with various pieGes, wnlch together form, a set of 
c ile s smer> . Ins ome sets t he me n a i^e black an d wh 1 1 e , In some \ 
; they are red and white; In still others they are red and black* 
In some expensive sets they are made of ivory. In ordinary 
sets they are made of wood or plastic They come In a great 
variety of sizes and designs* ,How then' snail we define one of 
the pieces in a chess set?^ Surely not by its physical 
cnar'ac terlstlc s ^ The only feature a which really matter are 
its properties, that is, the things it can do, t*he way it 
movee, the way it can capttire other pieces. And these are 
prescribed completely by the rules of the game, which are 
accepted without argument, or "proof," by those who play the 
game* Indeed some experts rvr able to play chess wltnout any ^ 
cnessmen at all! The only thing of significance to them Is 
tne Idea of the' pieces and their p^ropertles. Most of us, 
however, are unable to keep in mind the intricate set of 
relations! that exist among the various places tnroughout a 



game or cness. We need physical representations of the chess* 
men t^remlnd us of t^ieir abstract properules ar^d to suggest 
further relations to tie explored* Points ^ lines and planes are 
somewhat like the pieces in a game of chfees. Thelr^ real 
significance comes from.^the "rules of th'e game," tnat is, the 
postulates we agree to accept when we study geomet:^^ 

In this study,, most of us will need the neip ji concrete 
objects to remind us of tne ideas we nave in our minds. For 
this reason we will make, little dots and call them "points" and 
draw long marks arid call them "lines." However, these physical 
marks are not the same as our mathematical concepts. We must 
remember that while such pictures can suggest relationships to 
us^ our conDluslons must be obtained by deduction from our 
postulates in order to be accepted; 

Altogether we shall need abou^ 30 postulates as a basis 
for the geometry we intend to develop. Some cf them are more 
complex tnan otners and can appropi'iately be Introduced only 
after the simpler ones and their consequences have been 
explored. In the next sectdon we^ shall begin our study oy " 
examining those postulates wnich desGrlbe the most elementary 
properties of points , lines ^ and planes, namely the ways in 
which they are determined and what their intersection may be^ 
We call these the incidence relations. 

Problem Sat 2-h 

Listed below is a set of statements about imaginary 
things called "lins" and "pins" submitted by a group of 
students* 

(a) There are at least 2 distinct pins,^ 

(b) A lin is a set of pins containing at least 2 
distinct pins. 

(c) Eacn set of 2 distinct ^ins Is contained In 
exactly one lin, - . 

(d) A lin does not contain all the pins. 
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These statements appear to be meaningless,^ However, they 
contain enough information to permit you to deoide whether or 
not the atatements 'below follow logiGally from them. Make 
these decisions and be prepared to support them. 



2. 
3. 

L 

5. 
6, 



There Is at least one lltk. 
There are at least 3 pins. 

There are exactly 3 pins. 

There are exactly 2 11ns. 

There are at least 3 llns* 

The intersection of ^ 2 di&tlnct lins contalna at most 

1 pin* , ^ 



2-5- Incidence PoBtulates--Pqin_ts and Lines, 

^ In the last section we said that the incidence postulates 
are statements about geometric points, liries, and planes* They 
are statements which we feel are In agreement with our 
experiences In physical geometry. We do not prove these state- 
ments, V/e accept them as a starting point in our project of 
^organl^ing a formal geometry, 

' To get started, then, we draw upon our experienGes with 
physical points and lines. Perhaps the most common experience 
is that of drawing a line through two points using a straight- 
edge or a ruler", On^he basis of this .and other experiences 
we find the fbllowing ideas reasonable^ that a line is a set 
of points > that' we can draw a line through any two points, and 
that no line contains all the points considered In geometry, 

Wlth^ these Ideas in mind we proceed to state a definition 
and four pqstulates .about geometric points and-,lines. 



DEFINITION. 



Space Is the set of all points. 



Postulate 1, Space contains at least two 
distinct points. 



Postulate 2. Every llna.^ls a set of pqlnts 



and contains at least two points. 





Postulate 


h 


If 


P and Q are two dietinct 


points, there , 


is 


one t 


md only one line that contains 


them . 










Postulate 




No 


line contains all 'joints of 


space . 









Does it seem strange that our second postulate says -'at 
least two points-'? Since we feel that a line contains a great 
many more than two points, it is natural to ask why we don't / 
come right out and say so. This could be done* But we believe 
our development is more instructive since it permits us to see 
mdre clearly how sqme properties of points and lines depend 
upon other properties. 

We consider now some other relationships between geometric 
points and lines which are suggested^ by our experiences in 
physical geometry. Certainly we would like to have lines in 
our .geometric space. Also, if two distinct lines toteraect, 
we would like them to intersect In exactly one point. Surely 
this is what we want on the basis of our experiences In 
physical geometry- 

The interesting^ thing aboj^it ttjese statements is that we 
don't need to postulate them. We can deduce them from our 
postulates and do so below. This will help you to see how 
these relationships depend upon the relationships stated In 
the postulates, ' . 

We /noV? show that there is a line in our geometrlc^ space. 
Postulate 1 tells us that there are two distinct points. 
Postulate 3 tells us that there is a line which contains these 
two points. We Imow from Postulate 2 that a llj|e is a set of 
points, ''^-Since all points ai^ contained In space we conclude 
that this line Is Gontained in space. Therefore we may write 
the following theorem. ^ 



THEOREM 2^1 , ^^Space contalas at least one line. 



, Postulate 1 tells us that there are at least two points 
in space. Using Theorem 2-1 and our postulates we' can deduce % 
that there are at least three points, and moreover, that there 
are at least three points not all contained In anj on#llne/ 
The reasoning proceeds as follows. 

Prom Theorem 2-1 we Imow that Space contains at least one 
line. Postulate 2 tells us that this line contains at least 
two points. Postulate 3 tells us there Is no other line which 
contains these two points. Postulate k implies that there is 
a third point not on this line and therefore distinct from the 
first two. Thus we have another theorem. 



THEOREM 2^. Space contains at lea&t three distinct points ^ 
not in one line. 

Prom now on most of our theorems will be deduced from a 
comblnatlQn of preceding theorems and postulates, as Is the 
case for Theorem 2-2. It appears that this theorem Is deduced 
by using only a preceding theorem and Postulates 2, 3^ and 4. 
Do you see how Postulate 1 Is also involved in this deductldn? 

For convenience in the work we are about to do^(as well 
as in later work) we Introduce s^bols to^ name points and 
line^ and figures to represent them. 

Notation . We shall denote the line determined by two 
points, A . and B , by either of the sjrmbols 

AB or BA . 

In our figures, we shall represent a line ^ the s5rmbol 

^ =— = — = =— : -. ^ 

or by 

A B 




if we wish to indleate that two particular points^ A 
and B , are on it. Occasionally it will be more con- 
venlent to deelgnatfe a line by a single letter (usually 
lower case) sueh as ^ . If several lines §re being 
considered, we may name each by ^ different letter, 
f such as 

J y , m , n j * , , 

or we may^ use a sa^ngle letter with diatinguishing sub- 
scripts , such as 

i 1 J 

We return to our discussion of relationships between 
geometric points and lines. Recall that we wanted points and 
lines in our formal geometry to have the following property: 
if two distinct lines intersect, they intersect in exactly one 
point* This is not one of our postulates. However, it caji be 
deduced from them. But first, let us deduce that there are 
.at least two lines in space,'' '^'^ 

Theorem 2-2 tells us that space contains at least three 
dl/Stinct points not on one line. Let B, and C denote 
three such points. Postulate 3 tells us that AB and AC 
ara lines.. Since C cannot lie on AB , and since AB is 
the only line containing A and B (Postulate 3), we see that 
%B fnd 1^ are distinct. It follows that space contains at^, 
least two distinct lines. Do you see how the reasoning may be 
extended^ to deduce that space contains at least three distinct 
lines? ^ 

Suppose, now, that are two distinct Inter- 

secting lines. Since they intersect, they have at least one 
point in common. Call one auch point A . Either they have 
another point in eormnon or t^iey don't,. Suppose that there Is 
mother point B which lies^in both and J, .■ Then 

Postulate 3 tells us that there Is exactly one line Gontalnlng 
A and B * This would mean that are the same 

line. Since and arf distinct, we have ruled out the 
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possibility that they have a stcon4^ point In comnon, and, we 
conQludt that they have exactly one point In common. Thus , we 
have deduced the following theorems. 

TMOREM 2-3, Space contains at least two lines^ 

THEOREM ' , If two distinct lines .intersect, they intersect 
in exactly one point. 

Up to now we have four postulates and four theorems. You 
may feel that all eight of these statements are obvious and 
simple statements reflecting your intuitive feelings about 
lines and points in space. You may wonder vrtiy we don't 
postulate everything. As we said before, we postulate some 
statemants and deduce others from them so that we can have a 
logical prganigation showing the dependence of one statement/ 
upon another. You may wonder also whether it is possible t<^ 
start with a different set of postulates. Yes, it is, A 
poetulate in one book may be a theorem in another book. 

Sometimes (as in Theorem 2^2, for ex^ple)'we wish to 
distln^ish betw^n a set of points which is contained in a 
line and a set which is not. To do this we introduce the 
terms collinear and noncq^lllnear . 

DEFINITION . The points of a set are collinear 
if and only if there is a line which contains 
all of them. 

This definition permits us to say both 

If the points of, a set are collinear, 
they are cbntained In one line 

and 

' If the points of a set are contained 

in a line, they are collinear. 




Problem Set 2-5 

The three sets (A,B,C} , [M,R,T) , {P^^^Pg^PaiPi+'Pj^Pe^ 
are pictured below. Which of these appears to be a sat 
of colllnear points? 



B • 



P. 



Pi 



P4 



Consider each of the following statements. Which them 
are true with respect to the postulates ^ definitions and 
theorems which have l?een ^eveloped thus far? Indicate a 
reason for each of your answers, 

(a) If a aj^t consists of three distinct points 
then the elements of the set are colllnear. 

(b) If a set consists of two distinct points 
then the elements of the set are colllnear, 

(e) If a set consists of at least two distinct 

points then the elements of the set are colllnear. 

Consider the set consisting of ^he six points named in the 
diagram below, and no others. 



/ 




(a) Identify three subsets each containing three 
colllnear points by listing the members, ' 
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(b) List the members of four eubaets each containing 
four noncolllnear points of which three are 
colllnear, * 

(o) List the m^bers of four subsets each containing 

( four noncollinear pcflnts of which no three are 

/ V. 
collinear . ^ ' ^ 

(d) Name all the lines whlch^are not drawn in the ' 

sketch but which are determined by pairs of the 

points named in the skfetch, 

Ecplaln in a paragraph how to Justify the statement that 
space contains at least three lines. 

Viftilch postulates would enable you to deduce that ^iven a 
point, there is a line which contains that point? 



2=6, Incidence Postulates - -Points, Lines and Planes . 

We turn next to planes and their relations with points and 
lines. The points of fomal geometry are suggesti^d by dots and 
^IpE of pinsj lines by stretched strings; planes by flat 
surfaces like pieces of stiff cardboard. Let us look for some 
key relations. Suppose we wish to rest a cardboard on two 
nails as shown In Figure 1. Will the cardboard assume a' fixed 
position without sliding off? ^ / 




Figure 2 



Figure 3 



Let us take three or more nails whose tips are in a line. 
Will the cardboard now assume a fixed position? Now let us 
take three nalls^ not in a line. Will the cardboard assume a 
fixed position? can we set still more nails that will not 
disturb this position? That would disturb It? 



These experiments suggest that we add to our description 
of points, lines, and planes In formal geometry the following 
poetulates. ^ 



Postulate 5* Every plane is a set of points and 
contains a^ least three noncolllnear p61nts* 



Postulate 6, If R, 


Q, R 


are three distinct 


noncolllnear points^ then 


there 


is one and only one 


plane which contains them 







Postulate 7. No plane contains all points of _ 
space. 

Certainly, we want our description to Include a statejnent 
that there are planes. We will not state this as a ^postulate > 
since it can be deduced a theorem* Indeed, we can deduce that 
not only Is there a plane, but that every point Is in at least 
one plane. Suppose that P is a pointy then, by Poetulate 1, 
there is another point Q . From Postulate 3, these points,, 
p and Q , determine the line . By P-ostuiate 4, there is 

a point R not on PQ . Thus R, F, Q , are noncollinear 
points. Hence, by Postulate 6, there Is a plane containing 
them. Thus, we have shown, that given a point P , there 
is a plane to which it belongs, 

I 

THEOREM If P is a point, there Is a plane that 

contains it * 

Using Theorem 2-5* It is easy to deduce that there are at 
least two planes. From Postulate 1, there ^ Is a point P . By 
Theorem 2-5 there is a plane Tn that contains It. From 
Postulate 7, there Is a point R not In }ri . By Theorem 2-5 
there is a plane H that contains R . Planes ??i and 71 
are different since R is not In Tri but Is in 7} 
Finally, we observe that since every plane is a set^of points, 
every plane 1b contained in space . Tiius we have decluced the 
following theorem. 

J 

r 



THE0REMt2-6, Space contains at least t^o^^lanes, 



It is of^ten. oonvenlmt to m^ke diagrams or drawings to 
acdompany a deduction such''''as that for TJieoram 2-6. in making 
such drawings, we shall represent a plane by a parallelogram 
as in the figure, 'remembering Whan we do, that the sides of the 
parallelogram are not the "edges" or ^ ''ends" of the plane. 





Often, as^ here, a plane Is^named by using a single script 
capital letter, such as Tr.^_ or ?7 . Sometimes it is convenient 
to refer to the plane determined by three noncolllnear points 
A, B, C, say, as "plane ABC." 

From Theorem 2-2 we know there ar'e three noncolllnear 
points. By Postulate 6, there is Just one plane that contains 
them. Now^ by Postulate 7, there Is a point not in this plane. 
Hence, we conclude that these four points are not contained In 
one plane. To distinguish betwoon a set of points that Is 
contained In a plane and one that is not, we Introduce the 
terms, Goplanar and noncoplanar, 

DEFINITION, " The points of a set are coplanar 
If and only if there is a plane which contains 
all of them. 

Using this terminology oui" deduction is stated as a theorem. 



THEOteM £-7. 
points , 



:jipace contains at least four noncoplana.r 



NdtlGA 0UI* itvin postulates taken eoll'totlvely have 

% •npUed UB deduoe that spaae contains at laast four points. 

. So far our pQStulatesi Hav# not dealt direotly with the 
relationships between lines and planes. One such ralationship 
Is suggested ^ the familiar prooess of cheeking the flatnessJ 
of a surfaoe with a strai^^edge or with a stratehed piece of 
string. Another relationship is drawit from the familiar 
observation that two adjacent flat walls of a room Intersect 
in a straight line, or that a folded piece of paper foims a 
straightedge t From these ideas we formulate the following 
. ^atements as postulates « 



Postulate 8. If two distinct points^ of a line 
belong to a plane j then every point of the lint 
belongs that plane, 



Postulate 9* If two distinct planes Inter- 
sect, then their interseotion la a llne^ 



The figures below may help you "see" two planei lnter= 
sectlng in a line. 





Praotloe making such figures. Some people think the figure U 
clearer if the paE;tB of lines "hiddfen" by portions of planes 
are shown with "dotted lines." (For a dlsousslon on how to 
make drawings of configurations in space geometry^ see 
Appendix V, ) 
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/ Probiam Set 2^^ 

Ihlahi postulate explains why, on a level floor, a foury^ 
legged table sometimes rooks while a tripod or a threes 
le^ed^table Is always stea^? 

If we Imow that three nonoolllnear points, M, N, R, lie 
in plane ^ and also lie In plane ^ * what can we^ 
aonclude about ^ and j# ? Why? , 

Consider the following statements* In each Qase Indicate 
whether you think the statement eaji be deduoed from our 
first nine postulates* Justify your answer* 

(a) A set of points qbsi be both in a plane and in a 
line; - 

(b) If the points of a set are collinear, then they 
are also ooplanar. 

Write a short paragraph to show how our postulates and 
theorems ean be used to prove i 

(a) If four distinct points are nonaoplanar then 
they are noncollinear . 

(b) If four distinct points are noncoplanar then 
any three of these points are noncollinear, 

Hinti In (a) start by assumi^ that the four points 
are colllnear and then try to make deductions 
which eontradict the hypo the els. 

In addition to the nine postulates of our fomwil geometry, 
assume, for this problem only, that space contains 
exactly four points, A, B, C and D . Justify your 
answers to the following questions, 

(a) May these ^ points be coplanar? V^y? 

(b) May these 4 points be colllnear? Why? 

(e) A plane then contains exaotly how many points? 

(d) If A, B, and C are coplanar, may ' A, B and C 

be colllnear? May A, B and D be colllnear? Why? 

(e) A line, then, contains exactly how many points? 'V^y? 

(f) Name all the lines that epace contains, 

(g) Name all the planes that apace eontalns. 
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i-7 i 

Soma relatlonahlpa wnong points, lines, and planes are 
stated foTOslly in the following theorems, you think of ^ 

an experienoe that suggesta them? In each case the proofs are 
outlined and you are supposed to tell whioh postulate or 
theortTn Justifies some of the steps. For each thporem draw one 
or more appropriate diagrams to help you in understanding the 
proof* , 
« . 

THEO^M If a line intersects a plane not containing it, 

the intersection le a single point. 

Proof : > ^ 

By hypothesis, we have a line ^ and a plane Ifl 
By hypothesis, M intersects ^ . 
. * ^ hypothesis, ^ does not contain ^ * 

There Is a point P in the intersection of ^ and ^ 

(because this is what intersects j^means)* 
There- are two possibilities* either ' F is the onl^ point 

in the Intersection, or it isn't. 
Suppose there is another point Q distinct from F in the 

intersection. 
Thw Q lies in ^ , 

Then must be contair^d in ?^ by Pogtulate 

(Tell which one * ) 
Does this contradict our hypothesis? 
Does this prove the theorem? 

THEOREM 2-9 * A line and a point not on that line are 
contained in exactly one plane. 

Proof : 

By hypothesis, we have a line and a point P * 

By hypothesis, P does not lie In 

By Postulate we Imow that contains two distinct 

points, A and B . 



hi 



1^ Bmmp% J * 



% Tostulate " A, B, and t art aontalned In ©xactiy 

©na plana * 
FQitulate © is Qontatned tn7K \ - 

fh«i ^ oahvilJis^ Md P 4 

Is thaM wa^ othar plane which oontalns A, 3, wid p r , ^ 
la thara any ©thar plana whleh aontalns ^ ^and P ? ' 
Dpat this prova tha thaoram? 

Tmmm i-lO . it distlnet lima haya a pQlnt in ooman, 
thara ia axaotly ena plma whioh eontains tham. 

Proof I ^ 

By hypothasis,. thera ara tw© digtlnat lints and . 

ftr hypothasis^ ^ ^ and j2 g inttrsact. 

Ihen wa taow by ^ ^ that j2 ^ and have 

exactly ©ne p©int p in contnon. 
Thmn tells ui that there Is a point A ©n 

^ different from P . 

Als© " tells us that .there is a point B on 

different from P . ^ 
By Theorem there is eJtactly ©ne plane o©ntaining 

A ^ and B , 
This plane contains P ^d B md therefore by 

^ contains JL g * 

Is there a plane containing and^g ? 

Is there exactly one plane containing Xj^ ^ and ? 

Does this prove the theorem? 



In this ahapter we dlfousMd ettSt ont^to-oM oorMSpanAnae 
and tega^ €^ forrol deve lopment of gaamtti^t In oenneotion 
* ^t%h th@ aonitpt of ntl^ thm following t#ms were introduced, 

mambar belongs to subset interseation 
element Qontains union empty set . 

The foraal geometry developed involved the imdefined terms ^ 
l^int^ line, and planej and the defined termsi spaoe, oollinear, 
and ^coplanar » 

Thm postulates introdUQed oan be olassified as follows^ 
first/ a postulate assuring the existenoe oi* some joints in 
spaomi seoond, three postulates relating points wd linesj 
thiM; three analogous postulates relating points i^d plwesj 
finillyt two postulates relatii^ lines and planes directly. 
We found that some statements about geometrio points, lines 
and planes did not have to be postulated sino^ they could be ^ 
deduced from our earlier postulates, These statements we 
listed as theorems . 

These postulates and theorems are listed in order at the 
end of the volume. The Index gives the appropriate page 
reference for each formal deflnltionj they are not listed 
separately. 

Review Problems 

1, Let - (*,|^, 1 J Sg - {*J , S3 - [-,+,H-,X)i 

Give the alements of set S (dAiote the set by using 
brace notation) If S Is the 

(a) Intersection of and Sg , 

(b) union of and Sg * 

(c) ' 't^^rsectlon of Sg and , 

(d) »iun of Sg and Sg . 

(e) intersection of , Sg , ^d . 

(f ) union of.. , Sg J and- -^Sj * 



^9 5, 



31v©n a itt of pb^r^lth two elem^ts, how mm lines 
MHi datamlntd? ■ = 

Compltta thm following staten^t* . v-.,^ 

(a) Thm points of A let art oolllnaar If and only If 

^ .V 

(b) CoBypljiftf tha following stlitamants using the 
aoaomp^^lng diagram. . 

(1) |olnts D, 0, c 
appear aolllnear. 

(2) Points 1, F, and 

appear oolllnaar, 

(3) Points B, , and 

A appear oolllnaar, 

(^) Points A, 1, 
F appa&T ' , 

(a) ihe points of a set are eoplanar If and only if 

(b) Using the aaoompanying 
diagram, cpmp^ete the 

^ followlr^ itatements* 

(1) Points E, F, ^ 

^ and 

appear eoplanar* 

(2) Points C, B, 

____ J * _. 

and ^ appear eoplanar, 

(3) Points . D, A, , 

appear eoplanar, 

(4) po^Fs ^ , , 

, appear eoplanar 
and colllnear. 
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6. 



(a) 



U) 
(b) 

. (o) 

7. How 

(*)' 
(b) 

8. How 

U) 
(b) 

^ (o) 



■'f:'m: i^tWM wiid V - (4,9,16) . ' ,,V ' 

Ihow a om^to^na oarrespondsnoa b€tvfeen p imd' N 
sush that #aeh slam^t of F Is matohtd with Its 
squaa^ In N i < 

Slow a oM-to^ana oorrasj^ndenQa in which each 
eiewfent of N Is greattr thim Its oorraspondlng 
©lament of f ^ , . ^ 

May 4 points to eolltnaar? ; 
Must 2 points be eollinear? 
Must 4 points ba ooplanar? 

imny dlffarent linas may aontain ^ 

one given jpoint? 

a given sat of two dlstinet points? 

OTny diffai^nt planes may contain 

one given point? 

a given set of three points? 

given set of two distinct points? * 





Figure (a) Figure (b) 

Figure (b) Is a copy of Figure (a)* except for labeling. 
In the left-hand column are listed parts of Fi^re (a)^ 
Match these with parts of Figure (b) listed in the rights 
hand column t 



rrarti of W 


Lfure (a) 


Parts of Figure (b) 


(1) m 

' (g) Plane 


ABC 


(b) i 2 


(3) Plane 


ABD 




(4) Plane 


EBA 




(5) AB 






(6) Th^ Intersection of 
planfe • A^C and 
plane ABD . 


* 

X 



Doas the etcond colvann suggest an advantage^ of the 
subsarlpt way of labeling? 

10, Given i - 

(a) PolntB A/^By C lie in plane % , 

(b) Polnte A, B, C lie In plane ^ , ' 

Can you conclude that plane ^ le the eame ae 
plane 7l ? Explain, 

11, Liit all the combinations of points and lines we have 
studied which determine a single plane* 

12, Line ^ intersects plane in P but does not lie 
in S , Line J ^ lies in plane 5 but does not 
contain point p , Is It possible for ^ and A ^ 

to intersect? ^plain, 

13, Suppose is a line and % i^/^^plane. Make a sketch 
for each of the following, 

intersecting 9^ but not contained In % 

(b) The intersection of ^ and 7K as an empty set. 

(c) X intersecting ^ and contained in , 

14, Point P lies in both of the distinct planes ?^ and ^ 
which Intersect in line AB , Would it be correct to 
aay that P lies In AB ? Explain, 
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li©%^^4 ^be the stt Of all joints In the inteFstetion of 
llM -i ^ andaihe ^g , Sketeh a figure Illustrating 
the situation if ft 

(a) "* Is the -empty set, 

(b) oontalns dnm element* 
(o) la the same as^^ . 

Let A ba the set. of points in the Intersection of 
plane ^ anii plane S * Sketch a* figure illustrating ' 
the planes if A 

(a) Is, the empty set, 

(b) oontains at Jeast two members w 

(d) contains three nonoolllnear points. 

Write each of the following statements In the "if-then" 
ferm* 

(a) Zebras with polka dots are dangerous. 

(b^ Rectangles whose sides ha^e equal lengths are squares 

(o) There will be a celebration if Oklahoma wins. ^ 

(d) A plane is determined by any two intersectlfig lines* 

(e) Cocker spaniel dogs are sweet tempered, 

(f) IVo distinct lines have at most one point in corrynon, 

(g) Every geometry student knows how to add integers. 

(h) A line and a point not on the line are oontained in 
exactly one plane* 

indicate which pmt of each of the followlng^^ statements 
is the hypothesis and which part is the conclusion. 
If necessary^ rewrite in "if-then" first. 

(a) If John is ill_, he should see a doctor, 

(b) ^ A person with red hair is nice to toiow. 

(c) Pour points are colllnear if they lie on one line, 

(d) If I do my homework wellj I will get a good grade. 

(e) If a set of polntB lies In one plane^ the points 
are coplanar. 



^ -- . * - < 

Chapter 3 

DIST^Cl Al© COOroiNATE SYSTSIS 

3-1, IntrQduotiQn » ' 

Thm postulates whleh ws Introduoad In the preoadln^ ohaptar 
the thaorems irtilah we provad dlsoussed the Interoelatlons of 
pdint^ Uhei^ and planes thou^t of simply as^ sets of points. 
Mo ideas of size or shape, that iSj no quastlons of maswement, 
were involved Itr any imy. 

Our next major objeetlve is to introduoa tl^ oonoapt of 
dlstanoej together with related topios. As usual, ow^ proeedure 
will be to adopt soma additional postulates which will make 
preoise our intuitive notions ar^ then to explore the aonsa^ 
quences of these postulates. However, since dlstanoes are 
measwed In terms of n\Mbars, we first examine various properties 
of the real numbers, some of which you learned in algebra . In 
later chapters we shall use real numbers in measuring angles, 
areas of surfaces, and voliames of solids* sj 



5-2. Thm Set of Real Nimbers . 

The system of real numbers that you jised in algebra and will 
use this year in studying measurerr^nt is 'the result of several 
stages of development. At an early age you learned about the 
counting numbers (sometimes ealled na,tural nwnbers ^ or positive 
InteEers ) 1, 2, 3, 4, 5^ 6, , * * , As the three dots suggest, 
the list of eoiaitlng numbers continues without endj that is, 
there is no "last" or "largest" natural number. We often think 
of the positive integers arranged on a line, in an unending 
fashion toward the right, 

J I ' i L™i i L L^i_-» 

I E 3 4 5 i 7 8 
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3-2 



mm positive integers, togethai.; with the Integer 0 (whloh 
is, nelthtr pssltlve rtor negative), and the negative integers -1, 
-2, -3, .,. form the set of all integers. The Introduction of 
fraetlonB leida^to the set. of rational nuiBberB . Numbers like 
2" ' 4 ' ' "y ' -8.72 are rational numbers, because 

•each of them la the quotient of two integers. Eveir Integer Is 
also a rational numberj In other words^ the set of Integers is 
a subset of the set of rational numbers. 

The rational numbers can be arranged on the number-line. 



-i ' I r , , I if 



-i -2 =1 



.However, only a ^few of the rational ndfcbers •represented In a 
diagram can be labeled, because the rational n^bers are so 
closely packed together on the number ^line. For example, between 

and ^, there are many other nijmbers, such as 0.55, O.SSy 
0.50,1, 0.52837, each of which is rational. Between any two 
rational number^ there are infinitely many other rational num- 
bers, including Sheir average. However, the rational numbers)^ 
In spite of their denBlty on /the number -line, do not "fill up" 
the line. 

In order to "fill the gaps," we extend our number system 
again. We introduce the so-called Irrational numbers . One ex- 
ample is ^ i another is the number ir , which appears In the 
famUlar formula A = irr^ for the area enclosed by a circle. 
All the numbers we have mentioned, the rational and the irration- 
al numbers, form the set of real numbers . The set of rational/ 
numbers is a subset of the sat of real numbers. It is some- 
times dlf ricult to determine whether a particular real number 
belongs to the subset of rational numbers or not. The case of 
the number ^ , however, is relatively easy and is discussed 
m Appendix IV. Although we often, in computational work, 
replace by a rational number which is nearly equal to it, 

such as' 1.414, we must not conclude that ^/S" is Itself a 
rational number. 
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boh real nuaatotr nay be re^es©nted on'^he niffliber-llne. 
lae4lilirrt»»* » ii appr«(i«ately 3.14, would you m^^mot r 
to be s little toimrd the rltfit of 5 ? Slnoe is approx- 

Imately 1.*, imere la ^ locAted? Several real n«nbers are 
repreBented In the following diagram. 



£ I I — — I — : »— ' 



# t ■ ^,^ 1 1 ► 



Whereas your study of algebra may have emphaslaed the 
Integers and rational nwibers, our work In geometry will rely 
heavily on the set of real numbers. The representation of this 
set by mwns of the points on a line will be extremely helpful. 
In fact, we shall soon introduce the concept of ,a coordinate 
system on a line, a notion which in fomal geometry plays a role 
somewhat resembling the Idea of^ nianber-llne In Informal 
geometi^. , 

Your previous mathematical training has taught you a good 
deal about the behavior of real numbers under the fundamental 
operations of addition, subtraction, multiplication, and 
division. Although you may have experimented and discovered 
these properties by Induotlve reasoning, they can be deduced 
from a few simple statements. These statements are among the 
postulates of algebra, for algebra Is based on Initial assump- 
tions m the same way as geometry. We will not interrupt our 
study of geometiT to develop these properties of the real nxm-' 
hers but Will merely borrow them from algebra. Appendix II 
gives the postulates which you need to deduce these properties, 
and you may find it challenging to examlnB them and to study 
sample proofs based on them. 

However, some properties of the real number system which 
will be of importance to us may be unfamiliar to you. We pause 
briefly to discuss inequalities. 

An important characteristic of the real numbers Is that we, 
can compare them. Of two distinct real numbers, one of them Is 
"larger than," or greater than , the other. Pictorially speaking 
we compare two numbsrs by noting the relative positions of. the 



eeweipondlng point* on the nufliberaine. laeh ©f tfc two numbers 
Ir repreienttd by- a point j thju point on the right of the other" 
(m lie have drawi the number-line) reDresents the larger of the 
two nm^mr^T^ " , 

^— T —. ■ 

In the dlairain, the nxmbmr x is graatar than the n^mhw 

A shorthand axpreaslon for "x is greatar than y" is- 
X > y, 

# N ^ .__ 



-I 



0 c I 2 

Some examplea Involving nLunbara labeled In the above dia- 
gram ,arei 2 > i; and 1 > .2, and g > 0, and o > d, and 
0 > ^2, and h > 2, is 1 greater tten ^1,000,000 ? 

Wa ean oompara two numbers, say x and y, by noting 
whether their differance, x ^ y, is positive or negative^ 
For instance, 4 - (.|) is positive j and 4 is greatar than 
* I . To eheok that »1 > .lo, we observe that. the difference 
(-1) - (-10), namely 9, is poiitlve. In, ^general, given a 
pair of real numbers, the first is greater than the saoond if 
and only if the difference obtained by subtracting the second 
from the first is a positive number,^^ 

Problem Set g^g 

1, Consider the following six sets: 

A is the set of real numbers 

B is the set of Integers 

G is the set of rational numbers 

D is the set of Irrational ni^bars 

E Is the set of natural numbers 

F is the set of positive integers 

(a) Are any of the above aets equal? 

(b) Which of the above sets are subsets of A ? 
of B ? of C ? 

(c) Which sat is the Intersection of B and G ? 

(d) Which set Is the union of C and D ? 

(e) Which set Is the union of B and P ? 

(f ) What is the Intersection of C and D ? 
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dpssnnbol > , oompare Vhb numbers In 
l^ilrs. Uhloh Is te'the right of the 



othaF-on the nu^eF-Une? 



(«) 

(e) 

(d) 



t, -5 . 
-3, -7 

-|,o 




3. Is it true for all Intagers aV c that If a ^ b + 
. then a > b ? If It 14 true, explain Why. if it la falstj 
suggest a change in the vstatamant so that the new statement 
will be true. Is it usdfiil to oeniider a ^ b in foming 
your answer? 

^. For eaoh pair of number^ i^$y) in the table ^ compute the 
differenaej x - y , and tell ^rfileh number is the larger 
by using the symbol > , as illustrated in (a), ^ 



(a) 
(b) 

>(c) 

(d) 

(e) 

(f) 

is) 

(h) 



X 


y 


X - y 


Inequality 


5 


2 


3 


5 > 2 


~k 


-6 






-12 


' -2 






8 


-3 






-4 


a 






1 

f 


1 
7 






-3 


3 






a 

a > 0 


b 

0 > b 







Compare the n^bars In the following pairs by using the ^ 
symbol, > * 



(a) 
(b) 
(c) 



1 J -3 
1 + 5 , 
1 - 5 , 



-3 + 5 
-3-5 



(d) -6 , -2 

(e) -6+3,-2+3 

(f) -6-3,-2-3 
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Tell whether each of the following is true or falae when 
is replaced by (l) a positive numberi (S) a negative 
number. 

(a) ^5 + X > 2 + X (d) 4 +'x > -4 + x 

(b) -6 + X > -12 + X (e) ^20 > ^21 + x 
(o) -8 + X > 0 + X (f) 1000 + X > 3000 + X 

Compare the numbers In the following pairs by using the 
symbol > » . . 



(a) 


(i) ■ 


5, 2 






(11) 


3 ■ 5, 


3 • 2 




(ill) 


(=3) • I 


5, (=3)- 2 


(b) 


(i) 


2, =6 






(11) 


5 • 2, 


3(=6) 




(111) 


(-3) • a 


2, (-3)(-6) 


(o) 


(1) 


12, 8 






(11) 




1.8 




(111) 


( = i)- 


12, (-f).8 



Tell whether each cf the following Is true or false if x 
Is^ replaced by (l) a positive numberi (2) a negative 
number. 



(a) 


5x 


> 2X 


(d) -5x > -2x 


(b) 


-6x 


> - 5x 


(e) 6x > -5x 


(c) 


-5x 


> 2x 


(f) -6x > 5x 


Test 


whether the 


sentenoe, "If x > y, thi 


true 


or 


false In 


each of the following: 


(a) 


(1) 


X = 3, 


y = 2, a = i+ / 




(2) 


X = 3, 


y = 2, a - 


(b) 


(1) 


X =. 2, 


y B -3, a = 4 




(2) 


X = a, ■ 


y = .5, a - =4 


(c) 


(1) 


■ X = -2, 


y = -5, a = 3 




(2) 


X = -2, 


y = -5, a = -3 
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3-3, The Ordering of the ^eal_ NumberB . 

In a deductive development of algebra, the notion of 
"greater than," dlBOUSsed at the end of the preceding aeotlon, 
la made more precise by a set of postulates. From these, postu= 
lates, or basic assumptions, several additional useful prop- 
erties may be deduced as theorems. A summary of this develop- 
ment appearB in Appendix III. 

In our study of the greater- than relation, we shall simply 
examine further the various properties which we need and then 
collect together their statements for ready reference. 

First, we note that any two distinct real numbers can be 
compared: one of them is sreater than the obher. For the numbers 
5 and I , we can say that 5 > f ; considering -4 and 
1.2, we observe that 1.2 > -4. In general, If x and y are 
distinct numbars, then either x > y, or else y > x. 

An important special case Involves the comparison of a real 
number b and the number 0. The statement that b > 0 Is 
often expressed In words by saying that b Is positive. On 
the other hand, the statement that 0 > b Is expressed by saying 
that b la negative. Any real number r either Is zero or 
else is positive or else Is negative. In symbols, either r = 0 
or r > 0 or 0 > r. 

Next, we note the transitive property. As a numerical 
example, 

^ ^ » _ I *— — — *" 

-3 0 12 

2 > 1 and 1 > -3; moreover, 2 > -3. For another Illustra- 
tion, If we know that a > 0 and 0 > b, then we can conclude 
that a > b. Let us interpret this situation on the number-line. 
The hypotheses that a > 0 and 0 > b mean that a is to the 
right of 0 and that 0 Is to the rlgjit of b. 



Thus a is to the right of b. 




We have been illustrating transitivity. This property 
states that If x, y, z are real numbers such that x > y and 
y > z, then X > z. 

As an applloatlon of this property, if a number w is 
known to satisfy the condition that w > 5> .wa can conclude 
that w > 0. Explain why this conclusion is an application of 
the transitive property. 

Our remaining properties discuss the relationship between 
an inequality and the arithmetic operations of addition "and 
multiplication. Refer to Problems 5 and 6 in Problem Set 3-2. 
In Problems 5(a) and 5(b), we observed that \ > -3 and 
1 + 5 > (-3) + 5. As another example, if we add -2 to each 
number in the Inequality x > 2, we obtain x + (_g) > 2+ (-2), 
or more simply, x - 2 > 0. 



-I 



These examples illustrate that an Inequality is preserved 
if the same number is added to each number in the inequality. 
In aymbolB, if x > y, then x+a>y+a. In a like fashion, 
if the same number is subtracted from each number in an inequal- 
ity, the inequality is preserved. If X > y, then x-a>y-a. 

Now, let us try to discover the ' principle concerning mul- 
tiplication. If X > y, can we conclude that ax > ay ? Look 
again at' Problems 7, 8, and 9 in Problem Set 3-2. Some parts of 
theae problems suggest that the answer is "Yes," but other parts 
Indicate a different conclusion in case the number a is nega- 
tive:. In particular, in Problem g you tested the case x = 3, 
y ■= 2»v'. a ■= -'f. The information that 3 > S and that -4 is 
a negative number does not lead us to the oonolusion that 
(-4). 3>,(-4). 2, but Instead to the c-snaluslon that (-4) . S > (-4) • 3. 




Our basic principle concerning multiplication and inequal- 
ities becomes the following. Let x, y, a be real numbers 
such that X > y.' If a is positive, then ax > ayj but if a 
Is negative, then ay > ax. 
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We now aumnarlge the algebraic properties of the order 
relationship. Afterwards we shall apply the properties In 
€^^v«ral examples. 

Properties of Order 

1, (Linear property) If x and y are two given distinct 

real nLunbers, then either x > y or y > but not 
both, 

2. (Definition of positive) A real number p is positive if 

and only if p > 0. 
5, (Definition of negative) A real number n is negative if 
and only If 0 > n, ^ 
(Transitive property) If x, y, z/are real numbers such 
that X > y and y > 2, then x > 

5. (Additive property) If x, y, a are real numberB such 

that X > y^ then x + a > y + a, 

6, (Multiplicative property) Let x, y, a be real niimbers ^ 

such that X > y. If a is positive ^ then ax > ay; 
if a is negative^ then ay > ax; if a ^ 0^ then 
ax - ay • 

le 1. If X > 3, show that x ^ 3 is positive. 



Solutions X > 3.; we have stated the hjrpothesls, 

X 4^ (-3) > 3 + (-^3)1 have applied the addi- 

tive property of order, 

X - 3 > Oj we have used simpler names, 

X ^ 3 is positive) we have applied the defini- 
tion of positive. 

5 

Ebcample 2* If £x + 5 is p03itive> show that x > - j . 
Solution: 2x +5 is a positive number^ by hypothesis* 

2x + 5 > 0> by definition of positive. 

2x > by application of the additive property 
of order. 

X > = ^ J give the reason* 

Sample 2* > ^* ^^^^^ ^^^^ " | > ^* 

Solution I -4x > bj by hypothesis, 

> (- i)(-^x)j we have applied the multi^ 
^ pllcative proparty of order^ notln 

that ^ ^ is a negative number. 

^ ^ > x; we have used simpler names. 

63 . 
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Problem Set 3 -3 a 

State the property or properties of order whleh each of the 
following sentences illustrate. 

X ■> -2, then x + 2 

y > 3, then y - ^ 9T^1* 

-3 > -4 and -4 > ^5, then -5 > -5. 

a > 4, then a > 0^ 

10 > 3, 3 > 0 and 0 > -2, then 10 > -2. 



(a) 


If 


(b) 


If 


(c) 


If 


(d) 


If 


(e) 


If 


(f) 


If 


(g) 


If 


(h) 


If 


(1) 


If 


(J) 


If 



4 > 4 ^ k > J ' 

-5x > 8, then x. 

3x = 7 > 0, then x > I , ^ 

X > y^ then 3x + 2 > 5y + 9 , } 

2, The transitive property ,ay b .xue^nded to Include, any nuin^ 
ber of real numbers. Show that if x, y^ w are real 
numbers, such that x > y, y > a, s > then x > w, 

3* ,If 2x ^ 3 is positive, show that x > J . 

4* If 3 Sx is positive, show that ^ > x. 

5* If 5 ^ lOx is negative^ show that x > i . 

6, If y > 3j show thaj : > 3 - v. 



Thus far we have considered statements that one number is 
greater than another. This terminology seems to emphasize the 
larger of the two numbers, Sometim.es we prefer to emphasize the 
smaller. 



Instead of saying that 5 is greater than 2, we may say that 
2 is less than 5. The symbol for "is less than'' is < , We 
write 2 < 5* The statement that -7 is lass than | may bo 
written; ^7 < | . 
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If c and d are real numbers, then the two statements, 
d > c and o < d, have the same meaning. 



On the number line, the statement that d is to the right of c 
means the same as the statement that c Is to the left of d. 

Since a statement Involving the symbol > can be rephrased 
using the symbol <, the properties of order can be expressed 
with the ssTnbol < . We shall refer to each of the properties 
by the same name, no matter whether it Is stated with one symbol 
or the other". 

Often in mathematics we are concerned with real numbers 
which are not negative. The statement that a number d Is not 
negative means that d must either be zero or be positive. In 
symbols j either d ^ 0 or cJ > 0. We abbreviate this sentence 
With the use of the symbol > . We write d > 0 in place of 
"either d ^ 0 or d > O" * 

The set of all numbers d such that d > 0 Is the same 
as the set of numbers which are/elther positive or aero. It is 
also the same as the set of r#al numbers which are nonnegative* 
On the number" line, the set of all numbers d such that d > 0 
Is represented by the set of points which consists of the point 
0 and all points to the right of 0. 



-3 -2 -1-0 1 2 3 4 

Suppose now that d and c are any two real numbers* The 
notation d > c ..means that either d - c or else d > c. On 
the number line the set of all numbers d such that d > 2 Is 
represented by the set which consists of the point 2 and all 
points to the right of 2, \ 

mi \ \ — / » I I - L ' ► 

^! 0 I "2 3 4 5 6 



Instead of the notation d > o, we my also use c < d, 
whieh_ means that either c = d or ^Ise c < d. On the number- 
line tte set of all numberB c such that c < 5 is represented 
as In the folt©wlng diagram, 

^ ' ' i I I 

^'012 3 4 5 6 

If a^ c are distinct real numbers j then the statement 
that "both a < b and b < c" Is often shortened by the nota- 
tion a < b < c. On the number- line the set of all numbers b 
such that -1 < b < 6 Is represented by the set of points which 
are both to the right of ^1 and to the left of 6^ that Is^ 
the set of all points which are between the point ^1 and the 
point 6. Notice In the diagram the use of the small circles 
to indicate that neither of the points ^1 nor 6 Is included 
in the set. 



-2 
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Problem Set 3^3h ^ 
Restate the following in words: 

(a) a < b (a) 0 < 1 < 2 ^ 

(b) > y (f) X > 0 " V 

(c) m > 5 (g) =5 < X and x < 5 

(d) n £ 5 (h) -5 < X < 5 

Write as an Inequality 1 

(a) k is a positive number 

(b) r Is a negative number 

(c) t is a niimber which Is not positive 
(d} s is a nonnegative number 

(e) , g Is a n'omber between 2 and 3 

(f) / w is a number betwean 2 and 3 inclusive 

(g) w Is a number between a and b^ where a < b. 



3-3 

3, Impress each of the following as a pair of InaquaUtles. 

(a) -2<x<5 How many Integers are there In its 

solution set? 

(b) 7<n<ll How many odd integers are there in 

its solution set? 

(o) 0 < y £ 7 How many integers are there in its 

solution set? 

4* Given that x Is a real number, plot each of the following 
sets on a nimber'-llne . 

(a) X > 0 

(b) X < 0 

(c) The imlon of the set of numbers x such that x > 0 
and the set of numbers x such that x < O, 

(d) The intersection of the set of numbers x such that 
X > 3 and the set of numbers x such that ^ < 3* 

(e) 2 £ X < 7* 

5^ Ca) Describe the set of all z which satisfy the inequality 
15z > 0. What order property Justlties your answer? 
If X > y and x > z Is it possible to tell which of 
the numbers y and z is the'^lafger? Why? 
Let m> X, p be real numbers. Each problem below contains 
two statements. If the second follows from the first by a_ 
p^perty or properties of order, name the property or 
pffoperties . 



(a) 


3m > 2 




S 
S 


-3m < -2 


(b) 


5x > 2 + X 




2x > 2 


(c) 


5m > 10 




* 


m > S 


(d) 


2x + 7 < X 


+ 10 


s 


X < 3 


(e) 


-X < 3 




# 


X > -3 


(f) 


i < 2 and 
P 


P > 0 




1 < 2p 


(s) 


i < 0 and 
m 


m < 0 


s 


1 > 0 
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7. Some of the statements of the properties of order hold Ij^ 
^ replaces > j sonrte do ngt. The following exercises ^In- 
volve some of the pDsslbilltles , ^|tate In each case whether 
or not the secorid statement follows ^rom the first by the 
properties of order and equality. If it does not, explain why. 

(a)x+5>7^ i ^>2 

(to) a > 6 j 5a > 18 

(c) 9x > 15 . X > I 

(d) 5x ^ 4 < 3x + 7 i V 2x <^ 11 

(e) 4<x+3<9 ; l<x£6 

(f) 5 < -X < 10 ; -5 > X > -10 

5-4. Distance . 

In Chapter 2 v/e began our development of formal geometry. 
Infoitnal geometry, which treats "what** and "how," has been con^ 
trasted with formal geometry, which stresses "why," Both are 
derived from our experiences In the physical world. In order 
to reason successfully, we need to understand the meanings of 
words precisely. Hence, familiar words, which sometimes have 
vague meanings in the real world, have been given precise defl^ 
nitlons. In order to get started in our reasoning, we need to 
begin with certain agreements. Therefore, we have selected from 
our experience In the physical world a few statements which seem 
natural and we have adopted these, expressed In precise language, 
as postulates. With this foundation we have been able to deduce 
some theorems. 

In Chapter 2, v/e for-mulated the incidence postulates, des- 
cribing 4n formal geometr^y relationships a_mong points, lines, 
planes, and space. In the present chapter we wish to introduce 
into our formal geometry some other ideas su_ggested by our ex^ 
periences: ideas about a physical ruler and about the number- 
line. 



A number=line has become for us a oonvanlent method of 
marking numbers and picturing the relationsh'^^ps between them. 
What sort of relatlonahips between numbers are easily shown b;;, 



OS 
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the number line? One answer is the order relations which of 
two given numbers is greater than the other? Seeing that 1 
to the right of -2 fits with the algebralG statement that 
1 > -2, Another possible anawar Is the betweenness relations 



J Q o.i 0,6 o,s I 2 

The number-line shows us that the number ^ is between 0*6 
and 0 /7 . 

Does the number-line show other types of relationships? 
An example of anothe:^ type is the following. 



^10 12 s 

The niimber-line shows that 5 Is farther from 1 than it is 
from 2. This answer suggests that the number-line pictures 
not only the order relation for numbers ^ but also shows how far 
apart numbers ai-^e, Nmvi ''how far apart" for numbers is deter 
mined by the operation of subtractions 5 1 ^ ^ tells us that 
the dlffarence between 5 and 1 is 4. 

But what does "how far apart-' fo^^^ points mean? 

P Q 



If- p and Q arr two distinct points, what do we mean by 
inquiring how far apart they are? In the real worlds we answer 
such a question by using a physical ruler. 



t 1 1 


' 1 ' 


1 1 ' 


■ 1 j 1 


1 1 


1 


0 


1 




3 


4 


5 



How can a physical rulers graduated^ say, in inches ^ be 
made? Clearly we must know what one inch Is* We must have two 
points which are known to be "one inch apart*" To assure that 
our physical riiler is accurate * the po^ts we select should fit 
a standard. By law^ the inch Is definatd in terms of thp. inter- 
national unit for distance known as the meter. For mp^y years, 
the meter was officially described by a pair of marks on a 
platinum-iridliim bar kept mider ideal conditions in Prance, 

/ 



3-4 ^ 

Although technologleal progress now demands a better standard 
in the physical world, the idea that two points provide a 
standard for measuring distances Is ImportaLnt for our geometry. 

Suppose any two distinct points in space are chosen. We 
could agree that this pair of points provides a unit* Thus we 
would say that the distance between these two chosen points is 
li and we could then measure the dlatance between any two 
points. If the original pair of points, say A and B, were 
one "Inch'* apart ^ then the distance between two other points > 
say P and ft, might be called -'eight inches," The niimber 8 
would be the measure of how far apart P and Q are> relative 
to the chosen "inch," that is, relative to the chosen pair [A,B) 
of points. The number, which is the measure of distance between 
two points, is, of course, a real number and not negative. 

We are now ready to express, in a precise manner, some of 
the ideas concerning distance which we want in our formal 
geometry, 

- — - ^ 
~" Postulate 10 , If A and A> are distinct 

points, there exists a correspondence which assoc= 

latas with each pair of distinct points in space a 

unique positlye number such that the number assigned 

to the given pair of points [A^ A ' ) is one , 



DEFINITION , The set consisting of the two pointM A, 
A» mentioned in Postulate 10 is called the unlt^g^ir * 

DEFINITION , . The number which corresponds ^ by Postulate 
10, to a pair of distinct polntc is called the measure 
of the distance between the points , relative to the 
unit-pair CA,A'3. 

DEFINITION , The measure of the distance between any 
point and itself , relative to [A^A»)* Is the number 
zero, 

Suppase the points A and A' of a unit«pair are pne 
inch apart. If two points P and Q are three inches apart. 
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then the deflhition tells us that the measure of the distance 
between F and Q, relative to {A,a0# is the nwnber 5* 
Prtquently, Instead of the phrase^ "the measwe of the distance 
between two polntsj'" we simply say^ "the distance between two^ 
points," Thus the distance between the points p and Q 
mentioned above is J. /Iliat Ib, the distance is 3, if it is 
undarstood that (A^A'J^ is the unit-pair* 

If a different ^^^/it-pair, say (B,B*)j replaced (A^A'J^ 
then the dlstajice be|tt^/een the same points P and Q ver^ likely 
would be another nuroer. For examplej if B and B' were one 
"foot" apart, then ^he distance between P and Q would be the 
number ^ , In a discussion^ if the unit^palr is understood, we 
often will not bother to mention it* However^ if there is any 
chance of confu^'^.on, we must specify what unit-pair has been 
chosen* 4' 

p - 

Notation > ^ Let (A, A*) be a unit-pair. The dlstanoe 
between a point P and a point relative to 

(A,A»Jj is often denoted byi Pft, ^ / 

If it is desirable to identify the unit-pair, we use 
the ^notation I PQ (relative to {A,A']). 
In the real worldj the phrase "relative to [A, A')"' 1b 
often replaced by a physical unit, such as "Inch" or 
"meter" I thus we use a phrase such asi Pft meters. 

In all these cases, the symbol Pft names a number* 

^El£i- A A' P Q 

• • 9 • 9 • 

PQ (rRlatlve to fA.AM) ^ 3. 
Sample £• ^ 

AA* " 1, (Note that here we have aasiuned that the 
unit-pair is (A,aO*) 

acample 2' ASA* 
• • • 

AB ^ ^ , and AA ^ 0, 
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Example 4, 



.P 



e 5. 



A* 

and 



5 



M 







' 1 ' 


1 ' 1 ' 
'l 

INCHES 


2 


3 




MR 


inches = -t 


inches , 







In dally life we very seldom measure distances by referring 
directly to the legal standard Inch. Instead we use physical 
rulers whldh provide copies of the standard* We consider the 
distances we maasure with a hlgh=quality copy^^ be the same as 
the distances we would obtain with the standard* This idea 
suggests the following postulate In our fomal geometry* 



Postulate 11 , If (A^AO any unit-pair and 
if B and B* are two points such that 

BB' (relative to [A,A^]) m 1, 

then for any pair of points, the distance between them 
relative to the^ unit«palr [3,3^ Is the same as the 
Alstanoe between them relative to (AjA*)* 



Problem Set 3-4 



In this problem you are expected to use a ruler (graduated 
in Inches) to meaBure distances between the points shown 
be low* 



A 



A' 



P 



Q 



R 



S T 



(a) Relative to [A,A»], find- A'Q, Pft, PR, PS, ,PT^ 
ST, .m, 

(b) Relative to [q,r) , flnd^'A^Q, PQ, PR, PS, PT, 
ST, RR, 

(c) What is OR (relative to [A,k^])7 How do distances 
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in (a) compare with the corresponding distances in (b)? 
What postulate does this Illustrate? 



(<J) Plnd 


HP 




" (1) 


(relative to 




(2) 


(relative to 


{Q,A')). 


' (3) 


(relative to 


(A,SJ). 


• W 


(relative to 


{S,TJ). 


i (5) 


(relative to 


[p,e)). 


: . (6) 


(relative to 


tP,R)). 



*2... In the figure j suppose that the part of X shown between 
P and M is on the edge of a ruler. 

^ . Q CD M 



(a) On this ruler If 0 were assigned t o . ?, and 1 

ft, what numbers would you asal^ to FQ, PD, PM ? 
In labeling the points of the ruler with numbers j what 
. numbers would you assign to C, D> and M ? 
\ On this ruler if 0 were assigned to M, and 1 to 

what numbers would you assign to PM, ftM, CM ? 
In labeling the points of the ruler with numbers, what 
numbers would you now assign to C, p ? 



^3* 



3 0 I 

— • — = — i 



-2 «l 0 I 
-I 0 



^ 4 ^ (first correspondenoe) 

(second correspondenoe 
On line the points have been assigned numbers (in ruler 

fashion) as Indicated by the first correspondpnce on the 
diagram* 

Suppose the ruler is moved to^the right so that there 
is a* new (or second) correspondence between the set of 
^numbers and the set of points on ^ , assigning 0 to I 
^And 1 to 

(a) Copy the diagrams, and write on your copy the numbers 
which the^ second correspondence assigns to each of the 



other labeled points, 
(b) Using the fact that the first correspondence aeslgned 
nimibers in ruler fashion, compute the distances PQ, 
SR, PR, RO, m (relative to [0,1]), 
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(e) Wimt Is IQ (r©latlve to I0,I}) ? ^ 

(d) VlthDUt using th© saoond oorrespondaneej giva th© dls- 
t«iees PQ, BR, PR, RO, ftR (ralatlvi to (I,ftJ). ' 
Wiat postulate did you use? 

(e) Uslq^ the faet that the ieoortl eorrespondenQe aaslpied 
numbers to the points in ruler fashion, eompute the 
dls^anoes Indicated In part (d). How do these domputed 

- dletanoes oompare with the eorrespondlng dlstahces - 
given In (d) ? 

On line JL again assign numbers to points In a ruler*-lik# 
aorrespQndenaa as Indloatedg Hovf oonslder .the ruler tAmsd 
so the soale extends In the "opposite direction" and assoa^ 
lates 0 irtth point 0 and 1 with point 3, \ 



i 0 I Q R 
^ — ^ ^ f 



*t 41 , 0 - I 2 4 (first dory^espondenoe) 

' ^ (second correspondence) 

(,a) Complete the number ass^©iment of the second corres-- 
pondence • 

(b) Compute PR relative to the imit-pair in each corres-* 
pondence. How do these distances compare? Why would 
you expect this? . 

^ C A B ^ 
X < - • • • ■ 



Oonslder a line Gontaining three points C, A', B, 

as IMleatedt I 

(a) Can you arrange^ a rulejf* with a acale so constructed 
that it could be placed along the line with its 0 
corresponding to A " and 8 to B ? If your answer 
is yes, describe where on the line the point oorres- 

. ' ponding to 1 would be located. Is' this -a unique 
point? 

(b) Can you also arrange a ruler with a scale eonffti^cted 
so that it could^be placed along the line with Its 0 
corresponding to A and 5 to G ? If your answer* Is 
yes, describe where on the line the point corresponding 
to. 1 would be located, ' is this a unique point? 



3-5« Ooordinfttt Syitem on a Line , 

- 

A In %hm prtoedlne s@oM@n wa trltd to analyze the nimber^ 
llne» We observed that the nimber-line helped us to pleture 
••how far apart,". Uils latter Idea led us to Comulate, in a 
precise manner, the notion of distance. Now we are ready to 
re«exainlne the number- line and attempt to oaptvu'e Its Important 
featitfes.so that i^e may use these Ideas In our formal geonmtx^* 
Thet key feat\ire Is that the different points on the line are 
mtohed with various numbers, ^e oorrespondenee between the 
two sets Is one-to-one. But another feature of primary useful- 
ness is the fact that this ohe^to-one correspondenoe enables us 
to compute the distance between points by subtraotlng numbers* 

For example, consider a nimberillne marked in inohes* 

c A e 

#H ^ — i =— — ^ J --^ 



•2 -I 0 > 2 3 

I^e distance between A and B (in Inches) is 2j the number 
2 can be computed by subtraoting: namely, the fttmibers associ- 
ated wi%h B and A are 3 and . 1, and 3-1 = 2, Thm 
.. dU^stanee between B and* C (in inehes) is the nimibers 
corresporiding to B and C are 3 and -1, and their dif- 
ference 3 - (-1) ^ ^* If the number -15 and tl^ point D 
are matched on the above n^bar-line, then CD m (-1) - (-15)^i4» 

The concept in coordinate geometi^ whloW correspondi to thje 
number-line in informal geomet^ is the general Idea of a 
coordinate system. By properly associating points idlth niambers^ 
we acquire a powerful tool whose importance will* gradually un- 
fold during the year's work,* We now introduce a coordinate 
system on a line* This development, besides giving us Import^t 
consequences about geometi^ on a line, will ser^^as a basis in 
later chapters for discussing eodrdlnate systerM in a plane or 
in space » , * 
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DCTINIflON , Let (A,A») be my unit-pair and let ^ 
be any line* A eoordinate ays tarn on ^ relative' 
to the unit-pair {A^A») is a one-to-one eorrespan- 
denee between the set of all points on ^ and the 
set of all real numbers with the following pi 
If numbers r and s correspond to points R 
S on and if r > then r s Is the same as 
the niunber RS (relative to {AjAO). 

DEFINITIONS . The origin of a boordlnate system on a 
line is the [point whleh eorresponds to the number 0* 
The unit-point of .a coordinate system on a line Is the 
point which corresponds to the number 1* 
The number which a glve^ coordinate system on a line 
assigns to a point R on the line Is called the 
coordinate of the point R In the coordinate system. 

These definitions describe wnat a coordinate system is and 
som^of the words we find useful ln\talking about a coordinate, 
system. However, there is an importint Issue which we should 
not overlook* A ooordinate system haili been described as a 
correspondence between two sets with cWtaln very specific 
properties. How do we know, in our formal geometry, that such 
a correspondence is possible? If such a correspondence is 
possible, is there more throne coordiinate system on a line? 
Whrfb, if anything, ca^^we say about many of these corres- 
poSences there are? In order to ans^i^ these questions, we 
once again return to our experiences /wJth the number-line and 
=se them to formulate a ^stulate wl^ch will give us the answers 
we need, ^ 

Suppose wa choose two points, A ^nd ^A», one centimeter 
apart, as a unit-^lr, ^ A 



Suppose we have a line m In the real world and two distinct 
points D and E on m* 



D 



r 



r^- 76" 



Aeoardlng %o ovo' dxporltnae with a pt^slcal ruler « we can lay 
tho ruler ntar the line m so that the point D matohes with 
the nusber 0 and so that the^int M matohes with a positive 



i# I * i_ — r-- 
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CENTIMETERS 



m 



I 



7 



S 



9 



In the example pictured, E matches ^th 4.5, and the distance 
Dl centimeters is 4.5 era. < 

Consider another example In which the same unit-pair la 

chosen and in which two distinct points P and Q belftng to 
the line n In the real world. 

e 



A physical ruler, graduated In cantlmetera, can assign numbers 
to points on n so that P matcheB with 0 and Q matches 
with a positive number, 

G 
6 



' 0 

These examples illustrate thatj in the real world, no matter 
what vmlt-palr is chosen for measuring distance^ wfe may select, 
on any line, any point as an origin for a humber-llne and irisist 
that any other given point be assigned a positive number on the 
number^line* The next postulate is a statement of the corres* 
ponding situation in our formal geometry. 



PoEtulate 12 , (The Ruler Postulate) If (A^A») is 
any unit-pair , if ^ is any line, and if P and Q are 
any two distinct points on ^ , then there is a unique 
coordinate system on A relative to {A, A*] such that 
the origin of the coordinate system Is P and the coordi- 
nate of Q is positive, » 
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Bi© word ••uniqiw," in the statement of Postulate 12 aonfon&a 
to ©xptrienoe that there Is only one way to lay a physioal 
ruler along a line so that all the eondltlons are satisfied. 

As a by-produQt, the Ruler Postulate ^ves us fwther In* 
formation about the number of points on a line. Since thew are 
Infinitely many real numbers, every line has infinitely many 
points. ThLB property in foriMil geometz^ fits with our idea 
about a line In the real world. Postulate 2 assured us that 
each line has two or more points , and until we adopted Postulate 
12^ we have not been able to be any more speeific. 

^ CustOTari^ when we establish a nj^fr-line, we choose a 
point on the l^m and assign the nmiber 0 to it, then select 
another point on the line and assiffi to it the nimber 1, ,and 
finally assign numbet*s to other point sl so that dlstanoes are 
measured relative to the initially ohosen two points* ^us, the 
points to which the numbers 0 and 1 are assigned become a 
unit-pair, ^e same type of procedure Is pemissible ir^ our 
formal geometiy, as the next theorem tells us* We obtain this 
theorem from the Ruler Postulate by choosing a pau*tioular unit- 
pair, namely, (P,Q), 

TmOM4 3-1 . (TOe Origin and Unit-Point Theorem) If P and Q 
are any two distinet points, then there is a ooordinate 
system on the line ^ relative to the vmlt-pair (P|Q) 
such that P is the origin and ft Is the unit-point of 
the goordinate system* 

Problem Set 3-5 

- s 

1* ^e following dlagr^ is intended to ai^gest a coordinate 
system on restive to (P,Qj, 
A e P Q Q % Y ^ 

(a) V^ich point is tM origin? ' Wilch point Is the unit- 
point? 

(b) Compute each of the following distances i PQ, BG, AX,^ 
CY, XY, CB,. YX . 
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Draw a "Una" and mark on it two "points" P and Q . 
Thmii on or off the line, mark two points, A and A». 
On tht line Indicate a eoordlna'te system relative to [AjA*] 
having p as Its origin. Reeord the qoordlnate of ft in 
this system, todloate a seaond ooordlnate system, different 
from the first, but also having F ^ its origin and [A,A>) 
as its .unit-pair* Compare the eaordlnates of Q in tha two 
systems, Gompute in both oooMln^te systems the dlstanoe 
PQ* Do the results of your cVi^jlutatlon agree? 

Consider two dlstlnet points A, B on line U , 

(a) Is there a coordinate system on ^ whose origin is A 
and whose unlt^point la B ? Is it unlqiie? 

(b) Is there a coordinate system on A whose origin la B 
and which assigns a positive number to A ? Is it 
unique? 

Suppose tiiat on a line J. , a coordinate system assigns 
the coordinates 0 and 1 to points P and Q, 
respectively, ^ ^ 



■5 J 



(a) ^ Consider the set of points of J. whose coordinates 

^ Batisfy the inequality x > 0, Likewise, consider the 
sat of all points of 1 whose coordinates are negative. 
' Do these two sets have any point in common? 

(b) Consider the set of all points of J. whose coordinatsa.^. 
are greater than 1, Likewise, consider the set of all ) 
points of^ ^ whose coordinates are less than 1, Do 
these two sets have any point In eonmion? 

(c) Explain the statement i P playe the same role with 
respect to the two sets In part (a) that Q plays with 
respect. to the two sets In point (b), ^ 



3-5 ' 
5. In m 0Lymn doordlfiate system, find tte dlfetaisc©© befeween 
pairs of points whloh have the follQid.ng aoerdlnatasi 

(a) ^-16, I 

(b) X and y. If y 
(e) X and y, if x < y 

(d) X and y, If X « y . 

(a) a and b ^ 

5 R»©bl©m 5(a) Is involved baeause we do not taiow whloh 
number is larger or even whether they are diatinat. Vttienever 
you are asked to find the distanee between two points whose 
ooordlnates are not Imoim numarlaally, you should aonslder the 
three oases/ as in parts (b), (a), (d) in Problem 5. A apeoial 
symbol, disctsffed in Problem 10, la often useful in this' situa- 
tion* 

•6, Consider the two aoordinate systems, which we may denote by 
C and C», on line U as auggasted in the diagram* 

abprp/qos , 

- ^4 «3 ^2 -I 0 1 i ^ (coordinate syatem Q) 
I 0 (coordinate aystem C) 

(a) Copy the diagram and oompl^te the assignment of num-, 
bera to ^he indicated pQinIs of by the coordinate 

' aystem C. 

(b) Compare the two correspondenoes with respe^ to 

(1) position of origlni (2) unit-pair used, and (if 
different) the measure of each relative to the otherj 
(3) whether the tinit-polnt is to the left of the origin 
or to the right of , the origin* 

(c) Note that it appears that the B\m of the coordinates 
assigned to amy one point by the two coordinate eystems 
is constant. Using this information/ and letting x be 
the coordinate of a point in aystf# C and x» be its 
coordinate in system express a relation between 

X * and X . 

(d) Compute ^ In the C system and BR in tlie G* 
syatem. Compare th^se nOTibers, ^ 
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*?• aoordlnatt systems 0 and C oh lln@ A ai*e suggested 

l^the d4m^sin«^ 

J< ^ P f T f f f 'tf § 



-3 -1 .1 0 I i 3 4 (systm 0) 

10 (s^tera e«) 

FoiIqw tt^ dlreotlo^ given in parts (a), (b), (d> and (d) 
in Problem 6. 

8. ' Two Doordinate systeM * C and C on Una A are sxaggested 
by the diagram i ^ ^ 



J ^ 



9 4 3 g j 0 -I -i -3 -4 (C) 

0 1 • , (Q!) 

Follow the dlreotlons given in parts (a), (b), (c), (d) In 
Problem 6* 

9* Two coordinate syetema C a^d C* on line ^ associate ^ 

i 

nijunbers with points as s\iggested by the^ diagrami 
;p X a 2 W R S T 



4 3 1 I 0 -I (C) 

Follow the direotiona given in parts (a), (b), (c)^ (d) in 
Problem 6, However^ In part (c), replaee the word "a™" , 
with the word ''difference," 

10, In order to overoome the dif¥iculty mentioned in ft*oblem 5(e) 
w^find it oonvenlent to introduee the symbol |a - b| which 
is callad the absolute value of the number a - b* The 
symbol^ - b|, nmes a positive number or zero and this 
is helpful since every distance is a positive number or lero. 

The diatance between two points whose coordinatea are 
a and b is a - b if this is not negatlvej otherwise 
the distance Is b - a. Notice that b - a is the same as 
-Ca - b). \ . ^ 

The absolute vaLue of a number x is defined byi ^ 

|x| = X if X ^ 0, and |x| ^' -x If x < Ot 
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Thua, |2 ^ 7| I ^ !7 - 2j ind |x 
It dote nest matter. In Qompuiiii. 



suttraet th^ Cttlrst Qo^rdlnati fwm 
from thm flrstf* as long as you take 
abaolute vml^tioi^ of tha diffirinGe. 
ooordlnates — ^2, 

While - (-6) ^ ^2+6^4 

Eaoh method oomputation talis 

(a) Si^UI^ jeaoh of the fgllowlnj 

U) 1$ 

U5I I 

1(4 . 5)^ (5 ^ 4)1 

In eacfr apart of this problem ft 
toetwaei^ Q^he two point! having 
Btpras^ Q^he answers using the 




y| s |y - xf . 

distanots^^.-'f^ther you 
m seaond ^ th# seoond 
%he distanoe to be th€ 
Jor example J given two 



and I s 4, 
and |4j » 4, 

that the dlatanee la 



(2) 
(3) 
(^) 
(5) 



(to) 



otnputa the distanoe 
t;he given coardlnates, 
Absolute vaiUe symbol^ 



(1) 

(2) 
(3) 
(^) 
(5) 



X 

a + 

a + 

a + 

a ^ 



3-6, Raya yd 

Two distinct 
a line* 



d y 
b and 
b and 
b and 
b and 



lents i 



b 

a - b 

b + a 

b - a 



polnta, P and 0, detennlne (by Postulate 3) 
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^ FoBtulate 12 th@rt art many other ^in^s on £n this 

aaatlon w« oonslder eertaln subsets of TS wMah are d§tirsp^ned 
by the given points. 

J^t us also denote FQ by m« Thm point 7 on m 
- appears to separata the line m into two portions , l^i poz^tion 
shown In the next diagram oontalns the point 0, 



while the other portion^ plcti^ed belovi^ does not contain Q, 



Each of these aubsetk of m may be aonsldered to havt F &s an 
"endpolnt." 7 

A subset of a line suah as the above may remind us of a 
physloal phenomenon like a ray of light efnanatlng frc^ a sou^oe 
and continuing indef Inltdly^, 



3^ 



m 



We adopt the same word "ray" In geometry to nama ^ set auoh as 
we have considered, A coordinate system will heip us dasorlta 
precisely what we mean by a ray. 

On the above line there is, by TOieorem 3*1# a soorHiiii- 

ate system such that p is the origin and 0 is the iwiti^pal nt , 

F .^--^ 1 

One of the portions Into which m appears €o be separatad by F 
consists of P and all the joints with poaltlve OMrdlnitaa* 
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DgDHTION , If A and B are distinct points, then, 
in the cdordlnate system on with origin k and 

unit^point B, the sulfset of AB oonslstlng of all 
points whose eoordlnates x satisfy x > 0 is oalled 
a ray J or more apecifloally, the ray with end point A 
and aontainlng B, 

Notation . If A and B are dlstinet points, the ray 
with andpolnt A and containing B is denoted by the 
spibol aS* 

We emphasize ^hat in the symbol the f Irst^named point 

is the end'point of the ray, 

roiQHEM 3^2 ^ Every point on a given line is the andpolnt of 
two rays on the line, and the Intersection of these two 
rays Is the point itself* 

Proof I Let P be a point on the line A ^ If ft is 
another point on ^ , there la, by ^eoreih 3-1 (the Origin and 
Unit-Point Theorem) a ooordinate system on J. In which p Is 
the origin and Q is the unit-point. 



0 I 

The ray K has endpolnt P and oonsists of all points whose 
coordinates satisfy x ^ 0. If R Is the point with coordinate 

then R does not belong to P5* ^ ^ Theorem 3-1* there is 
another ooordinate system on with origin P and id.th linlt- 
point R, ^ 

% i 9 Q 



0 I (old coordinates) 

Q ^1 (new coordinates) 



-I 

I 

Using the new coordli^ate system, we find that PR is a ray 
given by the inequality x' > 0* Since, by Poitulate 11, the 
new ooordinate and tha old ooordinate x of a point are 

related ^y the equation 

X ' = -X , 
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the r 
X sat 
and Fr 



& Rt Is the 
tlsfy X < 0. 



of all points wt^os a ojginal eocrdinatti 
£ 0. Wie InterseQtlQn of the distinct- ra^e 
oonslsts of P alone « 



It is oonvanient to have a nane f03 
related in the manner described in the i 



► ^wp rays which sre 



DEFINITION , Two distinct colllnea:r* rays with a coM 
andpolnt are called oppoBlte raySi and each ray Is lald 



^0 be opposite to the other. 

In our future work we shall often 
have the same endpolnt^ but which 
are not opposite rays because they 
are not eolllnear. Or we may con- 
sider more than two rays^ all of 
which have the same endpoint. The 
diagram shows four rays, each with 
endpoint V* 



; onsider two ray s which 




DEFINITION , Rays all of whldhhavi 
are called concurrent rays* 



^he same endpoint 



Now let us consider another type oi* subset detenntjld by 
two distinct points* Suppose that the joints P and 0 deter- 
mine the line m/ ^ 



The diagram suggests that the pair of pol nts split the line into 
three parts which do not overlap: the with endpolftt F 

which does not contain G (drawn hiavi in Figure (a))) the 

ray with endpoint G which does not contain F (drawn hiavlly 
in Figure (b)), and the subset pictured In Figure (g). 
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We may aanvtnltntly us©; ooordlnates to deserlbe a set of the 
type Bhoym In Figure (a). 

DEFINITIONS , If A and B are distinct points, then, in 
the coordinate system on 1® with origin A and unit-point 

the subset of W consisting of all points whose 
coordinates x satisfy 0 < x < 1 is oalled the segnent 
Joining the given points. 

Each of the points' Joined by a secant Is called an 
end point of the segment, 

■ ^ ^ ^ ^ ' s .. 

Notation , If A and B are distinct points , the se^ent 
Joining these two points la denoted by the symbol OT. 

Since each of the symbols TO and BI names the se^errt^ ' 
Joining the two points, W and BI are different names for 
the same se^tnt, T^us we conclude that U for any two 

distinct points A, B, ^ 

Sample 1^, Consider the coordinate system on the line ^ 
shown In the diagram, 

A e 



-I 0 I 2 

(a) The segment AB . is the sat of points whose coordinates 
X satisfy 0 < 1 and is marked heavily in the diagram 
below* ' . 

A t 



-I O I 2 

(b) The ray AB is the set of points whose coordinates 
satisfy x > O and Is marked heavily In the next diagram. 

A 8 

^ I . i » J 

-I 0 1 2 . 




3-^. 

(b) M find thfr IS by ehoosing & aoordlnata ^sftm 
m with origin & ,unit-polnt A. If x* i@ ^he new 
eeordlMLta of ft point j then B is the set of points whosa ^ 
(naw) ooordinatts satisfy ^ 0. 

^ S-^- 

O i 10 -I 

(d) Wiat is the ralationship bttwtah the old ooordirata 
X bM the naw oMrdinata of a point on ^ ? Wa mark the 

mum diagram with both old and new ooordinateSj and aompara them. 

^ ^ ¥ N— \ i 1 

-I 0 ' ^ I i * ^ 3 (old) 

t 1^0 -1 -a (new) 

Note that the sum. x + x' 1b , for every point, the ssjnej naiaaly 
1* Thus , ' 

X + X' a 1, 

or x* ■ 1 - X. 

^(e) Since IS is assooiated with the inequality x* ^ 0 
and slnoe' x* * 1 - what' inequality in thie old coordinate 
syst^ is assooiated with H ? fleplaolng x» by 1 - x, we 

obtain ^ " 

/ % 1 - X ^0 . 

ly the additive property of order, 

1 ^ X, or X £ 1* ^ 

(f) Sinee B and SX are asaoolated reipaatlvaly withv 
the inequalities 0 i x and x £ 1, their intarseotion is 
assooiated with 0 < x £ 1, - ' ^ 

(g) The intersection of ' the two rays /CB and BA is the ^ 
sepaent 
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As a stramlLry/.ft i»y be helpful to pgvlew^ on^a line,' six 
Iffiportaqt ttubsets^ determlnad by two points of the line. If we ^ 
a mil the points A and ,8^ th# .following six. ploturas show ibha 

linei with the subset narked heavily. « « 



Sa^ent AB ^^BA 
Ray^ m 

Ray opposite to 
Ray 1^ * 
^y opposite to 
Line W ^ M 



m 


A 


i 




m- - 






— ^ 

— — ^ 




"A 


, f ? 


= # 




A 


;s 















A 


i 


-- — » 




^ A 


s 





. *Notloe carefully the dlstinetlon among tht symboli AB, AB, 



. . ^ Problem Set 3^6 ^ * , 

Name, the origin and unit^polnt which may be used in defining 
each of the rays and segments below, 

' im) Of ' (e) BE / \ ^ 

(b) M , (f) OA 

(c) iS is) m . 

(d) 'CP . (h) DE ' ' 

Is there any cholGrf possible in the origin and unit-point? 

T 

^ Points on line ^ are Indicated' in the diagram. 



.i CD i F 3 

' ' ' * — — ^Jl^ 



Using this diagram, name the following^ 



(a) 


Intersection 


of W and 


CP 


(b) 


Union of W 


and CP 




(c) 


Intersection 


of and 


OA 


(d) 


Unldn of CP 


and OA 




(e) 


Intersection 


of Iff and 


W 


(f) 


Union of ^ 


and W 






Interaeetlon 
Intf rsectlon 


of ffi and 
of ^ and ' 


CP 

■ Dir 
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NmiWf In tek^ of the glyan letttz*s on the IndlaEted line ^ 
the sepSmt or r&y whlih Is the set of all pointe whoie 
c^^inates mmtlB^Y the given inequality. 

(a) X 2 0 . ^ ' 

(b) ^ £ 0 ^ \ ^ * ^ 
(a) d < X ^ 1 ^ ^ . 

Let M and R ^e any distinct points on a line 
(a) IB there a cdordinate system on ^ in w^ioh 0 is 
aasi^ed to and 1 to R ? 



R 



' -I . \ 0 1 1 a 

Consider in; a pblnt t ^distinct from* M and^ 
H and With dodrdinate ' ' 

(b) Batweer> what nurtibers must x lie? 
(e) .Write an equation involving x whloh states that 
; PM^ PR. 

(d) Wha^ is the solution set .of this equationf How many 

nui^ere are in this solution set? ^ y . 

(a) How many points P are in M such that MP''^ PR'? 

Two Qoordlnate systems line ^ are^ indloatad in the - 

diagram,. One is called the old, the other the new coordinat 

system. . , ^ , * 

^ ^3 -I 0 I i % 4 (old^system) 

^ < i -H —I— f \ < \ \ » , . 

5 4 i i I 0 -I -g (ney* system) 

Prom tYm fast that the sum of the old and new coordinates 
appears tp be the same for all polntSj find an expression 
for the new coordinate of a point ofe ^ In terms of 

its old coordinate x. Does the diagram remind you of two^ 
rulers plaGed against the same line? . - ' 
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3-r . ^ v ... . . - • ■ 

t . . . ' ^ ' :^-^7i \ ■ * ■ 

^2 'I 0 I t 14 5 ' (^ system) 
: * - <h f — I t i i f i M » ^ 

'5 *4 *3 -I' /-If 0 1* i (new system) 

Stamina the diagram. In a maraidr slmll4r to^ that used In 
Problem 5j but note that this/time It is the dlf f er^noe • 
of the ooordlinatea whieh sho^^ be oonsidiired. Find an 
expression for the new coordinate in te^ of the old 

• coordlnata x. How, does the plaoement.of the two rulers, 
as suggested here, differ from that Indleatad' In Problem 5^ 

\ 

3^7* - Interior Points , T ' 

A ray has one endpolnt and a segment has. two endpoinjba* 
^Sometimes we are primarily l/itier^sttd in those points of a r^ 
or se©nant whlah are not ..ehdpolnts* — ^ ^ 

. DEFINITrONS . The interior of a ra£ Ib the set of all * ' 
points of the ray except the endpolnt. 

Eaah point in the interlOT of a ray is Qalled ^ 
interior - point of tkm ray. ^ ; 

The interior of a segnent is the set of^all joints of 
the se^ent except the two endpoints * 

^ch point In tfie interior of a segment is called an 
interior point of the se^ent. 

w 

Since the interior of a ray or segment Is distinguished 
from the ray or ae^eht o|ily by the omission of endpolnts , -.w& 
may express interiors In tems of a coordinate system. 
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Tlae interior of BD is ^he set of points whose coordinates 
satisfy X i> 0, ^The interior of IB Is the set of points whose 
coordinates satisfy 0 < x < 1, \ 



■( 



go 



Consider 9 polnfe C in thm Interior of W, In tlie above 
e^F^dlnat# systmii on "^fft ^ th# eoor^nat# e of the point G 
Mtisj^es 0 < 0 < !• ©It ooordl^te of C li betweeiv tha 
eeordlmte 0 of 1 and the eoordlnate 1 of D. It is oon- 
venlent, to shorten the preoeding a^ntenee and say eimply that 
" 0 ie between B and D* . ■ . ^ 

DCTDIITION / ^ A point Is said to be between the distinot 
^ points B and D if ^d only if it is an interior 
- point of . ' 

^ Notice that the statement that one point is between two 
points ^arantees that the three points are distinat imd are 
eollinear.^ 

, In many situations the following eonv^ntlon will be. useful 
If we speak of three distinct points R'-as being "oollin 

e^r"* we are not saving which one of the three is between the 
other two. But If we speak of points . P, ftj R as being . 
collinear in that order, we shall mean that the points are dis- 
tinot and that '4 Is between P and . Similarly, if we say 
that four points Q, Kp S are collinear In that order , we 
shall mean both that Is between P and R and that R is 
between ft and S** 

toong the Intei^or polnts^ of a sepnent, the sb-^alled mid- 
point has speolal importance. 

PEFINITION . The midpoint of a sepnent Is the point 
which* belongs to the se^enfc and' Is equally distant 
from the endpolnts of the seginent* ^ 

In symbols, if E and P are diBtlnct points, then the 
midpoiht M of W Is the point which fulflllB two^require- 
ments, - 

E M F 

• • • 



namely, that M is between E and F and that EM ^ MP. 



\ ^^torm using' tha notion of a Mdpolnt as daflnedj we shoid-d 
^ ^rst atsur^ ourseiyts^ that avary sepieAt has a mldpelnt and 
'moreover only one mMpQint, The nairb theorem glvas ua^ this 
information. ^ ^ ' ' 

TSEQEEm 3*^3 * Bvai^ sepnent has a miique .mldpglnt , 

' ' . ^ - ^ , ' ,. * • 

Proof I Let -IE be any sepnent. Qonslder the eoordlnatf 
system on ffi wlth.^ origin B and unit-point D, Then W Is 
the set of all points : whose- coordinates x satisfy 0 ^ x < 1* 
Let Q be the ooordlhate ^of the desired midpoint. Then 
O < c < 1, beoause tfie midpoint belongs to* the segment. Using 
the coordinate system to compute distances. 



0 e I : 

we find that c - 0 ^ 1 - c, ^ slnae the midpoint -is equally 
distant from the andpolnts , The equation c' = 1 - g has^ exactly 
orte solution, namelyj c - 5- , Thus the one and only one mid- 
point of SB 'is the unique point whose coordinate is— g= * 

DIFINITION , The midpoint of a segment Is- sald^ to bisect ^ 
the se©nent. More generaliy, any set of points whose 
^intersection witk a segment consists only, of the mld= 
point of the sepnent Is said to bisect the se^ent* 

The point which bisects the sesnent W Is the point M 
.between E and P such that EM ^ EF -'MP, 



12 



a: 



♦2, 




Froblere Sat 

Olven a aQordlnata "systam on W suoh that A is tha 
origlif and B la the unlt-polfit^ 
(a) 01 va the coordln^e of the endpoint of 
Cb) The Intarlor of aS la tha sat of all points whose 

Qoordlfiatas x satisfy what Inaquallty? 
(o) The ray opposite to S Is the set of points whose 

, coordinates x satisfy what Inequality? 
(d) Flnd^he coordihates of points 0, D, E on suoh 

that BC ^ 4j AD m ki and AE ^ EB. 
(a) If P Is between A and B, what values oan Its 
eojordinate have? 

(f) Lret X be between A and B, 

(1) May A^ B, and X be nonoollinear? 

(2) Is X in IB ? 

(3) Is X ' In the int^lor of W ? 

(k) Can the cooMlnatfe of X be negative? 

(5) Can BA * AX ? 

(6) Can B be between^ A and X ? 

(g) Fill the blanks I 

The set of points whose coordinates satisfy x < 0 
is the of the ^ which is tb AB* 

Fill in the blanks in the following table,. (The names 
"alpha" and "beta" are used here as arbitrary names for 
units, ) 



PQ (In inches) ^ 3 
PQ (in feet) 
PQ (in yards) = 
PQ (in alphas) ^ 2 
PQ (in betas) - 8 


RS (in \nches) - 
RS (in feet) ^ ^ 
RS (in yards) ^ 
*RS (in alphas) ^ 
RS (in betas) = 


TV (in Inches) ^ 
TV (in feet) 
TV (in yards) ^ 
TV (in alphas) ^ 
TV (in batap) - 


VW (in inches), m 24 
VW (in feet) 
VW (in yards) - 
VW (in alphas) ^ 
VW (in betas) ^ 
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* ) ' ^ 



* " L 

a number. You may .W.ah to 
lelp you answer^ (Note that 



Fill In'aaeh of the blanks with 

use thf data from Problem 2 to help you answer^ (N^te that 
the dot after aaeh blank Is a symbol for multiplloatlon, ) 

(a) Pft (m feet) m ? . pQ (m yards), , 

(b) RS (In faet) m ? ■ RS (In yards), 
(o) 9 TV (In inches) ^ . ? » TT (»i yards). 

(d) W (in yards^^ ■ W (in inches).. 

(e) RS (in inehes) ? - - RB (in feet). 

(f) VW (in feet) - ? ^ VW (in inches). * 

(g) RS (in yards) m ? RS (In feet), 

(a) In measuring any distance, say m.^ the longer the 
unit used the _____ the measure, 

(b) From Problem 2, the measure of PQ (in betas) is 

' times the measure of PQ (in alphas). 

(c) ^ If the distance between two points measured in alphas 

is 1, and if the distance between two other points 
mpasurgd in betas is 1^. which^ pair of points is 
^ farther apart? How many times farther apart? 

Refer to Problem £ to fill in the blanks b^lowi 

(a) VW (in inches) is 8 times^ PQ- (in Inches) j 

VW (in inches) _ q ] 
(in inches) 

(b) VW (in feet) Is times PQ (in faet) j 

VW (in f eetj 

H (in feet) " — ^ 

(c) VW [in yards) is times PQ (in yards) j ^ 

yw fin yards) _ ■ . , 

PQ (in yards) — « 



(d) If AB ^is 10 times CD when^ an inch is used as a 
unit^ then AB will be how many times CD when any 
other unit Is used? 




3-8 i 

'•6, OiVM polnta^ D, P, I, N, T and sueto^that 
*^ * fT (in feet) » 1, IN (in ^nahes) ^Nk^j^ (in yards) * 1. 
Fiiid the 'measure of eaoh of the following s 

(a) rt (m inohfs) 

(b) ik (in feet) 

(c) TO (ih feet) . ^ , 

(d) (in yards) 

. (a) TO (in inehas) ^ , 

(f) IN (in yards) 

♦7* Given two distlnat points F and ftj which of the meas\;u*eB 

in PiNDblem 6 la equivalent to 

/.\ pa (in InohtB) 
^ ^^^J (In feet) 



Inches ) 
PQ (In inoheal 
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3^8/ Relationship Between ■- Distances Ralative to Differant 
Unit -Fairs , 

On a given Una there are many different eoordinate systems 
We have taken advantage of thlt^ fact throughout the praceding 
sections* Often we have chosen a eoordlnate system to smlt our 
purposes. In a few situations we have used more than one coordl 
nate system in a single discussion. Let us review wi^ we have 
been Justif lad in making these oholces. Acoordlng to the Ruler 
Postulate, we are at* liberty to select any point whatsoever on 
the given line as an origin. We also are permitted to eftoose 
freely the unit-^alr for measuring distances. Hon do the dif- 
ferent coordinate systems on the same line compare with one( 
another? Sections 5=8 and 5-9 are devoted to answering this 
question p 

As a first step. It is desirable to investigate more fully 
how the Idea of distance depends upon the choice of a miit-pair. 
In the real world, we are familiar with many differeht standards 
of measuramenti the inch, the foot, the mile, the meter, and 
many others. Although it is possible to use only one unit, it 



does net stem praetieal ^do sa. It no mora sensible to 

Mpresr the dlstanQe to the moon In. Inehas than It la to measure 

the length of a needle In miieSt What, then, we ma^ ask. Is the 

effeot on our definitions and theorems If we choose to uae a ^ 

different unlt*palrt r 

- _ _ ^ 

Refer to froblems 6 and 7 In Probleitf Set 3-7. As shown An^ 

the diagram. If two points U and V are 3 inches apart, 

the^ they are ^ foot apart, , ^ 



3 inehit 



h ^ i fool — ^ 

Simlla2?*ly, if AB yai^s^^ 5 yds., then AB feet ^ 15 ft. Thus, 

[in yards) ^ ^ ^ ^ diatinct 

pdints, then jf" tfhe number 3% We notice that 

3 '"is the dlst^nae, in feet, between points which are onf yard 
apart! tftit is, 3 ' Is the distance, in feet /^between a pair of 
^points which detemine the yard. J 

Mkewlsa, if R 'and S are any two distinct points, then 
^^^^^ C ^Lx) ^^^^ i*^^ J 

Hfl^(ln oentlmetersj ^ eonstani. If RS cm, ^ 350 cm., then 

M meters = 3.5 m.^and the eonstant is m ^^^ ^ The number 

^j^7i3 the distance. In meters, between two points which serve 

as a unit -pair for the eefttlmeterp These examplas from the ^ 
phjmcal world suggest the following pdstulate, which explains ^ 
in our formal geometry how distances, relative to different 
unit-pairs/ compare^ with one ahothar. 

Postulate 13 . Let A and A» be any two dis- 

tlnot points and let B and be any two dietlnct 

points. Then, for every pa^lT of distinct points p 
anH n i« ' PQ(relative to [A, A'}) , 

and Q m space, t^gj^elatlve to hM) ^ 
constant. 



3-8 • ^ » . • 

Bg^npls 1. On • line ^ Buppose that a ooopdlnate astern 
relative to the unit-pair {A,A«j la ^veni 

i ■ 

e 0 I F e H I j ^ 

< I \ 1— 1- 1 1 — 1— 

-3. _ # -i -10 I z 5 ' 4. 

^ ^ A- . •A* *. 

Suppose that ,£B,B«) Is another yilt-palr and that 

IB' (relative to CA,A'J) ^2. . " 

i/dn the same line,-*, we also have a coordinate system relative 
^ to ''Tb,B«) and with the same point P as origin, as shown In 
the next dlagrain, 

♦—I -1—4 H— — — I ^ I — I — I — -f*-^ 

-I J 0 ' * 

' Computing' with eoordinates In the two systems, we obtain 



DJ 
W 



(relative to (A,A']) _ ^ - ("2) / 6 _ „ 
(relative to W.m) " S -»(-lj/ 3 ^ - ' 

a number whleh, we note, is the same as BB' (relative to (A,A«)) 

Postulate » states that [^YmZ to " 

conatant^ my not depending on P nk^_Q^, In partleular, 

^ then J if we choose B and B' ae P and ft, we find that 

^ BB» (ralatlve to [A, A*]) 

^ " fifii (relmtlvi to W,6^]) ^ \ 

^ ^ BB« (relative to {A,A»)) 

^ BB* (relative to (A,A«)). 

Ae In the examples diacuiSfd above, the constant k is the 
measure of the 'dlstanae between the points df one unlt-palr, 
relative to the other unit-pair. 




^gsttula £. Let A, Q, F be six dlsti^ pdints 

Imt r ^ba a pbslM ve nimber, and cansldar two linlt-pBlM *for 

measmng-^dlstanaas. Fill' the blanks In the folloirtngtable, 

. *v _ . * 

' Felatlvt tot 







flrpt. unlt-pa^% 


seeond unlt^paii* 


distance 




5 


20 


Distance 




— = — ^ 


8 " 


Distance 


' IF 




? ? ? 



PoBtuUti 13 states that ||4|g|^^^l|^^ . 1, a conmnt. 
'^k. Using A tt^ two poln^, we find ^ ^ k. 

If we let X ^ .OD (first uhlt^palr)', then | s k - J 

(b) If we let y ^ EF (second unlt^palr), then- £ ^ k ^ | 
Hence, y = Ur. ' ^ ^ 



acample ^, In acample^£(a)^ w^ found t^t ^ ^ = § * 



we 

We may dleo say that § ^ ^ * Not! 
nwibars 5, £0, 2^ 8 In the table; we 



AB (first unlt ^ 
Ob (first, unit 



Ging^ the positions of the 
m that I 




pair) ^ AB fseo^d unlt^palr) 
pair) |db (second upit-palr) 

lia ProbleJ^ \ 

sfei 



atample 3, together with Problem 5 ±n Prpblami Set 3~6{h), 
siiggeats the following theorem. The theorem states that the - 
distanc€^ between one pa^lr of distlnet points divided by the dls 
tandfe between another pair of dlstinet points is the same, 
regardless of the choloe of ^It-palr for measuidng dlstanoea. 

1 . ^- • • . , 

mfflOREM 3-4. Let (A, A') and tB,B') be any/-unlt-pairB, let 
M and N be any two distinct points, and let 1 arid P 
be any two distinct points. Then 



J 



m r relativ e to CA.A']) ^ MN (relative to [B-.B'}) 
Mi' (relative to Ulkn) f ^i** (relative to [bIb']! 



1 
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Woof I- If we 1« ' ■ 

r m m (relative to {A,A»*J)l i ^ MN (rslatlvs to (B,B«))| 

^l ^ & (relative to CA,A»))| v ^ EF (relative to (B,B*])| 

than Sft must sh5w that ' ' ■ 

. ' ^ u V ' ) 
]^ Postulate 13, £ Is the same numher as ^ 

we find that ^ u ^ v • - ^ 



Problem Set. 3-8 

1, 01 van the ooordlnata iyattm on^^ indioated by the diCwln^, 

D A F C t a"^^^ f 
H I 1 1 1 ' ■ — N= ^ -0 / 

(a) .Find the f«llQ^ng distances i 

^ ' FG (relative to (C,B}) , . ' 

FA (relative , to* (0,0))^ -^^ ^ 

DB (relative to ^Djfi)) 
AG (relative to CB,E)^ 

(to) if ^X^ is a point to the right of C,» what letter 
should X be in each of the following to product a 
correet statement? 

OE (relative to {C,X))'^| 

^ DF (relative to LC,X)) ^ 2 

FG (relative to ^C^X)) .^1 ' 

FG (relative to'^ {C^X]) ^ ^ 



(o) Show that ^ ^ 

FB (relative to {A,G)) _ BG (relative to (AjQ) 

9B C relative to {c7BJ; BG (relative to IC,BJ 

^ CB (relative to^{A,G)) 



3-8 • . ' . 

(d) Verify that 

DF (relative to [C^g]) ^ DF (relative to fF^G] 

GE J relative*^ to [ciBj) GE (relative to {pJgJ 



*2. (a) 



E AS.' P 



[- I t I ' t 



5 ^3 0 1 % (C) . 

J . F E A B P 

; f © ^ V -2 -I ic' (e) 

The diagram shows two different pictures of one line J . 
Five points on are named* Two coordinate SYBtems 

C and C on ^ are Indicated In the dlffej*ent 
pictures* Our task is to find the coordinate In C* 
for each point for which the coordinate In C "* is given. 

(2) Using the information In (l)^ what number Is 

BE (in C ' ) n 
fig (in C ) ' 

(3) Using the coordinates o^' B and E In the two 
systems/ Gompute || 1 ^ ' | . , 

(4) ^ Combine the results of (2) and (j) to obtain an 

equation for and solve for e, 

(5) fTh ^ ) ^ ^ ' Write an equation in terms 

of coordinates J and solve the equation for x* in 
terms of x. 

(.6) By' using the results of (sj, find the number In 
the system C which corresponds to =5 In the 
/ system ■ • 

(b) 

P A B D 

m " ♦ * — ^ 

X 3 5 If (C) 

. i 

P A B - , D 
m ^ m w » ^-^--^^ 

y 9 15 d (Cj 

Two coordinate systems 0 and C on line, m assign 
nunibers to points as Indicated in the.^two pictures of 
the line m\ 
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a) 'C^mputa, jg ■ 

(2) Using the informatiion In (l), what number ^ Is 

(3) Using the result of (2), and the two coordlnata 
Kydtems, obtain an equation for d, and solve 



for 






AP 


fin 




A-P 


(in 





k? (in C ) " 'y- ^ ®" equation in 

terms of coordlnatee^ and soive for- y in terms 
of X. ' . 

'5)/ U?ing the re^lt of (4), find the coordinate : In U 
- ^= . of P if its cQor^^inate in C is ^8, 

*3, Given a coord^inate aystern C on a Ana ^£ , Let x ba the 
coora.Lnate of point X in the system, I^t another oorres- 
pondence C' between and the set of real niimbers match 

point suGh raiat for each x, x> - / 

(a) Is a one-to-one cdrres pondence? 

% (n) a coordinate systemi that Is, does It satisfy 

uhe definition? 

( c ) 3 th e o r 1 gi n the s ame po i n t in both sy s t ems ? 

(d) is the ijiiit-E^oint ti© same in both cases? 

*4, Ar!L',we:' the same quostlons as in Problem 5j If for each 
X + 5 * 

5,^ l\vppoi'.e that P/ H, 3, T, ,V are points such that, rela^ 
tlve ■;o the unit^pair (A^A^), PQ + RB ^ TV. Is it true 
that PQ + R.i ^ TV" relative to any other unit-pair {B,B>)? 
'>Expla...n, 

5^9* Helarionshlp Between Diff arent Coordinate Systems on a Line . 

. . . _ _ _ _ -- - - ^ - 

Now ue ai'u ready Co eKplaln the relationship between two 
coordinatu systems on a line. We consider an example. 

Let be ci line. Consider two coordinrte systems, which" 

we may en I C and C ^, on the line* Suppose R, S, X are 
points on witri coordinates ^, 6, 13, x, respectively, in 

system Oj and v/ith coordinates -3* t', x^> respectively, 
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Diagram of line with coordinate system 0 



-3 



t' 



•I 



Diagram of Una with coordinate ^system G* = ' c 

ITsing the Ruler Postulate we find that RS^(ln c) ^ 6 ^ 4^2 
and RS (in c«) ^ (=3) - (^9) ^ 6. Slnde -j ^ 3^ we conclude ^ 
from Postulate 15 that the distance in 0* betwfeen any ^wo 
points QX\ ^ is ' 5 times the distance € between the same 
two points. 

We proceed to find tN In the left column we try to find 
't * by using thp points R and In the right column by using 

the points S and T, In both aoimnM we use the properity that 
a distance In C* Is 3 times the corresponding distance in 
C, and we make repeated use of the Ruler Postulate. 



RT 


(in C) ^ 13 ^ 4 ^ 9 


ST 


(m C) ^- 13 


= 6*7. 


RT 


(in CO - 3 • 9 - 27 


ST 


(in C » ) ^ '3 • 


7 = 21 


RT 


(in GO - t» - (*3) If t» > ^3, 


ST 


(in C>) ^ t» 


- (-9) If t» > -9, 




or (=5) - t» if -3 > t ' 




or (-J 


5) - t' If -9> t« 




Therefore # 




Therefore, 




27 


- t» ^ (^5) or '27 - (-3) - 


21 


^ t > ^ (^S) or 


21 = (-9-) '- t» 


t » 


^24 or t» * ^30 


t « 


^ ife 1 ■ or 

— - 4 


t ' = -30 , 



Since tha conclusions In both of. these co^^umns must be true, it 
follows that t» ^ ^30. 



We now use a similar procedure to find Iri terms of x. 
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/WC (in C) - X -> or U , x 
RX (in e») - 3(x-4) or 3(4 

On the other hand, 
m (in C^) m jt» - (-3) or (-5)-xi 
, Wierefore,!. 

(1) 3(x-4) - x» -'(-3), or( 

(2) , 3(x^4) - (=3)-x', or 

(3) 3{t-x) - xi - (=3), or. 

(4) 3(4 -x) - (-3) -xi. 
Solving each of these four 

equations for we fihd that 

there are Just two possibilities : 

(5) x» ^ 3x - 15^ - \ . 
/from (l) and or 

(6) x' ^ 3x + 9, 
from (2) and (5), 



SX (in C) ^ X - 6 or 6 - x 
SX (in CO m 3(xl6) or 3(6 -x) 

On the. other hand, 
SX (in C«) m x>^(^9) or (^9)-x» 

Therefore, 

(7) 3(x ^ 6) * x« ^ i^g)\ or 

(8) ^ 3(x^6) - (-9)-x^S or . 

(9) 3(6^ x) £ xt ^ (^9),. or 

(10) 3(6-x) - (-9) 'Xt. . 
Solving each of these four 

equations for x|> we Vind ihat 
there are Just two possil^lltles*' 



(11) 



^ 3x - 9, 



from (7)^ and (lo) ; or 
(12) X' - =3x + 9, 

from (8) and (9):" 



Note^that equation (6) is the same as equation ,(12)* It is 
impossible for both equation (5) and eqmtion (11) to be true. 
(If they were, then 3x = 15 ^ 3^ 9 and I5 ^ 9 would be 
true, ait we toow that 15 ^ 9 Is^- false,) Since the conclu- 
sion in bo til columns must be true. It follows that x' - ^3x + 9: 

The above reasoning applies to the coordinates of any point 
on iJ and hence x- ^ '-Jx +9 is true for every point on 
^ * a* check, ,for the point R we have x ^ 4 and x' ^ -3. 
Substituting into x« ^ -3x + 9, we obtain (=3) ^ =3 * 4 + 9^ 
which is true. We leave it for you to check the point S, 

This example^ suggests the relationship we wanti The result 
le stated in the following theorem whose proof is indicated In * 
our* example * 



TmOMM 3-5 > (The Two Coordinate SyetemfeTheorem) Le^ a Una J 
and two coordinate systems, C and C", on ^ be given, 
^ere exist two numbers a, b, with a^ 0, such that for 
*any point on ^ , its coordinate x in 0 is "related to 
its coordinate x« in C" by the equation x» ^ ax + b. 
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Problem " Set . ^-9 

L. -On line J In coordinate system C, the coordinates of 

R, S are, reapectlvely, -1, 0,,2. In coordinate system 
/'c', the coordinates of R, S are^O, ^, respectively, 
p'ollowlng ttiB steps outlined- belowr^ind the C> coordinate 
• 'of T. ■ ■ - ^ \ 

■(a):' rfbmpare the dlBtanoe RS (in C')_to the dlst||nce 
RS (in C). • ' , / 

(b) What IB the distance RT (in C) ? , 

(c) on the basis of the ansWers to (a) and (b), what is 
the distance RT (In C) ? ' 

(d) On' the baBis 'of the answer to (c), what, are the two 
poBSlbllltles for the coordinate of T (in C) ?. 

* (e) What is tehe distance ST (in C) ? « 
ime dlBtance ST (in C) ? 
(f) On the basis of the answer to (e), what are the two 
poBBiblllties for the coordinate of T (in C») ? 
■ (g) Can you decide which of these la the coordinate of T 
m C without appeailng to a picture? How? j 
2. On line ,J' In coordinate syBtem C, the coordlnatesj of 

T, R, S are , respectively, -1, 2. In coordinate system 
C'j the coordinates of R, S are 0, 4, respectively. 
Followirig *he steps outlined. bel^w, find the C coordinate 

of T. ' • ' • '\ 

(a) Prom the Two Coordinate Systems Theoremwe knsw that the 
coordinate. X'' of a point In the C system Is related 
to . the coordinate x of tlfit point In the C system 
by the equation: x' ■ ax + b. 

Hence, since the ooordinate of R is 0 In C 
and 0^ in C, we know that " :^ 

i) 0 - a ' 0 + b. ■ 

Similarly, since the aoordinate of 3 is ^ In G 
and 4 In C» , we have - 



4 - a ' 2 t 

From these two equations, determine the values of 



a 



and b. 



IL. 



(b) Using a and b detemined above > ar\d the formula 
x» = ax + b, detenhlne the coordinate of T In the 
system. 

On line ^ in coordinate system the coordinates of 

T, R, B are, respectively, 3, 2, 8* In coordinate system 
OS the coordinates of S are 1, -2, respectively. 
Pollowing the steps outlined In PrSblem 1, find the C» 
coordinate of T* 

On line^ ^ in coordinate system the coordinates of 

T, R, S are, respective lyj 3, 2, 8. In coordinate system 
C'> the coordinates of R, S ■ are 1, -2, respectively* 
Follovdng the steps outlined in Problem 2, find the C ^ 

coordinate of 

On line in coordinate system C, the coordinates of 

p, W are 5* 11^ ^2, respectively. In coordiriate 

syGtem the coordinates of P^ Q are 3$ 1$ respecti\nely^ 

(a) Determine the coordinate of W in C' without using 
the Two Coordinate Systems Theorem. 

(b) Determine' the coordinate of W in C by using the 
Two Coordinate Systems Theorem, 

Assume that thp Fahrenheit and Centigrade scales are applied 
to a thermometer In the manner that two coordinate systems 
are applied to the same line* 
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•F 0 3i aii 

(a) Find the Fahrenheit reading correapondlng to 40^C, 

(b) Find the Centigrade reading corresponding to O^F, 

(c) Use the Two Coordinate Systems Theorem to find the 
relation between Fahrenheit and Centigrade readings. 

From the Two Coordinate Systems Theorem We know that two 
coordinate systems C and C on a line ^ are related 
by X* ^ ax + To see more* clearly the significance of 
a and b In this formula, consider the following ^ 
(a) What is the coordinate In the C' system of the polnt'^' 
whose coordinate in the C system Is aero? 



b) What iB the coordinate In the G* system of the pQlnt 
whose coordinate in the C system Is one? 

o) Draw a diagram illustrating the information obtained 
so far. 

d) Compare the distance between the two points mentioned 
In (a) and (b) In the 0 system and the distance 
between them in the C system, 

e) Discuss the sign of a as It relates to whether the 
G' and C coordinates are like two rulers placed 
against ao that their scales ''run j n the same 
direction" or are like two rulers placed against ^ so 
that their sgalel "run in opppslte directions," Draw 

^ some diagrams to illustrate the pps^bllitlea, 

f) Can you give a reason why a ^st^-be different from 
zero in the *I^0 Coordinatfe^ Systems Theorem? 

a) Pour towns are located on a straight road as indicated 
in the drawing* 

> ^ .. 

A B _E D 



Town B is 5 miles east of town Aj town D is 9 

2 

miles east of town A, and town E is j of the way 
from B to D. How far from A is E ? Is it reason- 
able to think of the distance from A to E as being 
the distance from A to B plu§ a fraction of the 
distance from B to D ? 
b) Four points A, B, Ej D are eollinear In that order. 




I*- — X » | 

Pi 



The distance between A and B Is x=. , the distance 

2 

between A and D is x^, and E Is of the way 

.from B to D. Find the distance^ say between 
A and E in terms of and Xg , (Hint: Think of 

the distance AE as the sum of the distance AB an^ 
a certain fraction of the distance BD* ) 
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(c) Suppose that a coordinata^ sy^^^ c on line ^2 In. 
part (b) assigns coordina'tf a/'^'O. and 1 to B and 
respectively. Explain whj^ #ii "codrdlnate of £ is § * 

^d) Suppose that another coordinatW ;systeTn C» on Itoe 

in part (b) assigns Gooi^fnatii-\^x^ and to B 

and respectively. Find tWf cdordinate x of 'E , 

in the coordinate system OV. '*6Your answer should be 
I - ^- . . , 

In tems of and x.-,*) % T 



3-10, Using a Given Goordlrmte SYBtm&^^ 

Let ^ and Xg 'be two distinpt^^^ts /and let m be ^ 

the line which they determine, Suppos^^^p^ ^ coordlnati system 
on^ m is given. . In thig, system supporf^pfte 'coordinates of 
and Xg are and Xg^ respective lyj By the Origin and 

Unlt^Point Theorem, we may choose a coordf^te system on m In 
which X^ and Xp have respectivef^oordlna^^ "0 and 1. As 
an Important application of the preceding se'etion ,we wish to 
find the relationship between these two coordinate systems on 
Xj^Xg I that is, between the system given td^ us .and the system' 
chosen by us. 

As a convenience in later work, we shali'usjac the letters x 
and k in place of the symbols x' and x in the statement of 
Theorem 3-5* That is, for any point X on m. Its coordinate 
In the given system is x and Its coordinate In the specially 
chosen system is k. The diagram shows both coordinate ^systems * 



m 



0 I k (chosen by usj 

% (given to us) 



With this notation, the ^o Gooi^dlnate Systems Theorem 
states that x and k are related by the formula 

X ^ ak + b, 

where a and b are certain numbers. We wish to find a and 
b. At the point X^^, - 



hence, 



x^ = a • 0 +^ b j 



^1 
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At the point Xg, 
hence , 

Thus the formula 1^ 



Kg ^ a . i + b ^ a + j 



1 ' 



This result which we have Just proved is so important in 
later chapters that we will restate it as the next theorem. 

THEOREM 3-6 . (The Two^Point Theorem) In any coordinate 
system on a line ^ let and - be the 

respective coordina,tes of distinct points and 
X^j trn , Then the formula 

X ^ + kCxg - x^) 

Expresses the coordinate x of any point on ^ in 
... terms of the coordinate k of the same point relative 
to the coordinate system with origin X^ and ufilt-^ ^ 
.point Xq, 

.Having already proved the thaoremj let us apply it to the ^ 
discuuslon of ray^ and segments. In so ^oing^ we shall discover 
the type 'of inequality 'condition which describes a ray or a seg- 
ment in any coordinate system. 

First, suppose that ^x.^^ < x^ . Using the same notation as 
above, we express, in terns of -x, the Inequality k > 0 asso- 
elated with the ray X^X.-,. 

k > 0 

ky(Xo - x^) > 0 (since ^2 ^^^i positive) 

X, + k(x., - xj > x^ (by the additive property of 
^ ^.1-1 order) 

or X > X. 

We express, in terms of x, the inequality 0 < k <■ 1 , 
associated with the segment X-^"Xg * / 



loO 
11:' 



3-10 



or 



0 < k < 1 
^1 ^ ^1 ^ ^(xg - x^) < x_ 



X-j^ < X < Xg 



We axpreBB', In terms of x, the midpoint of X-,X^ 



Since 



its coordinate In the particular system Is k - ^ , we find 

In other words, the coordinate 



X ^ X. 



1 ^1 + 



of the midpoint of a segment is the average of the coordlnatas 
of the endpoints of the segment, 

A similar discussion applies in case x^ > x^^ , ^ 

We siammarlze results in the following table. On the line 

CD let/ C and D have respective coordinates c and d. 



Sat (or point) 


In case 


G < d 


In cage 


d < G 


CD 


c 


< X < 


d 


d 


< ^ 


< 


c 


Interior of CD 


c 


< X < 


d 


' d 


< X 


< 


c 


CD 


x 


>.c 




X 


< c 






Interior of CD * 


x 


> c 




X 


< c 






Ray opposite to CD 


X 


<. c 




X 


> ^ 






DC 


X 


< d 




X 


> ^ 






Midpoint of CD 


X 


G + 

^ - -/^ 


d 

/ 


X 


c 


+ 


d 



We recall that 



F is 
CD. 



said to be between C and D If F. 
Thus we have the following theorem 



Is in ti^ interior of 
which 'restates .the betweenness property In terms of coordinate 



THEOREM 3-7 . (The Betweinness ^Coordinates Theorem) Let C, d/' 
F be thr'^ee points on a line and let any coordinate 

system on ^ be given* The point F Is between the 
points C and D if and only if the coordinate of 
P is between the coordinates of C and of D, 
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Of three distinct real numbera, one of them Is greatest and 
another Is least. .One and only one of the numbers Is between %h& 
other two, Tht^ corresponding statement for points is the follow- 
ing. One and only one of three distinct ctoninear points is 
between the other two, p 

Example 1^, Consider the coordinate system on the line 
shown in the diagram* 



H 



W 



-2 --I 0 l'2 3W4 S 6 

In the table, each of several subsets of ^ is expressed as the 
set of all points on ^ whose'' coordinates. /x satls'fy a condi- 
tion, " 





1 


k 


x*< 4 


PL 


X 


> 


^1 




' X 


< 




Midpoint of Iw 


X 




w ^ 2 

2 



3 



Example 2, Consider the coordinate system on the line ^ 
ihown In the diagram. 



4 - 



i - i 



W 



l) Find a point A. between ^T and W such t^t 
AW ^ i . TW, ^ 



coordinate, 



Solution: At the midpoint of TW, Is the point with 

2+7 9 



(b) Find a point B between T and W such that 
TB ^ i ^ TW . 

Solution: Since TW ^ 5j we conclude that TB - y * 5, 



Thus the uoordlnate b of B satisfies b 



5 
5 



Hence, 



2 + t , 



11 



and B Is the point with coordinate 

(c) If k is a positive number^ find a point C on the 

ray opposite to TW such that TO - k * TW. 
Solution: TC = k * TW ^ 5 • k* Thus C Is the point whose 
coordinate is 2 - S?k. 

110 
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(d) If k is a positive number and If V Is a p^lnt 
whose coordinate v Is greater than 2, find a point 
on TW such that TD ^ k * TV, 

Solution: TD - k ' TV ^ k(v - 2), Thus/ D la the point ' 
whose coordinate Is 2 + k(v ^2), ( 

(e) Solve (b) ^ a different method* 

Solution: The given coordinate system on ^ Is related 
to , the coDrdlnate system with origin T and unit-point W by 
the equation x ^ ak + b* As shown In the proof of Theorem 3-6, 
a-7"2 and b-2. Thus, x ^ 2 + 5k, The point B, which 
oorresponds to k ^ y , has coordinate x^2 + 5*i^^. 

Example 2,* In a coordinate system, Hplnte A, B, Q have 
coordinates 7, -3, 12. in the coordinate system wl»th origin 
A and unlt-poifit B, the coordinate of Q Is k. We may find 
the number k by using the formula in Theorem 3-6, Using 
x^ ^ 7 and ^ ^3, the formula is 

X ^ 7 - 10k, 

When X ^ 12, we obtain 

12 ^ 7 - 10k 
5 ^ »10k 



Problem Set 3-10 

1, Consider the cDordlnate system C on ^ Indicated in the 
diagram below. Let x be the coordinate of any point P 



on 



D E F G H r J 

-I — I t - U H _4_ 

■6-4-2 0 2 4 e 
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(a) Any ray or segrntnt on ^ is tne set of all^,>points whose 
\ ooordinate x in th% given coordinate system satisfy 
inequality condition* Write the appropriate Inequajity 
for each of the following subsets of ^ * 

(1) ' m (4) m (?) hJ (10) gI 

(2) W (5) k5 , (8) M (11) 51 

(3) m (6) M (9) M yTia) ffi 

(b) l^itfh of ^he rays In (a) are the same set *of%.polnts? 

Uee a ooordi^nate system C* 6n ^ in Problem 1 that asslgn^s 
0 to H and 1^ to I and answer (aj dnd (b)^T Problem 1 
in terms of the ,C' coordinateff* 



Using the fooiula In the ^Two-Point Theorem ,\ f lad an equation 
which expraases x In terms of k ^ft ^ ' ^ * 







= 2, , 




B 6 


(b) 


^1 


^ -2, 


Xg 


= k ' 


(c). 




= 3, 




= -4 


(d) 


^1 


= -15, 


Xg 


= 15 


(a) 


^1 


= -5, 


Xg 


= 0 



Given a ooordinate system in which points C have 

coordinates -5j 10, IS* respectively, 

(a) In the coordinate system with origin A and unit-point 
G find the coordinate of B, using the formula of the 
Two-Point Theorem* In this coordinate system does B 
lie in ? In aS ? In the ray opposite to ? 

(b) In the coordinate system ^wlth origin A and * unit-point 

find the coordinate of C, using the formula, of 
the Two-Point Theorem, In this coordinate system does 
C lie In K ? In 3 7 In the ray opposite to AB ? 

(c) In the coordinate system with origin B and unit-point 
C, find the coordinate of A* In this coordinate 
system does A lie in W 1 In M ? In the ray ., 
opposite to Ic ? 



10 



Find the coordinate of the midpoint of If ' the coordi - 

nates of p apd Q; are, resprctlvely s 

(a) 5 and 11 

(b) ^9 and ^2 ^ 

(c) .| ^tnd I 

(d) ^x^ and Xg 

(e) r + s and -r 

The coordinate of an endpolnt of a se©nent is 4, The 
coordinate of its midpoint is J, Find the coprdlnate of 
the other endpolnt, ' { 



i 



If the coordljiate of one endpolnt of a segment Is ^ -2 and 
'tha^ coordinate of the midpoint Is ^7^ find the coordinate 
of the other endpolnt 



Find the cooTainate of e^ch of the triaectlon points of AB 
if the re.speQtive coordinates of A and B are: 

(aj 3 and 12 

(b) ^1 • an/ k i 

(c) x-^ and Xg > 

Consider the coordinate system C on a line cQntkinlng 
points A, P. The coordinate of A Is 7 ind the 
coordinate of B is 12, Find the coordinate of P on ray 



AB, 


such 


that 


(a) 


AP m 


^ AB 


(b) 


AP m 


1 AB 




PB ^ 


i AB 



If A and B are points on a line ^ with respective 
coordinates ^5 and 7 In a coordinate sys^t^m^^C, and if 
A and B have ooordlnates 0 and 1 In a coordinate 
system C'^ then for any point P ttat has coordinate k 
In C*, the coordinate x In C is x -i -^5 + k(7 ^ (-5) ) 
or ,x ^ ^5 + 12k, Using this Information J complete the 
following table. The first row Is completed. 





k 




point on ^ or subset of ^ 


(a) 


0 


i -5 


' A 










(e) 


1 

S 




ladpolnt of n 


(d) 






■ 


(e) 






P in AB syoh that 
AP - 2 AB 


(f) 






. r 


(g) 


k ^ 0 






(h) 






Interior of Xi 


(1) 






Inte^ar of rmy opposite 
to ffi 


(J) 


. 5 






ik) 
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5-11, Length , . - 

In the preoading seotions we Mve dlsauesed the m^uwement 
of distanoe in terms of a unit^pairi We have oonsidered the 
relationship between distanoes whan different unit^pairs ar^ 
used. In this seetion we shall suppose th^t a miit*pair has 
been ohosen and is fixed. The results we obtain app3^ for any 
ohoiee 4*e may make* 

We begin by introduoing into our formal gaometx^ a familiar 

word, » 

I* 

DIFIKITION , The di»*anoe between two distinct points ^ 
■J is eilled the length of the segment Joining the two 
points, 

^usj if C and D are distinct points, the n\anber CD 
is the length of the segment ^« 
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— . - f 

Let m and WS be iignenfes, A segnent Is a set of points, 

OonBeqMntlyj^ the statement that ; iCi «^ nesjfis that the sets 

and ^^IR: the same^ in eth#r words, ttmt and 

oontain preelsely the BBsm points. 

On the other handt consider the statement AB « 0D« This 
statement means that the number AB is the Siune as thf^ niunber 
CP» In other words j the sepnent has the same lengbh as the 

sepient "SB* We often find useful anoti^r way of expresjiing the 
^^et&tement that two sepients have the same length, ^lis we dis-^ 
cuss next, . ^ ^ 

In Chapter 5 we shall develops in Considerable detail a 
notion which we call congruence* Intormml^, one geometric 
figure is congruent to another if they have the "same size and 
shape," We consider what this idea mi^t mean as aj^lied to the 
simple case^ of sepnents . : ' j^q^ se^ent is a set of collinear 
points « has two endpointSj and contains all points between its 
^dpoints, Ttmm it appears that there is only one "shape" for 
a segment and hence that the condition "suie si^e and shap^j" as 
applied to segments ^ reducei toi^simply "same sIec." Now the 
"^ize" of a segnen'^ is its length* ^us we are led to the follow- 
ing definition,^ 

DIFINITION , Two segments (whether distinct or not) which 
have the same length are called conger uent eegnentSj and 
each is said to be congruent to the other* 

Notation ; jhe statement, "the segment ^ is congruent 
to the segment TO^" is denoted byi IB ^ TO, 

»' _ ■ ' - 

Example 1^, Consider the coordinate aystem on the line 
shown in the diagram. 



-3 -2 0 I 2 



11^ 

i 



(a) Thm dbardlnate 3C Qf a point on EF satisfies x ^ 2, 
Js thai»a A^ipalnt 0 on W sueh thatr IG^^ 9 ? If so/ let Its 
oQOrdlnate b© ^g, g ^ 2 (ilnoe. G belongs to W) and 

hence la « g - 2, Thus §-2=9* and g ^ ii. The point 
with ooordlnata 11 satisfies the requirements for 

^ (b) Thm eoordlnatt of a poifit on S satisfies x ^ 2. 
Wiat point G on W, ilt any^^ Is such that EG - 5 ? ^^tlng 
the coordinate of the d« si red point G be called Wnota 
ti^t c ^ 2* ThuB EC m 2 - q/ The equatldr^- 2 - e ^ 5 tejlls . 
us that 0 -3, The only choice for C Is the pol^t Mth 
ooordlnate -3 * 

BcMiple 2. Consider the unit-pair [B^B*) and the ray 55 
in the diagram, , 



Find each point H on GP , such; that CH ^^ 4, 



Solution: On CP introduce a coordinate systeni relative 
to {B,B*] vlth G ^s origin and with a positive coordinate^ 
for P. ^ H ^ 




The point with coordinate 4 is the only point H on CP such 
that CH ^ 4 , ^ . ^ ' ' 

These examples suggest the followlng^ theorem. 



mEORm 3-8 , (The Point Plotting Theorem) Let [h,P^] be 
- any unit-pair, . let Q be any pointy and let p ^ be any 
positive number. On any ray- with endpoint Q tiierci is' 
a unique point R such that the distance QR. is :' p/ 



• Proof : Let QW be any ray with endpoint Q. % 'Postulate 
12. there is a coordinate system on QW such tl"mt Q '^s the 
origin and such that W has a positive coordinate. 



■1 ir- 



Then Is Sat of joints whose eoordlnates" in this ooordi^ 

nati^fl^«#^, satisfy intquallty x > 0. The desired point 
R on QW Aust therefore have a positive eoordlnata, say r, 
and tht. distance QR = r - 0 must .be p. . 



. Q W 



O 1 I 



r 



|i_ . . p — 

We ohp0%# R as tfm point with eoordlnata p and observe that.' 
this is the only possible eholea* ThuM our eonoluslon Is es- 
tablished # 

We have Introduoa^^ the notion of batwaenness for points* % 
definition^ a point is 'batween two other points If and only if 
it is an Intarlor point of tha ia©nant Joining them* Later wa 
showed that a point l^batween two other points if and only if 
its coordinate is batwean their coordlnatas in a ooordlnate 
system* There is anothar way of ctaraoterizlng betweennessj and 
we disoUis It next * 

In using a yardstick to maasura tha length of a table in tha 
raal worlds we often use apn addition property. To datartnine tha 
distance between tha points E and we may salaot a point 

0 between E and P* y ^ v.. 



Than tha sum of the dlstancas EG and QF is the distance EF, 
This Idea is the basis for our next thaorem, 

' f " ■ _ ^ _ 

THBQREM 3-9 . (^a Batwaanness-Dlst^ee Theoram)^ Let a, D 

be points such that C is between B and D, If 

(AjA*) is any unit-pair, then the distances relative 

to (AjA*) satisfy the condition that BC + CD ^ BD 

(or, that BO ^ m ^ CD), ' ' 



/ 
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.: pTO0f g C^e polntB B,^C, D belong to a Una, eay ^ . 
^ the Ruler Postul^e, thmrm la a coordltote system on J 
ralstlve to {A^aO suoh that B Is the Qrlgin and such that 
D has a pasl€lv# aoordlMtt, Let d be the positive ooordi-^ 
nate of D, and let o"' bi the coordinate of G, The hypoth^ 
aals that C la between B and D means that 0 < o < d* 
The definition of a,QOordlnate system tells us that BG = o -0^c 
that CD ■ d - a, and that m « d, Hanoe* 
.BC + CD?- Q + (d * a) ^ d s BD, 



t 



0 e d 

Q ^ - - d-e - - ») 



This addition property actually characterizes betweenness, 
TOiat iB, for any three points 0, D which are dietinot and 
CQlllnear, 0 is, between B and D If and only it BC + Op^BD, 
The portion of this ^rtsult which we stated as Theorem 5-9 pro- 
vides the Information we need in the. next few chapters^ and We 
shall not prove thfe other portion at this time. 



* Problem Set g-ll- 

The diagr&n below Indicates the coordinates which are 
assigned to various points on line ^ by a coordinate 
system* 

Q M D R U C X F Q B A 

i — t ' i I — »— — t I 1 I \- - 

»3 -a 0 i a a 4 5 s 7 

(a) Find the length, of W, ,W,' 

(b) Find the length of W; find the distance between 
point D and B| find DB; find BD* Should the 
answer in each cage be the same? Explain*. 



2« ttdloatt In taoh of the foll0id.ng iihethtr the' statament is 
, time or falsa • Scplaln your answar in i^eaeh oasa^ {Thm 
statanmt 8 rafar to tha diagraffl inlfroblam 1.) 

(a) im = 1 

(b) tha lanith of TO is 5 , 
(a) the langth of Iff is 2 

(d) 15 - IB ^ ^ 

(a) "ad ^ ffi . :^ 

. (f) ny « TSt ■ : . • ^- v'" 

3. fba^dia^am balow ^ndioatas the' ooordinatas wMoh haya b^an 
' assi0fiad to various points on line ^ by a ooordinata systam, 

^ M 0 n c . 

H — 1 — I — -I i » J 



In aaoh of the following^ if tha statemant ii^ maanlngful, 
indioata iiAiathar it is true or falsa « If a statamant is 
not maan^ngful, write "not meaningful" as youp answer « 

(a) m m m (f) Mmw ' 

ih) Wmm (g) M Vi the midpoint of pD 

(c) M ^ MD (h) M is betwaen D and '0 

(d) IS? ^ Iff (iO DR + TO ^ M 
(a) W ii) W mm 

^, If the points S, *and T are eollinear in that order, 
exprese MT in terms of MS and ST. Justify yov^ answer. 

5. Points P> Q, and R are cdlllnear In that ordar and the 
coordinates 5 and -2 are assigied to them in some 

order* Could the coordinate of Q be 3 ? Why? 

6* The points A, H and J are eollinear in that ordar. 

If AJ ^ 12, and HJ m 7, find AH. * 

7- ^e dlagriun below Indloates coordinates assigned to the 

points D, E, G and P on line m by a coordinate systeni. 

D E OF 

4 t- i-- } -i * » m 
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*(a) Is thtrt a point on ^ ifti08« aoordlnate is 9| 
^\ ' a point ^ose aaordinata is *5 ? justify yow^ wswars, 
\(b) Point F belongs to Find tht coordinate of F 

^ in eaoh of the following. (In any case in whioh F is 
,not detemUned by the ^ven infemation^ give all 
, , possible answers . ) 

(1) DF ^ 7 DE (5) IF ^ 5 10 

' (fij 'fiFi^ I DE (6) IF IG 

(3) DF ^ 5 EG (7) IF - 2 m ^ 

(4) IF ^ 7 DE (B) m ^ EQ ^ " V 

8, Let A, B, P be points on 3 with eoordlnates -2, 5# P# 
respectively. Let k %m a positive number and let 
AP » k * AB. 



1 

s 



(a) 


(1) 


find 


P 


if 


k 




(2) 


find 


P 


if 


k 




^ O) 


find 


P 


If 


k 


(ti) 


(1) 


find 


k 


If 


P 




(2) 


find 


k 


if 


.P 


(e) 


If 


R is 


on 








of 











and , AR ^ 2j what Is the coordinate 



9. Uia eolllnear points E^^P, and g have eoordinateri 0, ' - 
' l8 and ^ • respeGtively. Ebcpress each of the follovdng 
In tems of ic i \ . ^ ' \ 

(a) (1) EG if 0 < X < 18 

^ (2) GF If 0 < X < l8 / '^ 

43) EG If X > 48 

(4) (3F if ^ X >^18 

(5) OF Tf X < 0 ■ ' ' 

(b) .For each of the follovd.ng statements , what restriction 
would you have to place on x^ the coordinate of G, 
so that the statement would be true? 

(1) EG + GP = EP 

(2) EF + PG ^ EG 

(3) OE + EP ^ OF 
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-Xd, If Q and R are collinear ITn that order, show that 
PQ ?^. fR and QR < fR. ' ' :^ • 

5-12* Suimary ^ 

Afte^ a brief review of the pertinent properties of the 
real ntmbir system, we streasad foui^ major topios In Chapter 3« 

We Intrifliioed the notion of dlstanoe between any two 
points In Bpf^QBt Postulate 10 itatee that there is m number 
maasiiring tha dlstanat between two given points and that this^. 
number is unlgue relative ta a ehosen unit-pair*^ , Postulates If 
and 15 deiiDribe how the number is affeeted (if at a^) byfre- ^ 
plaoing the linit-palr with another unit-pair, ' 

0\w work with coordinate geometiy begiih when we desorlbed 
a coordinate system on a line, A ooordlnate system Is a one-to^ 
one correspondence between the line and the set of all real 
numbers which relates dfi. Stances between points on the line and 
differences between' number^*' The Ruler Postulate states that - 
evei*y line has jl' coordinate system* ^^themorej' it gimrantees 
that thert is only one ooordlnate system. such that a given point 
is origin and anpther given point hks a porttive coor&oate, ; 
The drigln-'and Unit-Point Theorem allows us* to asslgri the 
respectlye specific coordinates 0' and 1 to any two distinct 
pointp on the line, if we are willing to measwe distances rela- 
tive to to#t same pair of points* Two later theorems ^the Two^ 
Coordinate System^ Theorem And the Twb-Polnt Theorem) describe 
how two different coordinate systems on a line may be related, 

Several important types of subsets of a line are the ray, 
the segment, the interior of a ray, the interior of a se^ent, 
Sach of these types can be efficiently described by means of a 
coordinate system, since each of them Is the set of all points 
on the line whose coordinates satisfy a condition expressed by 
one or more inequalities. 

We discussed the concept of betweenness and noted several 
different properties. Let F# C, D be three distinct collinear 
points artd let a coordinate system on the line' containing them 
be given. Then each of the following statements is equivalent - 
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.to M'ah of others i 

^ (a) F Is bttt^an C and Dj 

(b) P Is Interior point of TO i 

(e) the aoordlnatt of F Is between the eoordlnates Qf 

Q and D* 
(d) OF + FD ■- CP, V 

In the next elmpter we sJmll taJJc about rays ^loh ai^ hot 
"lllnear as we bej^. oiir study of angles. ^ 




VOCABULARY UST 

unlt^palr 

measitfe of dfstanae 

coordinate systemi 
origin 
imlt-polnt 

ooordlnate ^ 

ray 

segment 

Interior (of rays and sepaentr) 
betweenness (for points) 
midpoint (of a stpnent) 
length (of a segment) 
congruent ae^ents 
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Review Problems 

- - - " - - " #' 



IV Olvtn the f^lloid.ng setsi 

V - set of reaX nwbars 
H m set> Qf TOtlonml nui^ers 
' I ■ set irtatlonal niters 

J s set' of integers ^ 
N ■ set af tiatuMl numbers ^ ' 

^ - mptf set 
( n news InterseetlQn 
U Mans union) . ^ . — 

M.11 in thr blanks irtth ona of the six symbols above* 

(a) R U , V 

- (b) (1,2,3,.-.) - ^ ^. * . 

(o) J is a subset of . ■ . 

(dj R n I » J 

(e) a svU)set of J is ■ 

2. MakP aaoh sentenaa in Column. I a true statement by filling 
in the blank with a phrase from Column II. 

GolumW I OolTann II 



(a) If a > b, than a - b Is . (l) lass than 2 

(S) positive 



(b) If 0 < k, and < 4, then 



k is 



(a) If . a < then a - b is (3) negative 

(4) positive number 
less than 2* 

(5) greater than 2* 

3p Let r and s be nonzero real numbers sueh that r > s* 
For each of the follo^ng. Indicate whether (T) the state- 
ment is true, or (P) the statement is fals#, or (N) the 
given inforaation in insufficient to detemine whether the 
stafctment Is true or false, 
(i^ s < r ^ - (d) I > 1 



i 

(b) r ^ s > 0 (e) p2 ^ ^2. 

(c) r ^ 2 < s - 2 



i 



4« WqIIW W^m ihmtr\iQ%lof^ o£ Problem 3 far fche followlngr 

(b) |o < |r (d) 1 - r < 1 - a. 

5. find the solution set for each of the folloid.ng InequallMesi 

(a) -5x > 15. , (d) X - 1 > 3x + 2 . 

' • (b) 0 < 7 - 3x, (e) 2x + 1.5 i X + 1. . , . 

(c) 3-^<l6. / ^ *'-^- 

6. (a) Plot thm solution sat fop Problem ,5(a4 • 

(b) Plot'^the solution set for Problem 5(f). 

7* 6n m line lat a ooordlnate 'system be given. Find the 

dlstanoa between points having the following ooordinatee. 

(a) : 0 apd 8, (f) 3b and -4b 1 b i; 0 

(b) 0 and >-8. (g) (a - b) and (a + b)j 

(c) -5 and 2. ^ >0. 

(d) -5 and -14., ^1 ^2 

(e) 3*5 and -7.8 . (i) (a - b) and (a + b)i 

b < 0. ' 

8* Ttim first numbering of the points below the line 'is glv#n 

a coordinate system* V^ioh of the other numberings are iiot 
given by oobrdinate systems? 

# 1 \- -— I f 1 I - - -\_ i — — I- \ \ — — ^ 

-3-2 -1 0 1 2 3 k 5 



(a) 


-7 


-6 


. -5 ' 


-k 


-3 


-2 


-1 


P 


1 


2 




(b) 


0 


1 


2 


3 


4 


5 


4 


3 


2 


1 


0 


(e) 


11 


12 


13 


14 


15 


46 


17 


l8 


19 


20 


21 


(d) 


-11 


-IS 


-13 


-14 


-15 


-16 


-17 


-18 


-19 


-20 


-21 


(e) 


-3 


-2 


1 


0 


-1 


2, 


3 


4 


5 


. 6 


7 



*- ... 
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9* In eaeh part of tMs pr^&lw» aonsldar thm s#t of all 
polnts^n ji line whose eoortlnates x satisfy thi con- 
ditloh ^ven. Wiioh of these sets A a ray? a point? 
a line? a se^ent? 

' h) X <3 (f ) -3 £ X i 3 

(b) X » 1 (g) a < X ^ 2 

(c) x > 2 (h) X ^ 0 or X < 0 - 
(4) X ^ 1 (l) X is between 3 and 4* 
(•) - -5 (/) 0 ^ X £ 1 or X i 1 



10. Find the coordinate of. the midpoint of a segment If. the 
coordinates of Its endpolnts arei 

(a) -7 and 10 

(b) 3 and 10 ' 
(o) r and s 

11* Thm coor^nate of the midpoint of a sepnent TO Is 4, 
Find the coordinate of point G If the coordinate of 
point D isi 

(a) -3 . 

(b) 9 

(c) 3 times the coordinate of 0, 

12, In this problem C Is a coordinate ay stem on ^ with 

respect to (EjF) and C» a coordinate system on ^ with 
respect to (D,F)* Find each of the numbers indicated. 

B DEFG H J. 
m--^ - { f ■■ -H - H — — I I i ^ i I I I — --^J 

-I 0 12 4 5 i 7 ^ ^) 

3 ^ 4 \ (C) 



-1 


0 




1 


2 


FJ 


(relative 


to 




! DH 


P3^ 


(relative 


to" 







FJ (relative to {E.Fj) FJ (relat i ve to [DjF)) 
m (relative to ti;P}) * M ( relative to (B;!]) 

(c) (relative to (E^P)) 



(d)- O^jare your ansWwi in (a)\ ^ Whidh postulatt 

thtora^ predict ed this rasult? ^ * 

(#) Compare yoyr anannirfl in (b), Whloh postulate or 
thaorem pradlotad this result? ' 

to a lina lit a eoordlnata iystam ba given such that the 
points Q# R, T %ye coordinates 2, -1, 0, -3, 
respaotlvely, ^ * 

mdleate whether eaeh of the following' stateinenti la _m©an. 
ingful or not meaningful. If me^lngful, indicate whether 
the Btatenent li true or false, 

(a) M^W 

(to) aa - w 

(c) RP m (length of 15) 

(d) OS + SR ^ ^ 

(e) 5F - ' ^ A ' I 

JMt RW be a line to whleh a eoordinata ayst^ has been 
assl^ed such that R and W have the eoordlnates 6 
and 1 reapeetively, ' 

(a) Is there a point on ^ which has the eoordiriate 17 ? 

Justify your answer, 

(b) Is there a point on RW whioh has the aoordinata -17? 
(0) Find the coordinate of point P on Iff such that 

(1) RP ^ 12 t 

(2) RP ^ 8 . RW \ ' 

(3) m ^ 5* RW 

(4) WP ^^k * RW 

(d) In eaoh of the four parts of (q) , Is the infomatlon 
sufficient to determine P so that only one answer . 
is possible? 

(e) How would your answers in part fo) be affected if 
you* were l|ot given that P is on W but Instaad 
were given that P is on ^ ? 

\ 




M@h of the following stattmtnts, detaimdne wjhather it- 
Is^tmitt or falsa, . 

(a) 9^ W: ^ ^ ^ ' 

(b) W Is a subset of 55. 

(0) N and N balong to opposite rays whlsh are oontalndd 
In IV and have oonnon tndpolnt T, ^ 

(d) ^ Is a subset of ^ ^ 

(a) is a stAsat of Wi» 

i^) Ttie Intersaetlen of and W is empty* 

(g) The intavsaotlon of FQ and TN Is FQ. 

(h) ^a union of W and ?I Is TO 

(1) Tha union of M and MA is M;^ 
(J) The interseotion of W and M Is 

(a) ^aw two sapient s ffi and' CD for whleh the Inter- 
saotion of ^ B and BP la the empty set but the 
Intar sect Ion of SB and B5 is one point. 

(b) Draw two sapdants PQ and R3 for which the^lnjer- 
section of TO and M la tlie empty set but 

(o) Draw a Una, On the line label three points A, B, .0 
wlth^ B between A and C* / ! 

(1) What is the InterBectlon of a1 and H ? 
of M and W 1 ^ 
i (i) ' Wmt is the union of If and M ? ^ JS 

, ^ and ? , ^ ( ' 



(3) Viftiat Is the intersection of the interior of S 
and the interior of CB ? 

(4) What is the intersection of the Interior of AB 
and the interior of OB ? 

^ A B C 

(a) Write an equation that describes the relative 

positions which these three collinear points appear 
to have. 

.(b) Under what additional condition would B be the 
midpoint of AC ? 

Balow are given one hypotheBls and three conclusions. In 
each case J indicate the definition or theorem which 
Justifies the statement that the conclusion follows from 
the hypothesis. 

If three collinear points T have respective 

coordinates 4j 5, 8, 

(a) then S is between R and T because 4 < 5 and 
5 < 8. 

(b) then R cannot be between 8 and T. 

(c) then RS + ST * RT. 

Let Q, R be three points on a line such that 

PR (in cm*) ^ 50, ftR (in m. ) ^ 0.4, and ftp (in mm.) ^ 100 

Which point is between the other two? ^plain your answer. 

Ljet A and B be two points. In a certain coordinate 
system on AB, the se^ent AB is the set of all points 
whoee coordinates x satisfy the condition 3 < 3t < 10. 
The coordinate of A Is less than the coordinate of B* 

(a) What are the coordinates of the endpoints of AB ? 

(b) What is the coordinate of the endpolnt of M ? 

(c) What is the coordinate of the endpolnt of M ? 

(d) What Is the coordinate of the endpolnt of the^ ray 
opposite to BA ? 



On a line, consider points A, B with coordinatas U and 
-5^ respactlvely . Let x be the coordinate of a point X 
on S, If X « 4 > 0, which of the rays, S or 
oontalna X ? ' 

Consider a line and a coordinate system on the line* Let 
A, B, C be the points on the line with respective coordi- 
nates -3^ 7^ 31. Let X be the coordljiate of a point X 
on AB^ let y be the coordinate of a point Y on AG, 
and let 2 be the coordinate of a point, r 2 on CB,, Ust 
inequalities to show all possible values: 

(a) of X J ' ^ 

ikX of y i t 

(c) of ^. • : 

Let A, B, P, be three distinct points on a line with 
coordinates a, b, p, respectively, and a < p < bt 



(a) 


If 


PA 


^ PB, express 


p in tems of a. 


b. 


(b) 


If 


PA 


^ i PBj expre^ 


IS p In terns of 


a, b. 


(c) 


If 


PA 
11 


- £ , express 


■p in terms of a. 


b. 


(d) 


If 


PA 

AB 


^ express 


p in terms of a. 


b. 


(e) 


in 


(d) 


above, can k 


be negative? Can 


k > 1 




Can 


k 


^ 0 ? Explain 


why. 






J — 


P 

— - 


Q 

■ — ^ — 


M N 

— — — »- 


^ — — 



Referring to the above figure, explain the meaning of the 
following symbols: 

(a) PQ ^ m. (d) QN > QM. 

(b) PQ S (a) W ^ qH. 

(c) m ^ nF* 

Let Bj A, C be three points, collinear in that order, 

(a) Is AB a subset of S ? 

(b) What is the iinion of AB and AO ? the intersection 
of S and W ? 




129 



(c) WiBt Is the linlon of AB and AB ? the Intersection 
of a1 and IB ? 

(d) ' What Is the Intersection of AB and S ? the^union 

of ffi and n ? 

26. Given tiro coordinate systems S and S' suggested by the 
following diagram: 

X ABC 

< # ------^ — — _ ^ » p 

X 0 I i (s) 

i^' I 0 (s") 

(a) Express x* (the coordinate of X in system S') in 
terms of x (the coordinate of X in system S*) 

(b) Determine the coordinate of B In 

27. '^'Suppose that points E, Gj H lie on a line* Data 

?rom four different coordinate systems on this line are 
tabulated below* The column headed "Relationship" giv#s 
the relationship between the coordinate of each point in 
the system and the coordinate x of the same point in the 
first system. Pill in the missing entries in the table, 

( Surges tlon I Complete the top row in the table before 
starting the bottom row. In the bottom row find the mlaeing 
fomula in"^the Relationship cpliwin before finding the otMv 
missing entries in the row.) 



Coordinate 
System 


Relationship 


Coordinate of 


D 


E 


P 


G 


H 


I 


First 


X 


0 


3 




= 1 






Second 


X' - 6x 












-12 


Third 


x» * ^ X = 3 






-1 




2 




Fourth 


XM! ^ 


2 








^8 





If'., 

o 
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28. On a line the coordinates of points ' A and B are 

and respectively, and Is the coordinate of 

any point X * ^ Indicate the value or values of k 

In the equation x ^ + k(xg ^ x^) which would restrict 
X to the following: ^ 

(a) m (d) M 

(b) ffi . (e) S 

(c) ray opposite AB ^ 

29. When we write AB + BC ^ AC, where A, B^ C are points 

on a line^ does this imply that B is between A and 0 ? 
^plain your answer, \ 

30. On a line are given points and T whose 
coordlnatas are 5, 0, ^5, respectively, in coordinate 
system C and -5, s, I3 Is coprdinate system 

(a) Give an equation In the form x' ^ ax + b, to show 
the relationship between coordinate x* In C< of 
any point and Its corresponding coordinate x in C» 

(b) Compute s, 

31* On a line .-J are given points A, B^ and P whose 

coordinates are 0, 1, k, respectively, in coordinate 
system C and x^, Xg, and x* In coordinate system C» 
Represent x> in terms of x^, Xg if ,k is 

(a) 0 ' 
^ (b)M 

id) ~2 



Chapter h 
ANGLES ^ 

4 - 1 . Introduction . 

In Chapter 3 we Introduced a measure of "how far apart 
two points arSj we described coordinate syBtems on a line, and 
we discussed ;.the, concept of betweenness for three distinct 
colllnear pointB. In the present chapter we introduce a 
measure of "how far apart** two conc\.rrent rays are, we desorlbe 
ray-coordinate' systems In a plane, and we discuss the concept 
of betweenneBS for rays. As a prelude to our work on angles 
in this chapter, we need to develop more fully ideas concerning 
separation for which our work in the preceding chapter 
prepared the background. 

4-2, Separation . 

In our discussion of opposite rays in Chapter 3, we saw 
that a point on a line separates the line into two parts* 
^tending this idea, it is natural to ask if a line in a 
plane separates the plane into two parts and to Inquire whether 
a plane separates space into two parts. On the basis of your 
past experience, you would probably expect the answers to these 
questions to be Yes, But then you might think of a cylindrical 
surface, like that suggested by rolling up a sheet of paper. 



k-2 

k , >^ 

For a surface like this, a straight line, such aa ^ , does 

separate it Into two parts! CouM this also happen for a 
plane? Can we prove that It cannot happen for a plane? 
.Curiously, with the postulates that we have so far agreed upon, 
it Is impossible to prove this. Although our discussion of 
opposite rays suggests how a point on a line separates the 
line), we cannot prove that a line in a plane separates the 
plane nor that a plane separates space. Consequently, If we 
want planes and space to have this type of separable'' property, 
as lines do# we must adopt additional postulates. 

* 

To facilitate the phrasing of :he new postulates that we 
must add to our system, it is convenient to introduce the idea 
of a convex set of points* 

DEFINITION , A set containing more than one point is 
said to be a convex set if and only if, for every 
two points of the set, the segment golning the points 
" Is contained in the set. Every set of points whlchj 
contains ho more than one ^ point is aldo said to be a 
convex set . 



In symbols, the condition that a set ^ of points be 
convex is the following: if p and Q are any two distinct 
points in , then f5 is a subset of ^ . 

J^ample X. Gonslder the ray TF In the diagram, 



The ray consists of all points whose coordinates x satisfy 
X > 2 , Suppose that P and Q are distinct points in TP . 
Each of their coordinates Is equal to or greater than 2 . ■ 
Thus any point belonging to the segment has a coordinate 

which is equal to or greater than | 2 . In other words, f5 f 
Is a subset of TF . The ray TF is a convex set. 



13h 
i 

X 



4.2 



Examplt S. In the following diagram let ^ be the 
interior of the pay HJ . - j 

rr ^ 4 I I % — — » 



I 



/ 



Ttm sat ^ cooaists of all points whose cbordinates are lees 
than 3 * aippof%e that P and Q are ddstlnct point e in 



H 



Eaoh of their coordinates Is less than 3 . Any point in PQ 
therefore has a ooordinate less than 3 and consequently""^ 
belongs to ^ . The sat ^ is a convex set, 

^tample 1 Illustrates the fact that every ray is a convex 
set, The interior of a ray is a set which is often called a 
half line > Sample 2 illustrates the fact that every halfline , 
ifc a convex set. 

A convex set does not need to be a set of colllnear points 
For example, the diagrams below suggest that the interior of a 
triarigle is a convex set, and that the interior of a circle is 
m convex set. Each diagram shows two possible choices 
(distinguished by subscripts) for points P and Q belonging 
to the set*"'' In each case, note that the set contains the 
secant joining the points. 
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On the other hand, there are many regions which are not 
convex sets. Each of- the three pictures below shows a set 
which Is not convex. Note that for some possible cholGes of 
two points in the set, say and , the segnent 

may be contained in the set. Nevertheless each set contains 
mt least one pair of points , say P and Q ^ such that the 
set poes not contain all points of the segment ¥5 * 






THEOREM 4-1 » The intersection of any two convex sets of 
points is a convex set, ^ 

Proofi Let the given convex sets be called S and T , 
If their intersection has no more than one point, it is convex, 
by definition. Suppose then the intersection contains more 
than one point. Consider any two distinct points, say P and 
Q , which belong to the ' Intersection of 3 and T . We must 
show that p5 belongs to the intersection. Each of the points 
P and ft belongs to the intersection and hence is a member of 
S ; therefore, since S Is convex,/ S contains p5 * 
Similarly each of the points P and Q belongs to the inter- 
section and hence is a member of T i therefore, since T is 
convex, T contains Pft * Since we have deduced that p5 Is^ 
a subset of S and also a subset of T , we conclude that ^ p5 
is contained in th# intersection of S and T . Thus the" 
Intersection of S and T is a convex set. 
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Example 3. Let A and B be distinct points. TOe 
segment aS Is the interBectlon of the rays AB and BA , 
Since each of the rays is a convex set, th# sepaent TO is a 
convex set. * 

Bcample 4. Let the points E, P, 0| be colllnear in 
that order. The opposite rays FE and PG , intersect In the 
single point F and this intersection is a convex set, 

Ex^ple 5f Let W be a point on a line ^ , 

W " ^ 



Two rayl on are determined by w * Each ray determines a 
half line. The two half lines, which appear to be "on opposite 
sides of" W , do not Intersect, Purthermorei W Is in the 
interior of any secant whose endpolnts are In different 
halfllnes on ^^A determined by W . 

Now conalder a line m In a plane as shown in the 
diagram J The line seems to separate the plane Into two regions j 
say H ^ and , which fonn "opposite sides" of the line. 
Each of these two reglonB seems to be a convex set. 




m 



137 



For tXMiple, the se©nant Joining the points and in 

la contained in . The sepaent Joining pg and , 
which are points in ^ g , is contalned^ln , However it 

appears that, although any segment detepnlned by two points on 
the "same side" of m does not Intersect m , every segment 
Joining points on "oppOBlte Asides" of m does intersect m , 
For instance, the sepnent with endpolnt A in "and endpolnt 
B in intersects m , With these observations to guide 

us, we now state our next postulate. 



Postulate Ik , (The Plane Separation Postulate) 
For any plane and any line contained in the plane, the 
points of the plane which do not lie on the line form 
two sets such that / 

(1) each of the two set^ is convex^ and 

(2) every sepient whic)« Joins a point of one of 
the sets and a point of the other intersects 
the given line . 

DEFINITIONS, Each of the two convex, sets determined 

by a given line In a given plane, according to 

Postulate l4, is called a half plane , The line Is 
# ^ — — — = — = 

called the edge of each half plane. The line Is said 
to separate the plane into the two halfplaneE, Each 
of the halfplanes is called a side of the line, and 
the two halfplanes are said to be opposite sides of 
the line. 

\ i 

TTOOHEM 4-2 . If the intersection of a line and a ray Is the 
endpolrft of the ray, then the interior of the ray is con- 
tained in one of the halfplanes v/hose edge ,1s the given 
line, Hi 



4-2 ^ 

Proofs Suppose the given line ^ and the given ray 
Interseot at the endpolnt of the ray» Let ^ be the 
Interior of the ray. 




Since JL iuid the ray have only one point of intersection, no 
point of J belongs to ^ * If there were two points of J 
on opposite sides of ^ , then a point between them, say M , 
Ifould be on , by Postulate 1^* On the other hand, M 
would be in ^ , since J is a convex set. This contradiction 
shows that cannot contain points In different half planes 
with edge ^ , Thus\^ is enti^ly contained in one of the 
half planes* \^ 

Just as a line separatee a plane which contains itj so a 
plane appears to separate space into two convex s^ts^ such as 

and in the diagram^ each of which we ^y call a 

half space * ^ 
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To ensure that this Is actually the case In our geome 




agree on another postulate. 

Postulate 15. For any plane ^ the polnt§ of 
space which dp^jiot lie on the plane torn two sets 
such that 

(1) each of the two sets is convex, and 

(2) every se^ent which Joins a point of one of 
the sets and a point of the other intersects 
the given plane, 



exactly two halfspaceB, every line is the, edge of infinitely 
many halfplanes^ because there are infinitely many planes 
containing a given line and each of these is separated into 
two halfplanes by the line. 





EKLC 



11 



Let be the halfplane 

4 



problem Set 4-2 
c" ' ' ' ' ~' .. 

Let A, C, D, V be five points suah that the two lines 

AB and Interseet at V . 

with edge and containing 

C I let be the halfplane 

with edge and containing 

A . 

(a) i&cplaln why %^ and ^Ji. 
are subsets of the same 
plane . 

(b) Draw your own dlagraLm showing the linee 
and the points A, B, v . 

(e) On your diagram represent 
the halfplane" by 
marking such as 




AB and CD 




(d) Similarly represent ^jM- , but uee ijiarklngs In a 
different direction In order to emphasize the 
dlstlnGtion between and %J-- . 

(e) How Is the InterseGtlon of and marked? 

(f ) Why is the intersection of %J- and a convex set? 

Complete the following proof that the Interaectlon of two 
coplwiar half planes is a convex set, 

' Let and be two coplanar half planes. Both 

and ..^^ are ^ sets because by Postulate 14 every 

Then by Theorem 4-1 ^ their 
set , 



is a convex set, 
is also a 



1 



mi 



Complete tht following proof that every line is a convex 
set* 

Let ^ be, any lint, , Let P and Q be any two 
distinct of jt . ^en any point in the/ Interior 

of re is In , because K Is a . of PQ :.. 

Therefor^^ by definition, ^2 is a convex set* 

Compliete the following proof that evei^ plane ie a convex 
set. ' 

Let fri be any plane. Let P and Q be any two 
distinct polnta of ^ , By Postulate / every point 

of "pft Is In ?^ . Since ^ is a subset of W * It 
follows that ^ is a of 977 , Therefore P] ^s 

a convex set, * ^ ■ 



Suppose the Intersectlbn of RS and AB is A * Prove 
that all points of TO except A lie In the^s^ame half- 
plane with edge RS . The following questj^pns should 
help you write the proof* 

(a) Let P be a point between A and B , Is P 
contained In RS ? Why? 

(b) What is the intersedtion of pl and RS ? VD^? 

(c) Can P be on the opposite side of RS from B ? 
Why? 

(d) Must P be on the s^e pide of RS as B ? Wtiy? 

(e) Do all points on AB exoept A lie in, the s^e 
halfplane with edge ^ ? Why? 

Suppose the Intersection of RS and SB is A and A 
is an interior point of RS. To prove that all points of 
IS except A lie in the same halfplane with edge RS^ 

we may think of RS as a subset of and apply the 

proof of the statement In Problem 5, 



J Tk^ OmMCi^ ttUi Iwrimtldii of Pi»©bl#ii 2 in uhlah the halfplansa 

(a) Is ths IntdrBeatlQn of the two hal^lwet a aonvea^ 

(b) ntm inttiFSdotlon of two nQnaoplaiiaz* half plants Is a 
donvsx set of one of several types. For* e»^le^ 
the Interseotlon ms^ be a llne« List some others 
of these tjrpes^ 

^*3« Pie Conoept of Angle . 

^e.^eonoept of an angle is ve^ basic In the study of 
geoiMtry, In this section we disouss some of the interpret 
tatlons given to the notion of an angle and select the most 
appropriate one for our development of geometir. 

Some of the most familiar wys of thinking about an 
"angle" arei (l) as a particular set of points, speclfloally 
as the \mion ©f two conourrent raysi (2) as an ordered ^Ir 
of rays^ distinguished by the namas "initial" and "teri^nal"i 
and (3) as a rotation of a ray about Its endpolnt from one 
position to another. In our geometry the aisles we disouss 
are often angles of a triangle or perhaps wgles associated 
wl'bh a circle or other gaometrlc figure. Since each ^f these 
figures is regarded as a set of points, we prefer to think of 
an angle as being a set of points. ThB other interpretations 
of an angle have oonslderable importsuict in other branches of 
mathematics and science. 

^n some situations there may be a need to distinguish 
between an single (in the sense of the smaller of two pieces of 
pie) and the "other angle," called a reflex angle, which has 
the same rays for its sides. A reflex angle ii usually 
Indicated in a diagram by a double -headed arrow. 

V 

However our development of geometry dots not require this type 
of distinction, and so we shall not use reflex angles. 




Ttm Ida&ft of a "stral^t angle" and a "zero ugla" fit 
QWP dtserlption of an ^glt as the union of two, eonourrent rays 
A gero angle aan te thought of as the union of two rays 
and ^ in the oase in which AB and AC are th€ same. 

A 1 C 

m m m- » 

Similarly the union of two opposltt rays AB and AD can be 
thought of as a straight angle . 

DAB 

4 # • ^ 

The adfld^saion of zero uigles and straight angles into our 
development would involve a niunber of complications. For 
instance^ several importwit theorems about iuigles do not hold 
for zero angles or straight anglasj and the wording of these 
theorems, if revised to take care of the special oases, would 
be awkward* ^is is particularly true when in a la^r section, 
we describe the interior of an angle. As a result of our 
intuitive notion of the interior of an angle, we should 
probably agree that (l) for a straight angle, it is not 
sensible to define an interior, and (2) for a zero angle, the 
interior is simply the empty set. The exceptional situation 
in both these cases is one source of complication which would 
result from our introduction of straight angles and zero angles* 

Another difficulty arises with respect to the identifi- 
cation of the vertex of a itraight angle. Suppose we consider 
an angle (properly) as a set of points* Then the union of two 
opposite rays, that Is, a straight angle. Is simply a line, and 
no point is distinguishable from any other point of the set. 
Thus the vertex cannot be identified ^ong the points of the 
set . 

Since we ^shall be concerned primarily with figures such as 
triangles and other polygons. In which neither zero angles nor 
straight angles occur, we have nothing to gain by using these 
angles. We prefer to avoid all the complications which we have 
been discussing, and we do so by insisting that an angle be a 
union of two concurrent rays which are furthermore not 
collinear. 



J Ite ii^^^M this leotlon by stating the definition of an 
/tagla vhloh li aost appropriate for 

JByjUCttOHS , An angle la the unlQn of tvo rays 
mhloh have a oofflmpn endpolnt taut do not lie in 
the same line, laoh of the two nya Is called a 
side of the angle ^ Thm aonmon endpolnt of the 
two rays Is oalled the vertex of the angle * 

We note tlmt the definition of an angle may be rephrased 
In other tprtnlnology as followai ajti angle Is the \mlon of 
two ooncurrent nonoolllnear rays. 

Motatlon . We often denote the angle formed by 
the rays ^ and by the symbol ^MC . 

When using this notation It Is Important to remember that 
-the middle letter Is always the letter whleh names the vertex 
of the angle* We should also understand elearly that there 
are many "three-letter" symbols whleh ean be used to nSM a 
given ^igle. For^ as we observed In the preceding chapter « a 
ray cm be named equally well by its endpolnt and any other 
one of its p<^nts. 




Hence in the figure j AB = AB ^ AP and AC ^ AE - AG , and 
therefore 

£BAC , ^DAE , /FAQ , £EAB , 

are all names for the same angle, that Is, the same set of 
points. (Give some other names for this angle*) SometimeSj 



ifhtW there i& wo posgiblilty of obnftislorii w"us^^^ 
mmm of the vertex o nam the angle. Ttius in the preceding 
diagram, £a Is ^ acGaptable name for . Ooeasionally 

we will tmtm ah angle in a figure by placing a lower-oase letter 
(©ften from the Oreek alphabet) between' its aides. For inBtande 
for the angles In the following flpire 




we can write 

^©K ^ £bl and £mt ^ £a 

(The symbol ec is the first letter^ "alpha," of the Qreek 
alphabet* You may wish to refer to Page 351 for the 
complete alphabet.) However, we cannot refer to - ^ , since 
there are three angles whieh have R as their vertex, ' and thert 

is no way of telling whether 

■ \ 

^mn or £mf or ^MRP 

is intended. 

We sometimes speak of an ^gle determined by two non- 
oollinear se©nents with one eonmion endpoint* If ^ and 7H 
are the segments, 




then the angle which they determine la ^QPR 

Q 
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Omplote thlB dtflhltion of in anglti kn ang^e Is tte ; 

of twD - ifhlah have a q'anaon but do not 

fia in tho Ms&t ' « - 



(a) Is the union of two opposite rj^a mn angle? ^ 

(b) Is ttm xmlon Qt bt^ two rays which do not lie In 
. the sane line mi angle? 

(o) Justify your answer to, eaoh of thja above questions 
by a sketoh or by an expl^iatlon or both. 

Complete I 




R S T 



Name the ^angles fonned by AB ^d CD Intersecting at 

_ X 



(a) 

(o) 
(d) 
(e) 




J>oes point P belong to ^AEC ? 
Does point R belong to £AEC 1 * 
Does M belong to £deb ? 

Wes the union of M and If belong to ^DEB ? 
To which angles In the figure does point E belong 
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•J . 



ft 



tlwmm IdtttsNi^ write another mmB for ©aahl of the 
fi desl'gnated by a lower aaae letter in the figures " 



I 





(a) Z3t - 



(c) ^ - 

(d) Zw - 



(f) Im ^ 



Are there any other angles In the figure? What are they? 




















]_lSO ^^^"^^^^ 




- - -- 



Using the diagram^ eompute eaeh of the following. (Be 
prepared to explain how your anawers were obtained.) 

(a) m ^FAB , (e) m ^GAl , (i) m ^QAP + m ^PAE 

(f ) m ^MAN . (j) m £mB - m ^FAB 

(g) m £ead , (k) m £mB - m ^DAB 

(h) m ^FAG H- m /GAH (1) m ^NAE - m ^NAH 



(b) m £eAB 

(e) m 

(d) m ^FAE 
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No douM Meh of ue has at soma time be^n askad*teo eut a 
pie, parhaps Into fow parts of ^ the Bmm sl^a. Now as wa stop 
t& thlhk about It, it is clear that when wt divide a pie into 
quartarS; ' * 



the cuts we make also divide the ripi into quartars* Similarlyj 
if we cut a pie into six places of the same slie, we auto- 
matically divide the rim IntQ sixths* Moreoveri these 

/ observations do not depend upon the size of the pie, Wiether 
the radius of tha pie be large or* small, cutting it into 

* quarters, for instancti necessarily makes the length of tha 
ciirved edge of aaoh , place equal to one-quartar of the clrcum- 
faranoa. 




large pie 



Furthermore, a similar remark applies for any number of pieces 
into whloh we wish to cut the pie* 

Let us agree, then, that the fractional part of the rim 
whloh foms the edge of a piece of pie depends only, on the 
ntaiber of pieces we cut and not on the radius of the pie. If 
wa wish our geometry to incorporate these properties of physical 
objects, we must consider ways of expressing them more 
abstraetly. 
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„0Qiisid#r^ the f oilowli^ f lguz*t : 




In It w© tmve two olraular raglpns wlth a eoimon oantef (thase 
eorrespond to tiro plas) and w angle whose vertex Is at this 
ranter (this outs' out In each Qircular region a w^dge-shaped 
figure like a piece of pie,) What we have said about pies 
BU^e its that the length of are A is Ixactly the SMie fraotlon 
of the olrcianferenoe of the siwllar olrole that the length of 
arc B is of the olreumferenGe of the larger olrole* Wiis in 
turn suggests that an appropriate way to measure the size of an 
angle i such as ^FQQ In the following figure. 




is to draw a elrcla with center at 0 and determine what 
fraction of its elreui^erence Is cut off by thi sides of the 
angle* Aoobrdlng to our obiervatlons about pleSj it shoWd 
make no difference what radius we choose for this oirele, 
since the resulting fraction does not depend on the radius, 
Iguivalentto'j it appears possible to express the slge of an 
angle simply by giving the length of the circular arc cut .off 
by the angle, provided we loiow the circumference of the circle 
we use in the measuring process. We could get this infomation 
about a circular object, such as a piece of ple^ by. wrapping a 
flexible ruler around it , 
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In fact ^ If we Imagine a tape of Indefinite langth and ~~' 
negligible jbhlokness .i^tppmd around and arsund the olrole^ we 
could measure not' only the angl#B of our geoifetry but also' 
the amount of rotation of the shaft of an engine or the hands 
of a clock^( provided s of aourse, that we kept careful track of 
the rotations and did not read^^^i total length from the wroiig 
loop of the tape ! ) 

The most common device for measuring angles is a ' 
protractor . 




In this country, protractors are usually marked off in degrees, 
^us since there are 36o degrees around a full circle, the 
semicircular edge of a protractor Is marked with evenly spaced 
divisions from 0 to l80 , 



' ' '^aemi9» Qt %hm tven ■paslng of the nazits on a protr»etor 
ira ean plaet it lite thl», " * - • 




and rtad thi measure of the angle, 20 , direotly, or we can 
plaoa the protractor in a position like this, 




and obtain the same answer, 20 , for the measure of the anglt 
by subtracting ^0 from 60 , 

i^other type o^f protractor is circular ratherJ than semi- 
circular. The 360-degree protractor has advantagei in drawing 
certain flares. It also enables us to measure an angle W^,^^ 
subtracting readings on its soalej the method Is the same as P 
we Illustrated above for the iSo-degree protractor* 
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^11 our drawings of protraetors have shown markings In 
degrt^s. From our dlsoussion In Action 3-8-.^J^tht role of units 
In maaaurlng^ you might well ask the questloni "Are there any 
other uhlts of Mgla measure?" Of course the wswer Is "y| 
In fact In some countries where the metrlo system Is usad^ 
soala of a samialroular protractor Is dlvld^ Into 200 eq| 
parts^ each of which Is called a grad . ^^Ineers who daal with 
things Ilka rotating shafts of motors and generators coimnonly 
use one full revolution as a imlt. This meajis that an 
engineer's semicircular protractor, at least the one he carries 
Ir^ his mind, would be graduated uniformly from 0 to ^ • Th% 
army uses another unlt^ mH ^ for directing the aim of its 
■artillery* If you oontlnue your study of mathematics j you will 
i^et still another unlti toiown as the rad^g^ for measuring 
angles, ^ 



If you have ever bean on a treasura hunt, you hava^ 
probably seen directions like "go twelve paces forward^ turn 
right, and take three paces," Most people think In terms of 
the right angle as a basic unit, and so instructions like this 
are quite clear. If a protractor were made for this t^a of 
measure, how would It be graduated? 
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^ere It' no partlaulap raason far uilng dtgreeB In 
mtssuring angles, other than the faot that It Is aonmonly done 
and Mls the weight of long hlstorleal precedent. Mr oonvenlenoe 
we* to#, will use degree - measiAre exQluslvely ^ ThXB will^ in 
effect, ellmlMte^ f rom our development postulates similar to 
Fostulates 11 and 13, On the other hand, it does not eliminate 
logical que it ions of the kind we raised in Chapter 3 and 
answered by showing, in Seatlon that the fundMiental 

results we needed ware true regardless of the \m±t we used* 
SlMlar theorems can be proved for angle measurement also, but 
we shall omit them in order to proceed more quickly to other 
topics. 

We are now ready to si^marlze our experiences concerning 
angle measurement and then formulate our first postulate about 
angles. We have agreed to measure angles in degrees, and our 
work with protractori suggests that to every angle there 
corresponds a number between 0 and l80 r 



Postulate l6. There exists a correspondence 
which associates with each a^gle in space a unique 
number between 0 and l8o * 



DEFINITION , The number which corresponds, by 
Postulate 16, to an angle is called the measure 
of the angle , . 

Notation . If £abC is any angle, its measure 
Is denoted by the symbol m ^ABC , 

4 



15^* ■ 




1, In the foAowing diagram three different protraetora are 
ploti;^ed^ As Indieated one of these protraotorf Ig i 
^aduated In right angles * another In degrees, and the 
third In grade Using' the^ pWtpaetors in this ovarlay 
position makes it easier to see three of the different 
ntimbers whleh may be assooiated with a given angle If 
different units are used. Thus an angle associated with 
the number 45 relative to a degree unit is also 
assooiated with the number 0,5 relative to a right 
angle imlt and the nimiber, 50 relative to a grad unit. 




semicircle , 

,5 right £ s corresponds to of ^ of the semicircle, 

50 1 

50 grads corresponds to or ■^■ of the semicircle, 

(a) X degrees corresponds to what part of a Bemlclrcle? 

(b) y right angles corresponds to what part of a semi- 

circle? 

(c) 2 grads corresponds to what part of a semicircle? 
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ERIC 



M phmiA "a aenlelfole"' In thtse statanentB m.7 be 
I 'i%pl'aoed by "8 right angles" op by "180 degreea" or by- 
"tOO grads." ThuB 



18 

'j 

70 



18 

depteil. oorrespands to of 200 grads 

or to 20 grade 

4 1 

right angles oorrasponds to ^ or of l80 
dagreas or to 36 dagraaa 

^ of 2 right anglas or 



grads oorraapdnds to ^ 

70 

to Of l8o degrees'. 



Fill In the blank spaoas In the table balow so that the 
fhree oorresponding numbers rafar to the suie fraatlonal 
p4rt of the samialrela. 



(b) 

(o) 
(e) 

(f) 

(e) 



Degree Unit 


Right tagla Unit' 
1,5 


Grad Unit 






20 








X 








y 








130 






z 



Fill In the blank with the appropriate word* 

The smaller ^e unit used the _ (larger^ smallar) 

the number assoolated with a given division on a semi= 
circle. 

Using the niimbers from Parts (a) and (b) of the table 
which you completed in Problem 2^ find the quotient 
obtained by divldir^ each number in Part (a) by the 
nimber in Part (b) in the same coluim* How do the 
three quotients obtained from the different colunms 
compare? 

(a) Do the same as In Problem 4 using Parts (a) and (c) 
of Problem 2, 

(b) Do the same as In Problem k using Parts (d) and (f) 
of Problem 2. . 
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*6. 



lbs 



90 

4k 



I2P 



135 



ISO 
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1804- 



75 



60 



.45 



.30 



195' 



210 




225 



240 



255 




345 



'330 



\ 



315 



300 



270 



285 



(a) 



Sometimes It Is convenient to use a circular 
protractor of 36o degrees (like the one pictured 
above) to find the measure of an angle. From this 
diagram find the measure of each of the X'ollowlng 
angles: 

(1) /AOE (6) ZSOC 

(2) /COH (7) /yOY 

(3) /POM (8) llOX 

(4) £KOR (9) ZftOY 

(5) Ztoa (10) Zbow 
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4-5 

\ (b) Reread the definition of an angle and Postulate l6. 

Do your answers in (a) agree with this definition 
and, postulate? If not, try to find the measure of 
the angle which does satisfy our requirements, 
(c) Complete the following statement si If p and z 

are numbers which correspond respectively to 0? and 
02 , and If p > z , then the measure of £POZ Is 
____ If this number is less than * If the 

number Is greater than , the measure of the 

angle is ____ * 



4-5, Ray - Coordinate System in a Plane . 

In Section 3-5 we described a coordinate system on a line. 
A coordinate system is a certain one-^to-one correspondence 
between a set of points and a set of numbers which relates^ in 
a Bpeclfied manner^ differences between numbers and distances 
between points. Later we adopted a postulate (the Ruler ^ 
Postulate) which provides us^ on a given line, with a 
coordinate system having special properties: a given point is 
the origin, and every interior point of a given ray with end- 
point at the origin has a positive coordinate. 

In the same way that the Ruler . Postulate gave us a 
"mathematical ruler," assigning coordinates to points, we want 
a "mathematical protractor" which will assign "ray-coordinates" 
to rays. We first introduce the definition describing what we 
mean by a ray-coordinate system. Afterwards we state the 
Protractor Postulate which assures us that w© have such J 
systems and also tells us that there Is Just one such syste^ 
with certain properties. We are guided in our statements by 
our experience in the real world with the 360-degree protrac 
which assigns a niimber to every ray in a plane with a given 
endpolnt * 

1 
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DEFINITION , Let V be a point in a plane ^ , 
A ray - ooordlnate Bystem In ^ relative to V is 
a one-to-one correspondence between the set of 
all rays In with endpoint V and the set of 
all numbers x such that 0 < x < 360 with the 
following property ^ If ^um^ei^s r and s 
correspond to rays VR and VS In ^ and if 
r > s , then 

'm £RvS ^r-s,lf r-s< l8o ; 
mJpiB * 360 - (r - s) , If r - s > l8o ] 
TO and VS are oppoeite rays^ if and only if 

r ^ s ^ 180 * 



DEFINITIONS * The number which a given ray-coordinate 
system assignB to a ray Is called the ray - coordinate 
of the ray. The ray whose ray-coordinate Is zero Is 
called the zero -ray of the ray-coordinate system. 



Poetulate 17 . (The Protractor Postulate) If ^ 
is any plane and if VA and VB are noncollinear 
rays in ^ , then there is a unique ray-coordlnate 
system in ^ relative to V such that VA corre- 
sponds to 0 and such that every ray VX with X 
and B on the same side of VA corresponds to a 
number less than 180 * 



Let ua interpret the Protractor Postulate in a diagram. 
Suppose that A, B7 V are three noncollinear points. We imow 
they determine a plane, which we may call ^ , They also ^ 
determine two noncollinear rays with endpoint V , namely VA 
and VB . ^ 
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Conalder the halfplane ^ which is the side of "vA containing 
B . The Postulate assures us that there Is one, and only one, 
ray-coordinate system such that VA is the zero-ray, and for 
any point X in , the ray=coordinate of VX is less than * 
180 . 



V A ' 

In particular, TO has ray-^coordinate less than 180 , 

An immediate conaequence of Postulate 17 is the following 
useful theorem, 

THEOREM 4-3 , (Angle Construction Theorem) If %L is a 
halfplane whose edge contains the ray vJ a'nd if 
r is any number between 0 and 180 , then there 
is a unique ray VH such that R is in ^ and 
m ^AVR - r , 

As another application of the Protractor Postulate, ^uppose 
that Y is a point in the plane ^ such that Y and B are 
on opposite sides of VA . Now VW , the ray opposite to VY , 
has. a ray-coordinate less than 180 5 say w . 




By the definition of a ray -^coordinate system, the ray^coordlnate 
y of VY satisfies the condition that y ^ w ^ 180 . Hence 
y is greater than I80 . 

In summary, the ray -coordinate of a ray Is less than, or 
greater than, I80 according as point B and the interior of 
the ray lie on the same s i d e ^ or on opposite aides, o'l' V A . 
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Problem Sat 4-5 ^ 

Given that a one-to-one correspondence ^ as described in 
the definition of a ray-coordinate system, assigns to the 



rays , TO , VC , VD , VE , VP ^ VG and VH the real 

numbers indioatemln the aaoompanylng diagram. Find the 
measure of eacb^af the following angles: 

(a) £AVB (f) ZCVE 

(b) £avc (s) 

(c) (h) ^DVB ' ^ 

(d) ^AVH (1) ZBVG 

(e) ZDVG (J) ZCVH 
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2, ^The etudants In a class were given a ray^coordlnate 

system (as described In the Protractor Postulate) which 
assigned to the rays VM , W , VP , VQ the real numbers 
0 , 60 , 130 and 180 , respectively. Five boys, Tom,i 
Jim, Bill, Hank, and Pete, were each asked to Illustrate 
the problem. They submitted the following drawings 1 



ISO 




(a) If you were the boys* teacher^ which of these 
illustrations would you accept as correct? Why? 

(b) Find the measures of £MVN and /MVP . Justify 
your answer . 

1 

(c) Find the measure of /KVf . Justify your answer* 
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3, Let VM J W , VC J VE be coplanar rays such that no two 
of them are colllneat. Let a ray-GOordlnate system have 
zero-ray VM and assign to the rays VA , VC , VE the 
^ real numbers x, y, 2, respectively, where x < y < 2 . 

(a) Suppose that z < I80 * Find the measure of each of 
the following angles: 

(1) /AVC (3) £CVE 

(2) /AVE (4) imc 

(b) Find the measures of the angles in Part (a) In case 
z > 180 . 



4, 



V M , 

Referring to the above figure, describe 1 

(a) the union of £MVN and /OTP ; the union of 
and /QVP ] ^ 

(b) the intersection of the following pairs of angles 

(1) /MVN , /Nvp (3) iwvn , Zm 

(2) /MVP , /NVQ (4) /NVQ , /ftVP 

(c) Given that W is the edge of the halfplana , 
that contains N and P , and that V la a 
point on QM , deBcribe: 

(1) the inteiuiection of and Wi ; 

(2) the union of and QM j 

(3) the Intersection of /PVN and . 



i 



Suppose that for the angle 
show^ln the figure at the 
right/ 

m £M0A ^ 40 
m ^AOB ^ 30 
m £mO ^ 30 
m ^CON ^ 80 • 




Are the following statements true or false in our 
development of geometry? If your answer is false, explain, 



(a) /AOB ^ £boc . 

(b) - /BOA . 

(c) /COB ^ £B0C % 
m £kOm < m / 0 



(d) 
(e) 

(a) 
(b) 



(e) m /ADM - | m /CON . 

(f) loL - iff. 

(g) m /COA ^ 2ni /od , 

(h) m /MOB 4- m /AOC + m /CON * 210 

Which of the folloMng expressions are meaningless In our 

development of geometry? Explain your answers, 

it 

(a) /RVY ^ 80 , (f ) /QVP ^ /PVft ^ £0 , 

.(b) m /YVR ^ affr^^^CW , (g) m /c + m > /PVX . = 
(c) /PVX + /PVQ ^ /XVQ . (h) /PVR ^ 2 /PVQ , 
/a ^ ^ m /PVR . (1) m /YVX ^ l80 , 

/e< + / 0 - 90 , (j) m /YVR - 280 . 

Given AC lying in the edge of half plane and 
a niimber r between 0 and ipO , how many rays 
ABt extend into 9^ such that /BAG - r ? Why? 
Given AC lying In^a plane ^ A and a number r 
between ■ 0 and l80 > how many rays AB are there 
in ^ such that m /BAG - r ? ^y? 



4-6, BetweenneBS for Rays, 

We have not yet discussed what we mean by saying that one 
ray is between two others, but nonetheless the idea probably 
has some meaning for you, using your present notions of 
betweennessj , decide in which of the figures below^ exactly one 
of the? rays Is between the other two. 



1 



(1) 



(2) 



(3) 




V V P 



{^) (5) 

Figure (a) 

Our description of betweenness for three collinea: oints 
relied heavily on the use of a coordinate system on the Ine 
o-ontaining the points. We choose to describe betweennedB for 
three rays in terms of a ray-coordinate system. This ^clslon 
means that the three rays must be coplanar and concur* >, * 

DEFINITION . If three concurrent rays, VA , VB , VC 
in a plane are given, then VB Is said to be 
between VA and vC If and only If there is a ray 
gpordlnate system in ^ relative to V such that 
the respective ray-coordinates 0 , b , c of VA % 
raS., ^ satisfy the condition that 0 < b < c < iSo . 



Suppose VB Is between V? and VC . Then the ray- 
coordinates mentioned ^in the definition ^atlsfy 0 < b < c < l80 
Thus the points B ana C lie on the same side of VA * 




Prom the definition of a ray-coordinate system, m ^CVA - c 
and m /OYB ^ c - b . 

Another ray--ooordlnate system in the plane has VG as 
zero^ray and assigns new ray-coordinates as shown In the tables 





VA 


VB 


VC 


m /CVA 


m /CVB 


m /BVA 


Old system 


0 


b 


c 


c 


c - b 


b 


New system 


c 


c b 


0 


c 


c b 


b 



Since each of the niimberB c and c - b is less then l80 , 
we see that the points B and A lie on the same side of VC , 

In Plgure (a) at the beginning of this section, the 
indicated ray containing Q appears to be between VP and TO 
In Parts (1) and (3)^ but not in the others. In Part (2)^ Q 
and R are not on' the same side of VP . In Part (4), two of 
the rays appear to be colllnear. Why does our definition say 
that UQ is not between VP and VR in Part (5)? 

The proof of the next theorem resembles the proof of 
Theorem 3-9* and we shall leave It as a problem* 

(■ 

THEOREM 4-4, (The Betweenness-Angles Theorem) id^ TO ^ TO , 
VG ^be rays such that VP Is between TO and VG . 
Then m /EVF + m /FVG ^ m /EVG (or, 
m £EFV ^ m /EVG - m £fvG , ) 



In our dlsoussion of betwaennass for points j we Introduc^jd^ 
the phrase ^'so^linear In that order,'' A useful terminology for 
rays is "concu#rant in that ord^er*" We shall sometimes speak 
of three rays VP , , VR ^ds being cqnQurrent in that order 
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to mmmn that they are aoplanar and that Vft la between VP 
^d ^ , Occasionally we shall refer to four rays VP ^ VQ , 
ag being concurrent in that order. By this we shall 
mean that the four rays are coplanar, that VQ is between VP 
and VR , that VR is between VQ and VS , and also that 
each of ^ and VR is between VP and VS , ThuB, If VP j 
^ ^ VR , VS are concurrent in that order, there is' a ray- 
coordinate system in which the respective ray-coordinates 0 p 
q ^ r * s of the four rays satisfy 0<q<r<s< l80 . ' 

The midpoint of a segment is a special case of a point 
between two points. An important particular case of a ray 
between two rays is the ''midray" of the angle which they form, 

DEFINITION , A ray is called the ml dray of an angle 
if the ray is between the sides of the angle and 
forms with 'them two angles of equal measure. 

In symbols, the ray TO Is \he mldfay of £FVQ If and 
only if VM is between VF and VG and m /FVM - m £mVG , 





The proof of the next theorem resembles the proof of 
Theorem 3-3, and we shall leave it as a problem. 

THEOFgM 4-5 . Every angle has a imlque 

,^ DEFINITION . The mldray of an angle is said to 

bisect the angle and Is called che angle bisector . 

^XXB the angle bisector of £AYB Is / 
the ray VQ between VA and VB sudh 
that m /AVQ ^ | • m ^AVB ^ m £bVQ . I 

In a ray-coordinate system, suppose that the ray-coordinate 

of VA and VB are a and b , respectively. If a < b and 

a + b 

b - a < l80 , then the ray=coordinate of the mldray is - - - * 




4-6 



Problem Set 4-6 

If a ray-coordinate system In a plane assigns to the rays 
W , vf ^ ^ the ray-Goordlnates 6o , 25 , 108 
reBpactlvely, which of the three rays Is between the 
other two? What is m £nvP ? 

In the accompanying figure, 
if m ^ m ^ ^ , then 
m is called the 



of /AYE and is said to 
this angle. 




*4, 



Let z be the real numbers which a one-to-one 

correspondence descrfbed by the Protractor Postulate 
assies to rays VP , VK , vm , respectively. Draw a 
figure illustrating the relative positions of the rays 
for each of the following cases: 

(a) X < y < z < l8o . 

(b) z < X < y < l80 . 
(g) y < z < X < iBO . 

Reread Theorem 3-9 and its proof before completing the 
following proof of Theorem 4=4, 



By hypothesis, VF is between VE 
the definition of _____ for rays, 
there is a ray-^coordinate system such 
that the respective ray=coordinates 
0 , f , g of VE , VF , VO natisfy 
0 < f < g < l80 . By the definition 
of a system. 



and VG 
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and 



Che 



m /EVP ^ f - 0 ^ f , 
m /EVO = _____ • 



Finish 'the task of showing that m £evf + m /PVG ^ m /EVG 
Then explain why m /EVP - m /EVG - m /FVG 

Reread Theorem 3-3 and its proof before completing the 
following proof of Thforem ^=5* 

Let £aVB be any angle. There is a ray-coordinate 
system such that VA is the zero-ray and the ray- 
coordinate of VB is a niimber, say b , less than . 
If q is the ray=coordlnate of 
the desired midray vfi ^ then 
the requirement that the midray 
is the sides of 

may be expressed by 0 < q < 
The second requirement for the 

desired midray is that m £AVft ^ m £ ^ . The ^ 

of a ray-coordinate syetem tells us that m £AVQ ^ . 

and that m £ ^ ^ b - q . Thus the second requirement 

becomes the equation q ^ b - q . ^plain why^hls 
equation has exactly one solution, namely q . 
Explain why there is exactly one ray whose ray-coordinate 

in the chosen ray -^coordinate system is ^ . Is the ray 

b 

whose ray-coordinate is ^ desired midray of 

5es £avB have only one midray? Why? 




Why: 
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Olven a ray-coordinate Bystem 
In which ray-coordlnatea 0 , 
45 , 135 , 150 . 180 , 210 , 

300 are assigned to VM , VN 
VP , ^ , TO , VS , VT , 
reapectlvely. Find the real 
number k In each of the 
following. 



180*^ 





M 



^ 0 



l\0 



>^ S 



(a) 


m 




k 


■ m 




(b) 


m 


^MVN ^ 


k 


■ m 


/MVP . 


(c) 


m 


£nvm ^ 


k 


m 


/NVQ . 


(d) 


m 




k 


m 


Znvp,. 


(e) 


m 


^TVM ^ 


k 


m 


Z^VR , 


(f) 


m 


/SVT ^ 


k 


m 


/OTP . 


(s) 


m 


^SVT ^ 


k 


m 


Zqvs . 


(h) 


m 


/NVT - 


k ' 


m 


Zmvs . 
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Given the half plane whose edge contains the point V,,. 
and_ tiiree concAirrant rays, VP , VN j VM ^ with points 

, N , P ^In . If m £mt^ 48 , m /PVM - 83 , and 

m Zmvn = 35 i ^Ich (if any) of the three rays Is between 



the other tKO? 



0^ 
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8« If a om^tQ^QM eorretpontenat, as daserlbad by tht ^ 

Pratrsetor Foitulatt^ has usl^td to the rays At . A? . 

^ J ths real numbers 38 ^ 80 « and q .TmBprnQtlvmlj, 
find q iman 

(a) ^ is tha mldray of ^BAC , 

(b) aJ Is the nUldfay of ^BAD . 

(a) AB Is tha mlfb^ay of £GAD » , 

9, Find tha ray-eoordinata of tha By^dray of £XOY In terms 
of the ray^aoardlnatas x and y of 5} and ^ , 
raspeatlvelyy in aaoh of the following bases 1 ^ 

i im) 3t > y and x y < 180 . ' 

(b) X > y and^ x - y > I80 , ^ 

10* Suppose that a ray-ooordlnata systam assigns ray- 

ooordlnatas 0,n,p,qt© VMjVN>VPjVQ^- 
raspectivaly^ *#hara 0 < n < p < q 180 . 

(a) Find k In tarns of n and p If 
m s k - m ^FVN . 

(b) Find k in terms of n ^ p ^ q If 
^ m £nvf ^ k * m * 

. (o) Find p . In tarms of n and q If 

11. Suppose that a ray-eoordinate system assies the numbers 
d and e to the rays AD and AE ^^espeotlveljj 
where d < e < 180 * If ^ is a ray between AD and 
W f such that ' ' 



EKLC 



^.h, (0<.<1). 



show that the niffliber assigned to the ray AP by the 
eorrespondenae la 

p ^ (1 - h)d + he , 



'1 ;\ ■ 

i 



^ We have already disausaed how a line In a plana separates 
the plEM Into two halfpliAes, A plet\ire of an angle olitarly 
Indlaatts' that the wgle eeparates the plana into two partSj 



one of which appears to be "Inside" and the other "outside" the 
angle . TOere are several ways in which we may think of the. 
inside J or J as we prefer to sayj the interior of to angle « Let 
us oonsidar ilome of these notions before we give the definition ^ 
of the interior of an angle, ^ 

^ lin the diagram the interior of the angle ^AVB is 
oross-hatohad , 




One* approach la to notice that the cross=hatohed region consists 
of the Interior points of a3,l rays which are between the sides 
of the angle * 




AAother approach Is to notice that the cross»hatched 
Feglan aanslsts of all points which are in two halfplanes, 
namely the side of VA whl^ contains B and the side of TO 



which contains ^ A • ^ Theea 
separate picture p below, . 



o halfplaries are Indicated in 
1 



r 



Xha interseotioff' of the two halfplanas la thm aross^hatahad 
region in the following dlagr^. ^ 




ThLB interseation appears to be what we mean by the Interior 
of the angle. 

A thjbrd approaeh Isjuggested by considering a segnent 
such as . CD whose two en^oints lit on different aides of the 
angle* 

V 

D A 




173 



4*7 

Sirery InttPlor point of W app#ara to InBide thm angle. 
nufChtrmon tht interior of tht ar^le 8#ems to aonsist of th# 

Interior points ^f all^ th# sB^tnts i^ioh^joln polnti ©n ~ 

different sides of the mnglmm 




Let us summrtmm aur three ways of deseribing the region 
imich we have thought of as the "Interior of the ^igle .^AVB*" 
In precise language, they arei ^ (1) the union of the Interiors 
of all rays between VA and (2) the interseotion of the 

hi^lfplane with edge VA and oontainlng B and the halfplane 
with edge W and oontalnii:^ Aj (3) the union of the 
interiors of all siipients joining an Interior point of VA and 
an Interior point of VB* Each of these three descriptions 
identifies a oertaln set in the plana A^» Thus we apparently 
have three sets to oonslder. Our experiences may suggest that 
these sets are the same* ft is, in factj possible to provt 
that the first and second of these sets are the same, and also 
to prove that the third of these sets is contained in each of 
the others* However we can not, at this stage In our develop- 
ment, prove that the third of these sets Is the same aj^^he 
others t Instead of pausing to prove as theorems these results 
which we heed, we prefer to state them as our next postulate* 

* Foatulatt l8 , (The Interior of an Angle Postulate) 

If ^AVB Is any angle, 

{!) let ^ be the set of all interior points of rays 
between VA ' and VB, 

(2) let ^ be the set of all points which belong both 
to the halfplane with edge and eontalnlng B 
and to the halfplane with edge VB and containing 
A, and .'-^ 

(3) let J be the set of all Interior points of segments 
joining an Interior point of and an Interior 
point of VBi 

Then ^ and are the same set, and this set contains^ , 

1 




M^ilTION . If ^ATO Is My anglti then the subset 
the plane AVB, trtilah was denoted by either R or rf^n 
Pestulate 18, is ealled the interior of the angle £kVB$ 
and aj^ point belonging to this set is ealled an Interior 
paint of £AVB. 

According to this dafinltlon, the Interior of an angle, in 
our formal geome^^^^ be thought of In either one of the two 

ways we prefer. Jt may be thought of as a union of interlorE 
of certain rays, or as an Interseotlon of two particular half- 
planes. As a simple example, we prove the following theorem. 

^-6. The interior of Any angle is a convex set. 



Frgfef : Aecwding to fostulate i8j^ the interior of an 
angle is the intersection of two half planes. According to the 
tlane Separation Postulate, each of these half planes is a 
convex set. Our conclusion then follows froii nieorem 4-1, 
which asserts that an intersection of two cdnvex seta is a 
convex set. 



As a second illustration, we prove the next theorem, 
which will have an important bearing on our development in \ 
Chapter 5. The following picture will Improve our underst^dlng 
of the statements In the theorem and its proof. This does not 
mew^ however* that appearance of the picture can be a 
basis for any of the Reasons given in steps of the proof 
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mgOl^ 4-7 * A, 0, 1, F, 0 be ooplanar points 

8ueh that Aj 0 are not collineari E is between 
B and C j the rays IF and EA are opposite, and 
the rays 5? and CA are opposita. Thmn CP Is 
between ' CB and CO . 

ProQ^ i ^ 

(1) 1 la beywaan C and B j by hypothesis* 

(2) AS ^jfetween ^ and A? , by postulate l8, 

(3) AP Is between AG and AB ^ because AF » Al , 

(U) F is on the saM side of CO , as B , by Postulate l8, 

(5) F and A are on opposite sldai of BC , because BC 
contains point E between ' F and A . 

(6) 0 and A are on opposite sides of BC , because BC 
oontalns point C between Q and A , 

(7) F is on the same side of BC as G j from Statements (5) 
and (6). 

(8) F is In the Interior of £qCB , from Statements (4) and 
(7) And by postulate I8. 

49) CP la between CB and CO , by Postulate 18. 

Now that we have dlSGussad the interior of an angle It Is 
appropriate to consider what we mean by the exterior of an 
wgle. Try to make lap a definition which expresses what you 
mean by the exterior of an angle, before you read the next 
definition. 

DCT'imTION . The exterior of an angle is the set 
of all points In the plane of the angle which do 
not lie on the angle and do not lie In the Interior 
of the angle* 

* 

Is the exterior of kn angle a convex set? Is it the 
intersection of two halfplanes? Is It the intersection of any 
finite number of halfplanes? Is it the union of two halfplanes 



Problem 3tt 4-7 

1, (a) Nam the points of the 
flpire whldh arm in tha 
Interior of ^CBA . 
(b) Nmne the points of the 
fi^iM in the exterior 
of . 




M 



N 



• H 

la the vertex of an angle in the Interior of the angla? 
In the exterior? Explain. 



% In 



In the figure on the right, 
OF separates plane g 
igto halfplanas and 

saparates (f into half- 
planes and ^ , as 
indieatad. 

Copy* the diagrMi and shade the • 
intersection of J4^^ and ^/-^ , 

Is this shaded portion the interior of any of the 
angles shown <dn the figure? The exterior? 




(a) 
(b) 
(o) 



Copy the dlapram and shade the imion of and 
Is this shaded portion the interior of ar^ of the 
angles shovm in the figure? ^e exterior? 

Draw ^ABC . Choose ^points X and Y in the interior 
of £ABC and ,P and Q in the exterior, 

(a) Must every point of W be In the Interior of £aBJ ' 
vmy? 

(b) For your choice of P and/ ft , is every point of 
TO in the exterior of y^ABC ? Is this true for 
every cholee of point^ P arid in the exterior? 

(cj Are there points R^'^and S in the exterior of £aBC 
such that the intersection of WS and /ABC li not 
empty? 

(^) Can the intersection of W and £abC be empty? 
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5* ^If m IkOm m 100 and m ^^OC - 30 > what Is m ^AOC If 

(a) C is in th# Interior of £aqB ? 

(b) a ia^n tha axtarior of ^AOB ? 

6. If Y is in the intarior of /XOZ , ooaplata the 
fQlloid.ngi 

m /XOY + m ^OZ 'i^ m £ ^ . 

m ^XOZ - m ^XOY m m £ , 




Suppote that m ^AOB ^ 70 and m £boC ^ 35, and that 
tha tifo angles art coplanar. ~ * 

(a) la OT between OA an^ Od ? ^ 

(b) If m ^AOC ^ 105 , ia OB between 0^ an^ 

(o> If m ^ACW ■ 35 9 which of the rays OA , OB , 00 
is between the other two? .Vfhat special name might 
* be used In describing this ray? 

8« (a) la the exterior of an az^le a convex set? Make a 
sketch to explain your answ^r, 

(b) Is the exterior of mn angles 

p (l) the Intarsactlon of two halfplanes? \ 
(2) the union of two halfplanes? 

(c) Make a sketch to Illustrate your answer to Fart (b), 

9. Let AB J AC , a5 J Al be four rays^ concurrent in that 
order. If m ^BAC ^ m , then m £BAD ^ m £ , 

(&cplaln your answer.) , 

10* Let AB J AC ^ AD J Al be four rays, concurrent in that 

orHer, If' m £CAE ^ m /DAB , explain why m /BAC = m /DAE 

11* Show that the union of an angle and its interior is a 
convex set. Hints Let X ^d Y be two dlstinet 
point a In the union of /AOB and its Interior, Consider 
the following five cases. 

(a) X and Y are In the intarlor of /AOB * 

(b) X and Y are In the same ray of /AOB * 

(c) X and Y are points other th^ the vertex and 
on different rays of the angie. 
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(d) Qm of the polati Is in the InttFlor of the angle 
mnd the other point Is the vertex of the uigle. 

t^-|^4nt]s 4«-^ 4he feteraoP- of the- ans J^— — 
md the other point is on one of the ra^s of the 
angle but not the vertejE 0 • 

4-8./ Right Angles mnd PeaTpendleular Ity ^ ^ 

^Althoughj for the reasons outlined in Seotion 4-3^ we 
have li ho sen to exolude '-straight angles" from our dffinition of 
anglesl we often need to consider figures like, the followrf^^^ 
nas^ surest J in a sense j the idea of a "stMight «igl««" 



It is aonveniant to have a name for a pair of angles such as 
and ^BVC shown in the diagriufn^ 

DEFINITION , The two angles whloh are fomed by 
three concurrent rays, wo of whioh are opposite 
rays J are oalled a linear pair ef angles. 

Suppose, wa have a linear pair of angles ^ fomed by a 
ray TO and two opposite rays VA and VC , as shown in the 
preoedlnf figure. We know^ by the Protractor Posti^iLtej that 
there is a ray-coordinate system in which / 



VA corresponds to 0 * 
end VB corresponds to a number between 0 and l80 # 

say b , 

Then, by the definition of a ray»coordinate system, 

VC correspondfl to 180 , 

m ^ATO * b - 0 ^ b , 
and m ^BVC - iBo - b . 

Therefore, m ^AVB + m ^mO ^ b + (iSo » b) ^ l80 , 

Thm Importance of this result Justlflti stating it formally 

as a theorem. 
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^ao^l 4-8 , Bie sum of thm ratasurts of the two angles *ln 
lina&r pair Is 180 . 



Thm angles of a linear pm.tr have one aide In ooBmion. me 
lin# containing this oonmon side separates thm plane into two 
half jplanes , In the diairam, these two half planes are trti side 
of VB oontainlng A and the side of VB containing G , 



* ^ — — > 

C V s A 

One of the halflplanes contains the ^interior of ^BVA and the 
other contains the interior of /BVC . Thus the interiors of 
the two aj^les of a linear pair do not intersect* 



The next theorem may be proved by applying Theorems k^k 
and 4-8, Thm proof is left as a problem, 

THlORm 4-9 . Let A, B, 0, Y be distinct coplanar points 
such that 0 is between X ^and Y , such that ^ and 
B are on the same side of XY p and such that OA is 
between OX and OB . Thmn ra ^XOA + m ^AOB + ih ^BOY ^ l80. 

As a natural extension of the idea of a linear pair of 
a^lesj,^ we have the concept of a pair of adjaoent angles . In 
each of the following three diagrams^ ^ and /fl are 
adjacent angles. 



^^^^ ^ 




In each case^ the two angles have one side in common. More- 
over* their interiors. do not Intarsect. These two ideas 
Buggest the foilowl^ definition. 



iBo 



^gpnTIOM , Two eoplanar ajfiglti are called a pair 
of adjaaeiit anglts if arid only, if they have one 
side ^ aoimon and the interieatlon of. their 
interiors Is. empty* 



In particular, note that a linear pair of angles is also a paii 
of adjacent angles. 

On the other hand, in each of the following four pictures; 
^ and ^ are not a pair of adjacent angles « In each case, 
tell which of the conditions in the definition fails to hold 
for the two angles. 





Let and /FVQ be adjacent angles, 




The line VP containing their common side separates the plane 
into two half planes* Since the interiors of the two angles 
do not Intersect, they must lie on opposite sides of VP < 
Likewise the interior^ of VE and the interior of VO lie on 
opposite sides of the line VP . 

THEOREM U-10 ^ Two adjacent angles j such that the gum of their 
measures Is l80 , are a linear pair of angles. 



Proofs Let £BVA and ^BVC be a pair of adjacent 
angles such that m £BVA + m /BVC ^ l8o . 
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'By the Frotrsator Postulate* thert Is a ray-eoordlnate system 
which assies' to VB the number ^0 and assign^ to W a 
number less than , say a . Now C md A lie on 

o^oslte sites of VB and henee the ray-ooordinate o of V 
is frtatep than iSo * Therefore, by the definition of a ray 
coordinate system* 

m £BVA ^ a - b ^ a , 
;jn £BVG ^ 360 - (o - 0) ^ 36o - o , 

1^ hypothasis, the jum of these measures Is l8o j that Is* 

+ (360 - e) ^ l8o , 

or 

0 - a = 180 . 
Hence VC and VA are opposite rays, ^ 

Because we decided to meaeure angles in degrees*^ the 
numbers 360 and l80 have had considerable signifiQance In 
our develo]^ent* We now begin our study of the importance of 
the number 90 in angle meaiurement. 

DEFINITIONS . An angle whose measure is 90 is 
called a right angle . An angle whose measure is 
less than 90 is called an acute angle . An angle 
whose measure Is greater than 90 is called an 
obtuse angle . 



Right €nglA 



Aeyti onglt 




4^ 

/ 
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^(^^IlH^II ^ If the two angles of a Xltitar pair have the 
same measure j then, each of them is a right angle i 



Proof I Let r be the measure of" each angle. By 
TOiforem the B\m of their measurei is ' l8o We have, then^ 

r + r ^ 180 p and hence r ^ 90 , Thls^ihows that each of the 
angles Is. a right angle. 

The conoapt of peryndicularity is a basij^ one in 
geometry * and Is elosely related to the notion of right aagle. 
We first define perpendicular linens and then define 
perpendicularity for rays and sepnents. 

DEFINITION » The lines determined by twb rays whose 
union is a rl^t angle are called parpendicular lines . 



Since e^ry se^ent 0^ ray determines a unique line which 
contains it, we have as a natural extension of the last 
definition, ' 

DEFINITION . Two sets each of which Is a segment, 
a ray, or a ,llne and which determine two parpen- 
dioular lines. are called perpendicular sets , and 
each la said to be perpend icular to the other. 

Since perpendicular sets, by definition, determine two inter= 
secting lines. It is clear that they can intersect in nt most 
one point and need not have any" point in common The following 
figure suggests these two possibilities in the case of two 
perpendicular segments. 



4^ 



I 



Jlotatlon * Wa indlaate th^t S^^ and Sg are 
perpendidular stti by writing Sj Sg or 

, In drawlnfs wt ramlnd Qurselyts 
(Vhen necasgary) that two seta' art parpan- 
dlQular by the folldwlng^ Symbol j 




In Chapter 3 wa agreed to Gall two se^ents congruent If , 
they have the sauna length. We find the saml idei suitablW for 
angles, 

DEFINITION , Two angles (whether ^distinat or not) 
'Which have the same measure are oalled oongruent 
angles, and aach is said to be congruent to the 
other. 

Notation. We write £hBC S /ptt t)^ express the 
fact that £abc and /DBF are congruent* 



JU.t^ ted equality Of angles setm td be very 

mXQh allKtj there .are tw^ptimt differengee between these' 
oonoepps.. For Instahee; in the next figure ' , 




it la eori^ect to write, 

/BAD ^ "^^Al £S£mB m 

because thespe are all names tjbv the'sam% angle* Purtherroorei 
since this angle I has a unique meaiure. It Is also cor^^ to 
write ^ ^ 

S /ME ff /DAB S ^AC ^ . . . . ^ ^ / 

Btereover, ass\imlng that the anglfs shown in the* following 
figure have the same measures ^ ^ /ABO = m /DIP , 





it is correct to write 

/ABC tt /D^F . 

However^ since the angles are not the aame, i.e,j do not 
oonslBt of the same points j It is not correct to write 
/ABC * /DEF , 

* • . ■ 

TffiORlM 4-12, Any two right angles are congiment to each other 



proofs follows from the definition of rlgl^ angle that 
i any two right angles have the same measure. It then follows 
from the definition of congruent angles that any two right 
angles are congruent. 



troblam Sat 4-8 



Tell'*hlah of , the following five phrases correetly 
-IdentlfltB the two peyp^ndioular gets In each of the 
six dlagram^^ / 

s 

(a) two perpendloular rays, 

(b) \ two peiTpendloular segments, ^ 

(o) a line perpendioylar to a ^ay^ - . 

a ray perpendicular to a segment, ^ 
a sepient perpendicular to a line. 



(d) 
(e) 

(i) 




(2) 



(3) 



(5) 



(6) 



Two coplanar angles which have the followlag propertlel 
are called adjacent angles: 

(a) ^ , and (b) _ - 
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3. In the, aodoapu^lnff figure j 

ni - 3130 ) 
a ^101 * 50 
; OA bisects £bom • 

m s m ^OD + 30 

l^nd' the meann of <f ach of 
the following: 

(a) ^AW! (d) /COD 

(b) ' £aQB ' (e) £mc 

(c) ImoL ' if ) look , . 

4. (a)^ Is every pair of adjacent *angles ^ linear pair? 
(b) Is every linear, pair of *anglas a pair of adjacent^ 

angles? ^ ' 

5. Complete eaah of the ^following sentaneesi 




pair which have the 



(a)* Each of the Mgles of a. 

same meaaura is a - angle * 

(h) Tha lines determined by two rays which, fo|^ alright 

angle are called lines; ^ ^ 

(c) An angle ^ose measure is leis than 90 is called 
m ____ ^Eigie . _ ^ , ^ 

(d) ^ An angle wljSse measure is mora;^h^ 90 is called 
* an > ar^la* 



(e) If one angle of a linear pair 4s acute j the other 
angle Is * 

in^ the fi^ire AB and CD intersect at 0 fowning four 
angles. If m £KC ^ 128 ^ findi 

(^) m £C0A 

(b) m £AOD 

(c) m ^BOD 




i8t 



In t\m fljpirii ^ AB J[ CD and 00 
iMd m ^OD - 25 . ^ W.ndi 

m ^CQE 



Id) 
(6) 
(f) 



In the figure^ If m ^ ^45 
. ' m £CVB * 90 

which the following state- 



ments are true in 
pient of geometry? 

(b) ^ , 
(0) ^ m ^ k m ^ 
(d) ^ ^ ^AVB • 




r develop-- 



(e^ m ^ ^ ^ /CVB 

(f ) ^CVA = ^BVF , 

(s) ^ ^^WVC . 

^(h) /AVB ^ /CVF . 



^ (a) m ^ 3 m 

(b) m /PRN ^ ^90 , 

(c) . Jc ^1 £prN . 



Whiah of the following expreesione a:re meaningleee in 
our development of > geometry? 

\ ^ (e) /NftR - ^Pra . 

(f ) ^PRN S £PRN , ' 

(s) + ^ 90 , 

+ /PRN • (h) /PRN - ^ * . 

Theorem 4-9 states: Let- A, B, 0, X, Y be distinct 
GOplanar points such that 0 is between X ' and Y ^ 
such that and B are o^the same ^ side of XY ^ and 
such that OA^ is between OX and OB Then 
m /XOA + m ^AOB + m'/BOY ^ /I80 , 

(aj Make a drawing to ill^ustrate the situation described 
in the hypothesis . - / 



• (b) Qlve a pFOOf of ther theorem fey combining the . 
/ folleirtng two 'hints with aid of i^iebwm 

' \- !^ "show that /m ^OA + m ^OB - mv^OB I with the aid 

of ThmoTmm 4-8,^ show that tn £XOB + m £B0¥ ^ l8b * , 

"(^) Olva a proaf'of Thebram 4- ^ which cfoes not apply , 
.miao^msi^-l and 4-6. ^ Hlnfci, Choose a rayrcoor^iate 
systam iri the' pl^e relative to 0 auch' that OX 
■\ ' \ is' the zero-ray and OB has a ray-coordinate lesa 
^ than l80 j express the measures of each of the 
angles /XOA , ^AOB V_^BOY^ln t|TOS of the ray- 
coordjJnates of OX , OA , OB ^ OY , and then find 
the s^ of the measures of the angles* 

4-9, Su pplements and Complements . 

in the previous section we have oonsidered two angles such 
that the ^ura of their measures is 180 . It Is convenient to 
have^names not only for this situation, but alsafor the case 
In which the sum Is 90 Instead of iBo . 

DEFINITION . TyfQ angles, the *sum of whose meaeures^ 
li i80 , are called a pair, of supplementary, angles, 
mnd each is balled a supplement of the other. 

EEPINITION. 5w6 angles, the sum of whose measures 
is 90 ^ are oBlled a pair of complementary migles, 
. and eao"h Is called a complement of the other. 

•nie naxt theorem Is a restatement of Theorem ^-8| using 
the new terminolo^ . . . 

THEOREM 4^13 . (The gupplement Theorem) The two angles of any 
linear pair are supplementary to each other, 

1 ^ 

^ Although the angles of a linear pair are supplementary, 
it is not the case, that every pair of supplementary angles IB 



m llM^ pair, Ttais Bieorem is a ipfalal oue of tht next 

'IhiMnBy ifb0i0 preof re&rablts tht proof of ^#of^ and is 
laf^ as a ^^bl#m. 

4 ■ ; / ^ . . = ' ° . - ■ . 

TBSOam If Wo angles are both -0Or^ruent sural^- 

Bssntar7j than eaoh of them Is a rl^t angla« 

#- * * 

Tht follotflng thTM thaeMms art all easy to prove, Vt 
give the proof of ona, Md leave the other proofs as problras. ' 

TtaomK 4-15 # If two angles are eomplemantary, then eaoh of 
them Is acute. . ' 

■^BORB! 4-l6 , SuRpiementi of eor^ruent anglas are oongruent to 
each other « • / 

Proof: Let £a and be aongruent angle Sj let 

be my supplement of ^a , and let £d be iwy supplement of 
^ , . We wish to show that /p amd £d are eongruent. We 
ap^ly. the definition of supplement twiee and the definition 
congmient angles* 

m + m = l8o 
^ m + m /d - l8o 

m ^ m ^b 

We odnclude that , = 

- m ^0 - ra ^d , 

TOius and ^d are eongruant, 

TffiOREM 4-17 * Complements of congruent angles are congruent 
to eaoh other. 



im) Two angles^ the svun of ,whoae- measures is l80 , 
are oalla^ angles, mid each ,1a eailad a 

' of the other. 

(b) Tto angles, the sum of whose measures Is 9p * 
are called angles, and each l*s called a 

^ of the other* . ^ 

Find the meaiure' of the supplement* of ^ ±f^m^ 



Is equal to: 






(a) .110 


M 




(b) 90 


(f) 


n 


(c) 36 


(s) 


l8o - n ^ 


(d) 15.5 


(h) 


'90 - n . 


Find' the, meaiure 


.of the 


complement of ^ If m ^ 


Is equal to; ' 






(a) 10 , 


. (ej 


^ / ^ * ' _ 


(b) 80 


'• (f) 


90 - x ^ J 


(e) *4.5 


(g) 


i8o - X " ^ 


(d) 37| • 


(h) 


_x + 45 


(a) ^MusV angles 


which form a linear pair be adjacent? 



Must they be supplamentary? ' . i ] 

(b) Must supplementary angles be adjacent? Must thay* 
form a linear pair? ) * 

(c) Illustrate your answers In (b) by drawing diagrams. 

If one yf^two supplemen^aryv angles has a measure which 
is 30 \roorp than the measure of the other, what *is the 
measure of eaish angle? 

If the measure of an angle^ is twice the measure of Its 
supplement, find the measure of the angle. 

The measure of an angle Is four times the measure of 
Its supplement* Find the measure of each angle. 

Find the measure of 'an angle which has twice the measure 
of its complement. 
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* 9« Tt^wmmMQ^ mt ft supplemeiit an angle Is equal to sAx 
tlMS the measuTC of a dompltTOnt of |ha glvan iAgia « 
njid tha measura of fhm glvan vigle . 

10\ ai^a^ n and XA are oppaslte 

^ v^m In the edge of the halliplane 
^ * I R ajid a ai*e In ^ i 

m ^mm * 35 Md m ^as ■ gto , 

(a) Niy^ a pai:^ of perpendleular % 
raySj If aiv oaaur In 'the 
figure, ' 

(b) Name a pair of oomplementar.y 
angles^ if anytooour In the A 
figure, 

*11, If ^ and ^ art two Mglas of a llnaar palr^^ then 

, + m ^ » V , and ^ and ^ are • 

angles, (ThlB oompletea tha proof of 'Ehaoram 4-13,) f 

12,' If two angles of a llnaar pair have the same maasurej 
than the measura of each angle is , 

*i3l Ki^pram 4-14 states: If two angles are both congmiant 
and supplementary, then each of them Is^ a right angle *^ 

Complfete the following proof by fllUf^in the blanks, 

Lat r be the measure of one of the given angles. 
Than the measure of the other given angle is also r , 

because the angles are \ The of the 

measureB of the two angles ie l8o ^ baeausa tha two 

angles are ______ * Thus . r + r - , and 

heno^ r ^ 90 . Sine a each of the given* angles has 
meast^ra 90 * each of thrti is a _____ angle, 

14., If two angles are both congruent and eomplementary, then 
the m^sura of each angle is . 
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If wid ^ abe 0Qmplts^nt»:»yt thgjft/^ ^ ' 

Bi ^ < y J mild ^ is an 



m ^ > 0 ji therefore J m ^ < 
ail ^ angle . (TOils aompletei th© proof of 

Thearem \ ' f 



J and ^ Is 

of 



^'if ^ ^ ar^ supplementary aiiglafl, and ^ 

%% aoute^ then ^ Is " # - ^ > 

Rgfer to the proof of TOieorem 4-l6 and use It as a * 

nwdel to prove Theorem 4-17- f 

^ . ^ • 

©It rays OA > OB j W3 > OD are ^netorent in that order 

'wid OA 00 ancl OB ^ OD , Answer eaoh of the 

following I 

(a) > L 



mi 



+ w z 

+ m Z 



= m £A0C I and 



(b) Zaoc and* imt^ are _ 
Les, Ijby? ' 

» and 



(p) m ZAOC ^ ^ 
m ^OD = ^ 



Whyl 



(d) /AOB is called 

of ZBOG ^> and ^ 

^DOC -Is ealled a 

Qt ^BOC , Whyf 

(a) Therefore, 

/ADC ZSOI^ * ' 4 

Given in the .figure to the right that^ m £a ^ m 
Answer each of^'^e following^ ' 




(a) 




and " Z^ form a 
pair, and / 




j 


Z« 


and form a 






ppair. 






Za 


and . Z^ — ajne^ ^^ 
angles, and 








and are 
angles* lii^y? 




(o) 


Za 






(d) 


Z = 


vmy? 
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and CD Interseet at o 
Answer «4ah of the following i \ 

. , ^ a^ad^ £x "form a ^ 

' pair, wid £ ^ 

and /r f oto a 



A' 



• -J 



pair, 

<b) and £ ^ are . ' 

I supplifeienti of /x^ . Why? 

* ' (e) £x £x , Why? 

(d) L Why? 

^-10. Vdrtloal Angles , \^ 
'Two interacting lines form four angles, like this i 





PaLirs of angles which appear to be opposite, such as and 

£b j and //ff and are called vertical angles. More, 
precisely we have the following deflnltl'on, " 

■ * - ^ * 

DEFINITION, Two angl*es whose sides form two pairs 
of opposite rays are called ^a pair of vertical 
anglea ■ ^ , 

^ Are /o4 and £^ in the above diagram a pair of vAtieal 
angles? Why? 

Suppose that two se©nents intersect ^^at an interlot! point 
of each. For examplej in tbe' diagram, IX and interiect 
at QL ./-^ V ■ ' ' ■ , 

J I 




V 



These tw© sepne^s deteraina two pairs of vertical angles. 
One of the pa4rs Is £AQY and ^B^jf". < Name the ^ther pair of 
verikloal ugles determined by the given segments. 

If a ray and a Be^en'tf Interseet, . , . 





I 



they determj^e two pairs invert leal angles* 

TOiese remarks are t^ieal of the situation^ mentlonad in 
the following theorem and also' suggeet the proof of the 
theorem, , ' " ^ 

TifflORmi 4^8 . Lft each of two sets be a line or a ray or a 
Bepnent\ If the two lines which are determined,' 
respectively, by tha> given sets intersect in a sin^l^ 
^ point V , then the givfen sets determine two pairs of 
vertical angles, all wittr vertex V . 

Problem 1 of Problem Set 1-4, as an illustr&tion of 
Ir^^uction, we Investigated vertical angles experimentally and 
we reached the tentative conclusion that the sure s of 
vertical angles are equal. We are now in a position to deduce 
this statement from l>ur postulates, thereby"^rovidlng a 
logical as well as an experimental basis for accepting it, 

TJie contrast between these two approaches Is worthy of 
ooranent. ' Irf^""^^stu^ which made no use of deductive reasoning, 
every statement would have to be supported by experiment, and 
could be accepted with certainty only in the cases covered by 
^the experiment. In a study which took no account^ 
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exparlmftntal rtsultn^ the premlseB would have tb bf mad'e- up in 
arbitrary faBhion, and the epncluslonB, except by oolneidenoe, 
would bear no relation to the physical **orld. Our •study of 
gegtaetry is a blend of these two methods. Our postulateB *re 
sug^ted by expei<linentatloht our theorems are ofitalneil from 
fhem by deduction. And because oUr ,poatulat*es are chosenVro 
embody observations about the physical world, out' theoremB are 
net Just intgrestlng aba^ractlona but.are often useful results' 
which calr be oheeked with high aceuraoy in further experiments. 

Stated formally, the result we wish to prove Is the" 
following. " , ' , . 



THEOREM 4-19, 



othar^ 



Any two vertical angle a are oongnient to eaeh 



^ofi Lat AB and CD be two lines whlGh Intersedt 
In the point W to form the vertical angles, £AWG and /BWD 




Now /AWC and /CWB are a linear pair of angles and hence 
are supplementary , (Why?) Also £bWD and ^CVffi are a 
linear pair of angles and are supplementary, 'since eaeh of , 
£km and £mp Is a supplement of £cm ^ Theorem 4-l6 tells 
us that /AWC and /BTO ^are congruent to each other/-''as 
psserted. ' ^ , - . 



As an Immed^mte consequence of this theorem,^ we have the 
» followlna^* 

THEOREM 4-20 , If two Intersecting lines Torm one right anglr, 
then they form four right angies. 



^-10 ^ 

^ . By m^ans of the previous theorem and the ^igle Construotlon 
Theorem, wa can prove the fbllowlijg useful result t 



THEOREM For each point on a line In a plane, th6re is 

one and only one line which lies In the given plane, 
contains the given point, and is perpendicular to the 
given line. 

Proof I Let ^ be one of the half planes determined in 
the given p9.ane (call It p ) by the given line (call it ^ ), 
and let A be any point of different from the given 
point (call It P), Then by the Angle Construction Theorem, 
there is a imlque ray PQ , with Q in %U such that /APQ 
is a right, angle* Therefore PQ is perpendicular to X and 
contains P . Similarly, there is a unique ray PQ' , with 
Q» in the- otMr half plane of 7 detemlned by X $ such 
that ^APft^'ls a right angle. Thus PQ and Pft» are the 
only I^^nes 

U 




i 




\ 




Q 






P / 


— ^ 




Q' 




\ 







' ' In ^ perpendfcular to and containing P . To complete 
our proof we must show'^that Pft an^ PQ» are the same. This 



follows from the fabt^ that ^APQ arid £apQ' are adjacent 
(Why?) and supplementary (^y?), and therefore, by 
Theorem ^-10, ^ and ^« are oppoelte raysi 



In this theorem It is ImpOTtant that all lines considered 
should lie in a single plane. If this restriction is 
eliminated, how many lines are perpendicular to a given line 
at a .given point? What do you think is the Bet of all points 
which lie on such lines? 



197 



-10 

^ " If we ellfnlnate the requlfament that the perpendlcuiar to 
must pass through a particular point, P , how many lines 
are there in ^ which are ^erpendlculsir to\^'- '? W^at do ydu 
think is the set of all points which lie on subh lines? 
Finally, 'if we eliminate both the requirement that the 
perpendicular lie in ^ and the requirement that it contains 
a particular point P , hjw many lines are there In space 

.wKich are perpendicular to ^^^£ ? What do you think. Is the 
set of all pdintB which lie on such lines^ 

The, related question, about the existence and uniqueness 
of a line perpendicular to and contaln^ig^a given point 
not on ^ £. i is not covered by the.;^preceding theorem. We shall 
discuss It after we develop the idea of congruent triangles. 



Problem Set 4-10 



In the figure If AB 
and CD intersect at 
'0 and m ^AOC - 90 , 
then^ 



(a) m £boD - 



because ^AOC 




angles, 
because /AOC 



and /BOD are 

(b) m £AOD ^ 
and /BOD form a ^ 

(c) m /BOC = ____ because 



pair, 
£AOD 



and IpoO are 



angle 8 , 



(This completes the proof of Theorem 4-20*) 



In tae figure AB , RS , and 

afe coplahar and intarsect 
at 0 , RS XY * Name four 
pairs ofi 

(a) VartlGal Emgles. 

(b) supplementary angles, 

(c) complementary angles. 




B 



3. , Two lines \i and cl? intersect at point 0 and 
' is the mldray of ^AOD . 




(a) Suppose that m £A0D ^ 50 . Show that the ray 
opposite to OE is the mldray of £00B . 0^ 

(b) Suppose that m /AOD ^ 80 . Is the c^oncluslon In 
(a) true In this case? 

(c) ^^Justify the conclusion In (a) In the case that 

m /AOD ^ X . 

(d) Statfe the conclusion in words, without reference 
f to the syTnbols in the diagram. 

' Let the ray-coDrdlnates of three coplanar rays VR , 

VS , VT be . O , 100 , 24o / respectively. 

(a) Draw a diagram^ showing the three rays. 

(b) ShoWj on your diagram^ the ^terlor of each of the . 
three angles /RVS , £SVT , £Tm . 

(c) Among the three angles^ do any two of them have 
Interiors which Intersect? 

\ (d) Find the measure of each of the three angles. 

(e) Find the sum of the measures of the three angles. 

" " • 

»5. Answer the same questions as In Problim 4 ^ for the case 
.... _^ln which t^he ray-coordinates of VR , VS , VT are 0 , 
70 , 270 J respectively. 

4 •S. Complete the proof of the following result by filling In 
^ the bi^nks. (It will be helpful to your understanding if 
you draw your own diagram . ) - 

If ^AVB , ZBVC , Z^^^^ ^^'^ three' coplanar angles 
such that the interiors of any two of them do not ^Inter^- 
sectj then the sum of the measures of the three angles 
is 360 . 
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Proof I In the plane conjalnlng the angles^ there Is, 

by Pbstulate ^ , a ray-coordinate system such that VA 

is the zero -ray and such that VB lias a ray -^coordinate ^ 

say 'b i which is less than * By the 

Interiors of . £avb. and /AVC do not intersect is therefore, 
C and B lie on ( sa?T^6 s^e, ot opposite sides) 

of VA , Consequently the ray-coordinate of VC , say 
c , Is than^ l80 . By the interiors of 

^Byc and /BVA do not i therefore, VA is not 

between VB and VC , Consequently, c = b < l80 * 
W the definition of a 



■ m £avB ^ b U 0 ^ b , 
m ^BVC - c b , 
and m £CVA ^ . 

The sum of these measures is * ' ■ 

m /AVB + m £BVC -f m /pVk - b > (c - b) + ^ 36q . ^/ . 

7. Let a ray-coordinate system in a plane assign numbers ^ 
0 , 60 , ^00 , 320 to the rays Ve , vj , VG , TO , 
respectively, ^ V^^" ^ 

(a) Draw a diagram, showing the four rays. 

(b) Show, on your diagram, the interiors of ^act^^f the 
four angles \ /EV^ , £fyQ , ^OVH , £}WE . ^ - 

(c) Among these four angles, do ^ny two of them have 
interiors which Intersect? 

(d) Find the measure of each of the four angles, 

(e) Find the sum of the meaBures of the four angles, 

8, Answer the same questions as In Problem 7 , for the case 
^ in which the i-^ay-coordinates o^ VE , VP , VG , VH are 

0 , 60 , 100 j 320 , respectively. 



/ 
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4-11 



• ... 

4*11* Trlanglrs and ftuadrilateral^ , ' ^ 

We all toiow what a triangle looks like* We also Imow that 
a triangle has three angles. If we d^w a triangle ^^make a 
figure which ^ looks like this* ^ ^ 




If ^ we now draw the three angles of this same triangle our 
fd^re looks like this 




(1) A 

^^^-$3^3 figure is certainly a drawing of three angles but is not a 
drawing of what we usually'^ mean by a triangle. Try to define 
"triangle" so that the objects you specify cdrrespond to 
pictures which look like what we usually mean by triangles, 

\ ^ 
^ DEFINITION, The Qnlon of the^tWee segments 

w 

points is 



'determined by ^ three non'colllnel 



^ail 



ed a triangle . 



I 



Notation > If ^* C are three noncollinear 
points, the triangle which they determine Is 
denoted by ^ the symbol AAK , 

' DEFINITIONS * Each of the points ; 4, B, C is 
called a vlrtfex of 4 ABC j eich of the segments 
AB , K , CA Is called a glde of =^4ABC j each 

^of the angles £ABC , /bAp^ , ^CAB is called 
an angle of A ABC . A side of a triangle and 
the angle whose vertex Is not a point of that 
side are said to be opposite each other. 
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We must be careful to observe that whereas the vertices 
and sides of a tr|langle are actually contained in the set of 
^points which con^^'tutes the triangle, the angles of a triangle 
are not contained in the triangle. In fact each angle of a 
triangle is a set of points formed by two rays, neither of 
which is contairied In the triangle (Figure l), Thus^ while 
it^is quite proper to speak of "th'e angles of a triangle" or / 
'■the angles detemlned by a triangle," It is incorrect to 
speak of ''the an^es contained In a triangle," perhaps it will 
make the distinction clear If we observe that whereas a school 
has alumni, or determines a set of alumni, the school doe^ not 
contain Its alumni. 

DEFINITION . The intersection of the interiors of 
the three angles of & triangle Is called the 
Interior of the triangle. " ^ 



Tjie following figure illustrates how the Interior of a 
triangle is the Intersection of the interiors of the three 
angles of , the triangle . 




L ACB 



4-11 

DEKENITIOH . The set of all those points in the 
plane of a triangle which are not oontalnsd in 
the^ triangle nor In its interior is called 'the 
exterior of the triangle . 

MEORBH 4^ag . The interior of a triangle Is a convex set. 

Proof ; It is the IntarBectlon of convex sets. 

As natural extenBlons of the Idea of a triangl^, we have 
the concept of quadrilaterals and polygons in general / ^ a ^ 
quadrilateral we mean, roughly, a four-sided figure like one 
of the fallowings 




A 

(5) 

What difference can you see between the last figure and each 
of the others? Using these ' figures as guides, write your own 
definition of quadrilateral • 
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DEFINITIONS r Let A, B, G, D be coplan&r points 
such that no t^hree are cplllnear, and such' tfiat 



none of the se^ents AB 



CD 



DA . . ^rftersects 



any other at a point which is not one of^/dt^^end- ^ 
points. Then we call the union of the segm'ents 
= ■ AB i W , OB , a quadrilateral, we call eack^of -the 

. four segments a side of the quadrllateraL, ^a^'tfiwe " ' 
call each of the points A, B, C, D a vertex -^f 
the quadrilateral. ..^-^ '-t-. ' " ■ • 

Is it possible for a single set of f^ur po^t!^i4#o be the 
vertices of different quadMlaterals? The follo^^^ figure 
shows that it is possible. 






(b) 



Notice that in this figure the same set of vertices occurs^^n 
each quadrilateral, but not the same set of sides. It thus 
appears that a quadrilateral is not determined by its verticis, 
and cannot be described by a list of the vertices unlfess the 
list also Indicates the sides of a quadrilateral. We therefore 
agree that when we list the vertices of a quadrilateral we 
shall do it in such a way that 

(a) vertices which are adjacent in th|- list are 
endpoints of the same side, 

(b) the first and last vertices in the list are . 
endpoints of tne same side. 



Notation, 



We shall refer to the quadrilateral whose 
vertices are A, B, C, D and whose sides are AB , 
BC , CD , M as the quadril ateral ABCD 
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In this notation, the quadrilateral shown in Figure (a), above 
ean properly be referred to as , 

quadrilateral ABCD , or 
quadrilateral BCDA , or 
quadrip^ateral CDAB , or 
I , quadrilateral ^ BADC , 

tnit not as quadrilateral ACE© *^'Why? For which of the three 
figures shown above ie quadrilateral ACDB a suitable n^e? 



Problem Set 4-11 

Complete this definition of -a triangle: a triangle la 

the of th# three determined by three 

points. ^ 

Are the .sides AC and , TS 
of A ABC the same as the 
sides of /A ? Explain. 



3, Is the unftn of two *of the angles of a triangle the 

« ■ • 

^same ag t^je' triangle itself? Why? 
4; Is ^ triangle a convex set? Why? 

5, Is the exterior of a triangle a convex sat? 

6, (a) Can a point be in the exterior of k triangle and 

in the Interior of an angle of the ferlangle? 
Illustrate . , 

(to) Can a point be in the exterior of a triangle and 
not in the Interior of any angle of the triangle? 
Illustrate. 

7, Given A ABC , and a point P which is In the interior^ - 
of ^BAC and also In the interior of £AOB . What can 
you conclude about point P ? 




01 van ^ ABC and a point p such that P and . A are 
the Bwmm side of ajod such that P * and B are on 

tjfee same side of ^hd • 

(a) Is P in the interior, of ^ACB ? 

(b) Is P in the interior of A ABC ? 

Illustrate thfe fact that the exterior of a triangle Is 
the pame as the .union of the exteriors of the tiiree 
s^^Jes of the triangle,. 

ABCD nMieB a quadrilateral, Wilch of the following 
hames denote this same quadrilateral? 

(e) DABC 



(a) 



ACBD 
ADBO 
BCDA 
BACD 



(g) 



ODBk 
DBCA 
CHAD 



Sketch a picture, showing four distinct ooplana^^ points 
such that the union of W , W , W ^ and M is not 
a quadrilateral. Is" there more than one possibility? 



^plain why the following statement is true^ 

If a line m intereects two 
sides of a triangle ABC In 
points D and E , not the 
vert^^es of the triangle, then 



line m does not intersect 

Show 



the third side. (Hint 
that A and B are in the 



samei^alfplane with edge 



m 



) 




Tr^HTigles and quadrilaterals are speclar kinds of polygons* 

The Idea of a polygon can be expressed more precisel^ as 
follows. Suppose that we have given a sequence 

of distinct points In a plane* We Join each' point to the next 
one by a^ se^ent, and finally we Join P to P. . 



Pa 




In the figure, the dots Indicate other possible points and 
se^ents, because we do not Imow how large n is. Notice that 
the point Just before P^ Is P_^^^ , as it should be. 

As an example, the set shown in Figure (4) above is the 
union of six segments, aa pictured below* 



Check that, If we label each corner point, or vertex^ of 
the set which was shown, in Figurl (5) abova^id Is reproduced 
belowj ' . - 




we woul^d^nave fifteen points , , , . 1 , p^^ , and /the 
set is the union of fifteen segments Joining certain pairs' of 
t'^ese points* * ' 

) 



DEBIKXTIOKS, Le t P, 



P. 



n 



(n ^ 3) be n distinct points in a plane, 



Let the n segments P^Pg 



P P 

^n-l^n 



Vl 



have the properties^ 

(1) no two segments Intersect except at their 
endpolnt a, and ^ 

(2) no two segments wfth a coriimon endpolnt are 
colllnear* ^ 

Then the union of the n segments Is a polygon 
Each of the n * ^Iven points is called a vertex 
of the polygon. Each of the 
called a aide of the polygon. 



aegmente Is 



If n = 3 , this is precisely the definition of a trlangl 
and if n ^ , It is the definition of a quadrilateral. For 
a few more values of n we also have special names which are 
commonly used and which you should learn: 



Value ^ n 

3 
H 

5 

6 . p. 
7 
8 
9 
10 



12 



Name of polygon with n sides 

, triangle 
quadrilateral 
pentagpn ^ 
hexagon 
heptagon 
octagon 
no nag on 
; decagon 

dodecagon 



NotatlonV We shall refer to the polygon whose 
vertices ^re% ?=, , , , , , ^ I 



are 



^1^2 
^n 



? and whose sides 
n 

as th^ polygon 



DEFINITIONS . Two vertices of a polygon which are^ 
endpolnts .of the sam^ side are called consecutive 
vertices ■ Two sides of a polygon .which have a 
common endpolnt are called consecutive sides,' 



Much of our discussion of polygons will he restricted to 
a special type of p-Qlygon, whose description involves the 
notion of a convex s^ , Most of us would say that^ In the 
following pictures ^ the /'interior" of the first quadrilateral 
is a convex set while the interior" of the second is n 
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^fay to glyt # dennitlon whloh eaqprtBsas tih&t you yndarstand 
by ft oonvM pdlygon, 

- IgramTIQN , A polygon Is a eonvex polygon if and • 
only if mmoh of Its sides lies In the edge of a 
half plane whiohpcontalni all rest of the 
polygon.^ - - . 

, I The following figures Illustrate how each side of a oonvex 
/qfusdrllateral lias in the edga of a halfplane which' Qontalns 
all the rest of the quacfrllateral* 



\ 



B 
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Ttm following ftguM9 lllustrata that fox* a qv^^llattral whlah 
Uii'pat Qonwmx this IS not tht.ease. 





/ DEglNITION p TtiB Interior of sopvex pQlygon 1b 
^ thte interseetion of all the half planes aaoh of 
which has a side of the polygon on its edge and 
contains the rest of the polygon* 

N^4ce that eve^ triangle is a eonvex triangle and that 
the interior of a convex polygon with three sides* as defined 
here, is the Bame set as the interior of the' triangle^ as 
defined in the preeeding section. 

Observe carefully that a convex polygon Is not itself a 
convex set, (Why?) The following theorem explains what is 
convex about a convex polygon. 



TmORM 4-23 , The interior of : any convex polygon is a convex 
set. . . ^ ; 

Proof: It is the intersection of halfplaneB, ^d each 
of them is a convex set* 

DEnKITION ^ Any secant which joins two vertlcee of 
a convex polygon and is not a side of UiQ polygon is 
called a diagonal of the convex polygon . 



MgXNlTIONS i Any angli 'determined by a pair of-?, - 

^^^^^^^^^^^^^^^^^^^ ' 3J 

aons€GUtlvt sides of a convex polygon is called ^ ' 
an iufigl# of the oonvex poiygon , Twa angles of- 
a convexNp^lygon' are oalled oonsecutive angles 
if and only if their intersection is a side of 
tMT)olygon* ' > " 

^ ■ / 

itote that jmy two vA^ti o^f a triangle are conseQutive,f" 
81^: "l^y^- s'£AiB of a triai^la are- aonsedutivej and any two anglib 
of k "p^i^iangla are Gonseautlve, If two vertleea of a polygon, 
-0r— tw0~#ides of a polygonj or tw^ angles of a conyex polygon 
al'e not consecutive^ we nay easily desoribe them as being 
"no»onsecutive," However, for the efise. of the quadrilateral, 
tha s^Jfi^ial word, "opposite," is frequently ufied. 

MFINITIONS, Two vertioes of a quadrilateral which : 

= — . , — * . 

are not conB^j^utive are .galled opposite vertices , 
and each is 'Sald to be opposite to the other., Two 



sides of a quadrilateral Whl^ii; are not oon&STC^tive 
su*e called opposite sideSj and each is said to be 
oppo.^ite to the other, anglts of a convex 

quadrilateral which arj not consecutive are called ; 
opposite angles , and each is said to be opposite to 
the other* 

Given a side of a quad^lateral,^ there is exactly one side 
of the quadrilateral which is oppoalte to it, ^Similarly each 
vertex of a quadrilateral determines an opposite vertex. 
Likewise, each angle of a .convex quadrilateral has a unique 
angle opposite it* Do you see we Mo not' speak In gene^ral 
abou4--^e "opposite sides of a polygon" or the "opposite' 
vertices of a polygon" or the "opposite angles of a convex 
polygon" ? ^ 



Glvan thm polygan ABCDEF , whleh of the following naaes 
Ainote thm sama polygon? v 



(a) 

(b) 
ta) 
(d) 



^ (h) 
(1) 
(J) 



DEFACB 

DIBAGF 
IDG MP 

mwmk 



In* this .Qiia^rilateral ^BCD * 
W is called a of the 

quadx^lataral I BE is Imoim 
as a , and TCS are 

sides ^ W flid TO 

Bides, and ,/p 
are called aingles^ 
and are ^ angles, auid 

point A is a ^ , 




Is AKPEF a piatwe of a convex polygon? Explain 
your answei^. 




A ^ 

(a) Draw a pieture of a convex pblygon of each of the 
following typesi 

Triangle 

/ Quadrilateral 

Pentagon 

Octagon « 
Decagon 

(b) '^ Choose a slfigle vertex in each polygon and draw all 

the dlagonaia from that vertex* 

(c) Compare, ir^-4aGh cage, the number of diagonal a^w^th 
.the number of sides, ^at generalisation seems to 
be true? / 



2m 



The idea of an mgle as" the union of ' two oonourrtnt rays 
is asaentlally a eonotpt of plMe geomatryj sinee no matter how 
the angle be" oriented In sp^ee,^ its two rays will always 
determine a uhique plane whleh^^ill contain the angle* 

As a natural generalization of this concept from plane to space 
geomet^j we have the idea of a dihedral angle . 

DEFINITIONS , A dihedral itfigle ii the \mion of a line 
and two half plaries having ^:Biis line; as *edge and not 
lying in, the same plane* line la'call^ the edge 

' of th^ dihedral angle . The union of thp^^li^^and 

either halfpliLne is oalled a face of the dihedral angle . 

A dihedral angle is thus a figure like that suggested by two 
pa£es of an open book or two intersecting walls of a room* 



r 




Notation * Jf BC is the edge of a dihedral angle 
} and if A and D are points In different faces 
ot the angle but not on the edge^ the angle is 
denoted by the a^mibol £a-BC-D , . ^ 

Clearly, two intersecting planes fom four dlKadral 
angles. Just as two intersecting lines form four (plane) 'angles: 




:r - 
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Wt shall speak of palrB of dihedral angles suoh as 
Ik^fQrQ and ^-PQ-D as vertlgal dihedral angles , (imich 
dihedral angW f oma with £A-pq-D a pair of vertioiil 
dihedral angles?). We postpone all dlseusslon of the measure 
of dihedAl angles until we have studied lines and planes more 
extensively- , . > . 



Problem Set 4-13 



1, Name the two pairs of vertioal 
dihedral angles in the figure. 



This . I amid with a triangular 
base (called a tetrahedron) 
has six dihedral 'angles. Name 
them*. 



Describe some dihedral angles whleh can be seen in your 
olassroom* * 
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All wgle is the \mlQn of two noricolllnaar, aoneurrent rays. 
With the agpetment that ^the \mit for maasurins anglas is tha 
dagreaj every angle has a imique measure* ^e measure is a 
real number between 0 and l8o . An angle may be elassified 
as an aaute ftngle^^ alright angle ^ or an obtuse angle aaaording 
as its measure is, IMs than^ eqiml toj or greater than half of 
180 , The sides of a right angle determine two lines which 
form four angles all with the SMe measure. The particular 
importance of the right angle will gradually be revealed as 
we observe the many situations in which two perpendicular sets 
play a role. 

We often oonsider a pair of angles. Several useful t^^pes 
are a pair of supplementary anglesj a pair of oomplementary 
angles I a llneSr pair of angles ^ a pair of adjacent angles ^ 
a pair of vertieal angles. The Gonditlon that two angles be 
supplementary or be complementary depends only on the measures 
of the angles. The condition that two angles be a linear pair, 
or be adjaoent angles, or be vertieal angles insists (^ong 
other reqiiirementi)^ that the two angles be coplanar and have a 
common vertex, . 

In Chapter 3 we Btudled a coordinate system on a line, 
that iSj a one-to-one correspondence which matches points and 
numbers such that the distance between points is related to the 
differencp between numbere^ In Chapter 4 We studied a ray- 
cooMlhate system in a plane relative to a point j that is, a 
one-to-one correepondence which matches rays and numbers such 
that the jneaaure of an angle formed by ra^ is related to the 
difference between numbers. The Ruler Postulate in Chapter 3 
gives us coordinate systems on a line. The Protractor , Postulate 
in Ghapter 4 gives us ray-coordinate systems in a plane, 
Purthermpre each of these postulates states that. If certain 
requirements are satisfied, the system Is unique. A coordinate 
system on a line enables us to describe betweenness for three p 
distinct collinear points, A ray^coordinate system in a plane 
enables, us to describe betweenness for three dlstihet concurrent 



-I'li: ... - . . - 

^ay# Whose tnt©riors ije in a half plane* The Betwasnnesa- 
Distiuiea Thtorem ralatas batwaemiesi for points and three " 
dlitanaeSi the Betweenneis-Anglei T^ieprem relates betweenneis' 
for rays and the meaBures of three angles, A segment has an 
interior a6nsisting of all points between its endpolnts. An 
*^mngla has an interior oonsiatlng of all interior points of rays 
between its sides. 

In a given pl^e^ any^ line separates the plane Into two ^ 
half planes^ any mgle separates the plane into the^ interior and 
^ the exterior of the angle ^ any triangle separates .£he plane 
into the Interior and the exterior of the trlahgle^ and ; (more 
gena rally) any convex polygon separates the plane into the 
In't^rj.or and the exterior of the convex polygon. Evei^ half- 
plane, ^he interior of every anglej the Infrferior of evei^S^- ^ 
triangle^ and the interior of every convex polygon are obnvex 
sets* 

In the preceding chapter we intttfduced congruence of 
segments. In the' presfent chaj^ter we Intrbduced ootfigruence of 
angles/ ^ In the next chapter we ehall introduce congruence of ' 
triangles. We shall study congruence In mueh greater detail 
and lea^n more about proving theorems. ; ^ - 



Vocabulary List 



con vex ^et 
half plane 
angle 

fllfeasure of an angle 
ray-coordinate system 
,betweenness (for rays) 
midray 

interior (of an angle) 
linear pair of angles 
adjacent angles^ 
right angle 
acu'^e angle 



obtuse angle 
vertical angles 
triangle 
quadrilateral 
polygon 

convex polygon 
dihedral angle 
perpendicular 
congruent angles 
supplementary angles 
complementary angles 



: Review Frdblems 

* ' ' ■ " / ^ — -n- - 

mi in thm ttsnksi 

(a) Ihf sat of all points in m plana which lie on one 
side of a given line of the plana Is called a 

(b) Two seta of points Into whiori a . ' 

separ4tfi space are Galled/^lfbpacei 

ii)^Thlif XiMm whiah separates. ^ j^l^^e into two half- 
planes Is called the ■ ^_ ^ of each half pi we *^ 

(d) me set of all ^ints in a halfplane le a^^, 

set, 

(e) , inter sect ion of a halfplane and its edge is 



(a) Given the set of al^ points on a line whose 
coordinates satisfy 3 < 3t 10 , Is this Bmt . 
of points a convex set? 

(b) Teli^fhether the eit which 1b euggested by 
shading In each of the following pictures is a 

^ convex set • \. : ... 

(1) " (2) (3) t 



In a given plane the ray-ooordlnatea assigned to VA ^ 
VB J VC , and VP are, respectrvelyj 0 , 25 , 105 , 
and £80 , Find the measure of each of the following 
angles. 

(a) m £BVC - (d) m /CVD 

(b) m /AVD . (e) m /AVC 
. (c) m £dvB . ' 



^. mi in the blanks in each of the followlnyi statementsi 

^ (a) ^ Ttim TBy that - mi ajigla Is called thm ad^toay 
of the angle, - , 

(b) Ito, every ar^le theBi eorras^nds a unique number k 
^: = ( " < k < ) , ealled the ' ot the 



(c) An angle whose measure is less than 90 Is oalled 



(d) to mgle whose measure is greater than 90 Is 
called 

(e) Angles with the iame measure are , 



(f ) If two angles are both congruent arid supplementary^ 
thtn aaoh of them is a , 

(g) Supplements of eongruent angles are , 



(h) If two anglea* are complementary^ then each of them 
is 

i±X An angle is the of two ^ which have a 

commort endpolnt and do not' lie Cn the sajne lijie. 

(3) If X, Z are three noneollinear points^ the 
unioiTof the three .pepaentB determined by these 
points is a " , 

(k) If Yj Z are distinct colllnear pointSj the 
union of the three segments determined by these 
- - points is a , 

(l) If one of two supplementary angles has a measure 
which is '50 more than the measure of the other, 
then the measures of the two ajigles are _ 

(m) I^e measure of an angle is five times the measure 
of its complement, ' The measures of the two angles 
are and . 

(n) If the angles of a linear pair are congruent, each 
of the angles is a ^, 
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U thera a i^int plus of a trli^le euoh that the 

* pdint la ntlther in the extarlor nor th# Interior of the 
trl&ngla aria neither In the Interior nor the exterior of 
>mytef Its ^^leat Explain. 

6. Is the'' measure of on© angle added to the measure of • 
ffi fip-^her angle naGessarilJ the measure of an angle? 



Explain. ^ . 

to the follQirt,ng figure ^ Flndi 

m ^ 90 , (a) m ^DOG 

m £ioc ^ 50 , (e) m £WA 

m ^0 m 25 . (d) m £AOB 




Wiioh one of the glyfen data Is uimeoessary? 

8, Given ^ST and point X between R and T ^ la X 
in the interior of the angle? Why? 

9. If the meaiure of an angle in degrees is 63 ^ what is 
its measure In right-angles? In grads? 

10, 01 van nonoolllnear rays AB and AC with ray-eoordlnates 
b and c , rtripeitlvely, what is m /MO 1 Dlseusa " 
four possible eases* 

11 ; If B, D are pplnts In a half plane, ^ ; whose^ edge 
^Mntalns the point A , and if AC Is between AB and 
aJ , state the relation between the measures of the ^ 
threes angles determined by the three rays. 

12. Csui the interior of a triangle be aonsldeftiS^as the 
intersection of three half planes? Illusti^ate. 
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Refer to the figure at the 
rigbt ta answer the f% 
following questions^ 

^ii) Itow many 'triangles are 
Ambmrmlnmd^ by Aj Cj 
D, a isi tola figure? 

(b) Does m £mo - m ^Bte ? 

(a) Oses ^BAC = ^AE ? 

(d) Is* £AH supplementary 
to ^BC ? ^ 

If In the figure S ^ 
^BX^laln why ff * 

In this figure, CP and ^ 
Intersect at 0 ; OP la a : 
mldray of ^AOC j OQ is a 
ml^ay of /COB j m /AOC ^ 70. 
Find? 



(a) 


m ^COB 


(b) 


m /POC 


(e) 


m. ^COQ 


•(d) 


m ^POQ 



s 



In the figure ^ Pft and MN 
Intersect at 0 , OA and 
OB are mldrays of /QON 
and /PON , respectively* 

(a) m /AOB ^ . . . 
Justify your answer* 
Hint- Let m /PON ^ x * 

(b) Doei this prove that the 
union of the midrays of the 
anglee of a linear pair Is 
a right angle? 
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JL% th® following a oQrrtdt. rtstatemaht of fh© Angle - 
Coiistru€tlon ^mormmt 01 van a r^y XY inA a flumtoer k 
be't^eon^ 0 l80 thera is exactly one ray XB suah 

that m ^FXY ^ k ? acplaln. ^_ ^ _ 

Is ths follo^ng stat©m#nt trut In every case? If AB 
0? Intersaot at p , than ^AOC S ^OD . 

In a r^-OMrdlnat^ systam let thft ray-eobrdlnateB of 
W » W 9 W dj p* a, raspaetlvely, Supposa tl^at 

la Vatican AD and Al and that ^ 
%^^^ m ^ Ecprass p In terms of d and e In eaah 
of the following three cases* 

(a) 0 < a - d < 180 . 

(b) p < d < 90 and a > 270 . \ ' 

(c) d < 90 and 270 < e < p , 

In triangle fflC , llf D be the midpoint of aide W , 
and let P be a point on ray AD , Is P In the ^ 
Interior of /BAG ? Is P in theUnterlor of ^BAC ? . 
Justify your answers. 

What can be asserted about the Intersection of*the 
Interiors of two adjacent angles? About the vertices ot 
adjacent anglte? Must adjacent angles be coplanar? 

A polygon whose union with its Interior Is a convax set 
Is a _____ polygon. 

A polygon with ten sides Is called a 

If XY Is the edge of a dihedral angle and If P ^d 
Q are points In the respective faced of the ^gle but 
not on thfe edge, the angle is denoted by the notatloni 
, Sk6tGh a drawing and label. 



010 %im figUFt below to ansmr Questions (a) through (a)i 




(a) Desarlba the IntersaQtlon of trlanfle AEF and 
quadri lateral ABCP , ^ ' ^ 

(b) ^ ■Bescrlb# the Interseotlon of st^snt W 

■ 

quadrilateral ABCD ^ 
(e) Daserlba the imlon of secant s TP ^ 'W_ , and ^ , 
(d) Deaoribe the intersectlorv of sapfierita U and .^W * * 
- (a) Dasorlbe the \mlon of trlangla AEF and segment TO 
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Chapter 5 
CONGRUENCE 



5-1* Introduotlon , 

If two dresseB are made from the same pattern how are they 
alikt? If two automobile fenders are stamped by the same die, 
how are they alike? If two houses are made using the same set 
of blueprints, how are they alike? 




Theee questions are easier to ask than they are to answer. 
They are concerned with the shape and^sl2:e of physical objects. 
Much of modern economic life Is based upon processes whereby 
many ''carbon copies-' of a model can be produced efficiently. 
The success of modern mass production technique depends upon 
the ability to produce physical objects which have the same 
slEe and shape , 

In this chapter we are concerned with the "size and shape" 
of geometrical objects. These geometrical obJects--llne 
segments, angles, trlangles--are not physical objectsi they are 
mathematical objects which exist In our minds. The only 
properties which these objects have are those given to them 
in the postulates and those which can be logically deduced 
from the postulates. The mathematical concept corresponding 
to "same size and shape-' is "congruence," We have already 
discussed the concept of congruence as it applies to segments 
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and to angles. -You will remember that segments are called 
congruent If they have the same length, and angles are called 
congruent If they have the a^e measure. 

5*2, Congruence of Triangles , 

Before discussing congruence of triangles (that 1b, 
triangles of the mathematlQal or geometrical variety) let us 
think briefly about the cardboard variety of triangles which 
we encountered in ^nformal geometry. If two of these physical 
triangles have the same size and shape, .it means that they can = 
be placed' one on top of the other so that they fit well 
together. The sides which fit together have the same lengths i 
and the angles which fit together have the same measures. It 
Is interesting to note that the process of fitting the 
triangles together establishes a one-to-one correspondence 
between all th|^ points of one triangle and all the points of ^ 
the other triangle. Each point of one triangle Is matched with 
a point which lies directly above (or below) It. Each vertex 
Is matched with a vertex, and each Interior point of a side Is 
matched with an Interior point of a side. In the figures 
below D and D' are corresponding points. 




If P and Q are any two points on one of a pair of 
triangles having the same size and shape, and if P» and ft» 
are the corresponding points on the other triangles, then 
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We propose now to make the transition from the physical 
to the mathematical and to build a concept of congruence for 
geometric triangles * We do not build a mathematical theory 
which InVofvts actually moving these mathematical triangles. 
Physical objects can be moved aboutj cardboard ^triangles can 
be placed in various positions to see If they fit. 'Mathe-^ 

^matlcal points./ lines, planes, triangles, etc. exist only in 
our mindsj they hive only the propertlea which are postulated 
for them or- which are logical consequence s of these postulates 

^In order to "see" if mathematical triangles '*fit". we set up 
one'-to-one correspondences between their vertices and compare 
the Tnatched parts. 





D F . 

Given two triangles ABC and DEF there are six different 

one-to-one correspondences between the vertices of one and the 

vertices of the other: 



II 



III 



A*- 



IV 



C ^ 



V 



=*F 
-»E 



C 



VI 



^1 
=^F 



C ^ 



0*7" 
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U 



A ^ 

. C 



■♦DEP to denote the one-to-one" 
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For convenience we use ABC^ 
correspondence I , ABC *,, » DFE to denote the correspoMence II 

to „ 



and so on. Sometimes It ±h helpful to write 
emphaelze which vertices have been matched. 



ABC 



■■■■ Note that there are several ways to write each corre-' ^ 
spondence . Thus ABC < » DEF and ^ CAB ► FDE are two , 
different ways to write the same correspondence. Each of these 
two correspondence symbols tells us that A and D are 
cprreepondlng points , that B and E are corresponding points^ 
and that C and P are corresponding points * . 

In the correspondence ABC ^- » DEF , there are three pairs 
Uof cbrrespondlng ^points. We are Interested In them primarily 
as polnts-whlch are vertices of the anlles of the triangles, 
and as points which are the endpolnts .of the sides of the 
tFlangles, In connectloh with this correspondence, then, we 
sh^ail speak of six pairs of cprraspondlng parts , Three of 
these six pairs, are pairs of angles: £k and £d , £b an'd £E , 
/C and . The other three pairs are pairs of sides: 

JS and DE , W and DF , and ' W and IP , 

-, DEFINITION , A one = to-one oorrespondence between 
the vertices of two triangles' in which the corre- 
sponding parts are congruent is called a congruence ^ 
between the two triangles. 



Here is a picture of a correspondence between two 
. triangles which is "a congruence. 




02 S 

2:h] 



V 



Explain why it is a congruenGe, Complete the following 
statement of a correspondence so that it correctly denotes this 
congruenQe* \ 

ABC < > . 

Now write several other symbols which denote this same 
congruence . 

Here is a picture of a correspondence between ;wo 
triangles which is not a congruence. 



C 4 — — — #- F 




ABC *^ EDF 



Explain why it is not a congruence. Complete the following 
statement so that it correctly denotes a congruence between 
the two triangles: 

FED 4 » ^ ^ . 

According to our definitlonj a congruence Is a certain 

kind of pairing of the vertices of triangles. It is useful to 

have a word to describe the existence' of ^uch a pairing* 

* • \ 

DEFINITION . Two triangles are congruent If and only 
if there exists a one-^to-one correspondence between 
their vertices which Is a congruence. 
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If ABC < > DBF Is a congruen'e between A ABC and 
ADIF , then each of the following statements 'Is true: 

i 

IB S AB ^ DE. 

TO) S DP , AC « DP 

m m ^ m ^ 

In each of these six lines , the. congruence on the left and the 
equation on the right are mathamtlcally equivalent In the 
sense that if one of them Is true, the other is also true. 

It may happen that triangles ABC and DE# are congmient 
iven though ABC*— *DEP Is not a congruence. Triangles ABC 
and DEF are congruent If at least pne of the one-to-one 
correspondences between their vertices is a congruence. To be 
definite we agree to use the following notation. 

Notation , A ABC ^ dDEF means that the correspondence 
ABC* frDEP is a congruence. 

Note that if ABC*— #^FED is a congruence but ABC*— ^ DEF is 
not a congruencej then we may write ^ABC S APED > but It Is 
Incorrect to write A ABC S A DEF . 

If ABC told DEF are. triangles (not necessarily distinct) 
and if ABC *- — fc-DEF is a congr^ncej then each of the six 
parts of ABC Is congruent to the part of DEF with which 
It is matched. This is Just a restatement of the definition 
of congruence between triangles. In view of our definition 
of congruent triangles , then , we sometlbes say that : If 
triangp.es are congruent, their correspo^ndlng parts are eongruent 
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Probltm Set 5-2 * 

In Problems l-^S, two triangles are drawn and parts so 
marked to Indicate congruence of se^ents and congruence of 
anglei. For instance In Problem l^ we see IfB and DE 
marked alike* ^l^ils tells us that ^ S de . List all 
poasibla correspondences between the triangles in each pair 
and tell whic^*i^j| congruences. / 

1. 



C F 




2}. 



3, 




k, Belrfw are six figures* If a correspondence looks like a 
congruence assume that it really Is a congruence* Write 
the conginiences between pairs of triangles* You should 
get four congruences in all. One is ^MXQ ^ A LEW , but 
not ^MXft^i ^LWE . J ^ 



I 




5 -a 






5* Answer as in Problem 4, 









In triangle ABC , the three sides are 
congruent and the three angles are con- 
gruent. Write down all the congruences 
between the triangle and itself start- 
ing with A ABC £ A ABC . (You should 
get more than four congruences.) 
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5-3. Properties of Equality and Congruence , 

We now consider the mathematical properties of '^^.cpngruence , 
Suppose we toow that 4 ABC 5 dDEP . We taow that ' ^^BC" 
and "A BOA" name the same triangle. Can we therefore say 
that AbCA S ADEF ? Recall that the first congruence applies 
to the correspondence ABC^— ♦DEF , while the second applies 

to BCA^ ^DEP , If AB ;^ BC , can both correspondences be 

congruences? Clearly the statements A ABC ^ ADEP" and 
AABC " ^BCA4 have dirferent meanlnggf and the relation in = 
dlcated by £ " Is clearly different from the relation 
■ indicated by ^ , 

You may recall that the relation Indicated by " ^ " ^ ^ 
.called equality^ was an Important part of your studies in 
algebra. In such sentences as "a ^ b" ^ *'a" and "b" name 
the same object. By the substitution property of equality we 
may replace one of the names in a statement about an object 
Dy another of its names. Obviously^ we cannot j In general ^ 
substitute one name of a triangle for another in a triangle 
congruence statement , For the object In such a statement Is a 
correspondence between the vertices, and not a triangle. 

Do equality and congruence relations have any properties 
In^i common? They do and they are Important enough to be given 
names as follows: 



1. 



equality 
F^r any 



The reflexive property of 

trlanglff congruence 
For any 4ABC f AABC S AABO 



To prove the reflexive property of congruence we simply note 
that AB ^ AB , (by the reflexive property of equality, ) There- 
fore AB S AB , by the definition Qf congruence of segments. 
In similar manner we can prove BO S ^ , ^ ^ , £k & /A ^ 
£B i £b , /C ^ £C , Therefore A ABC - A ABC . 



equality 

If a - b 



The symmetric property of 

triangle congruence 



then b 



If A ABC - ADEF 
ADEF = AABC 



then 
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Uilng the iymmetrlc property of equality it is easy to 
prove the spAetrlc property of triangle congruence. This 
proof is left to you as a problem in the next problem ^et * 

3 , The transltljfe property of ^ 

triangle congruenoe 



equa 
If 



a ^ b 
then 



and b 

a ^ c , 



If A ABC ^ ^DEF and 
ADEF ^ , then 



Using the tranaitive property of equality we indicate how 
to prove the transitive property of triangle congruence* Prom 

AABC S ADEP , it follows that TO TO * Bacause congruent 
se^ents have equal lengths, AB = DE . In the same manner we 
may start with ADEP S ^gHK and conclude, ^ GH . By^ the 

transitive property of equality we may then say, AB ^ GH , 
andfcvtheref ore AB S gH . In this manner we ^rove thatj in the 

correepondence ABC# *^GHK , all pairs of aorrespondlng sides 

are congruent. Now we consider corresponding angles. Because 

AABG S 4DEP , It follows that [h ^ £D and m £A ^ m £d ; 
from ADEP S AGHK , we can conclude, m ^ m /G . There- 
fore m ^A ^ m £Q or ZA ^ ^G . Similarly all pairs of 
eorrespondlng angles of A ABC and AGHK are congruent and 

AABC S AGHK . ^ 

Our discussions of congruences in the preceding chapters 
and in the above paragraphs can be summarized in three 
theorems. 

/' ' 

THEOREM 5-1 , Congruence for segments teas the following 
properties. 

Reflexive: A5 - TO , 
Symmetric: if AB - then W ' 
Transitive: If AB ^ TO and CD S 



? AB 



then AB 



EF 
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TlffiOR]^ 5-2 . Gongruenea for angles has the following properties 
Reflexive I l}^ iJ^ * 

S^mnetrici * If S , then /B S . 

Tr^sitive: If % , and 2^ ^ £0 , then /P^ ^ /p . 

TOEOREM 5-3 . Congruence for triangles has the following 
• properties* 

Reflexive: A Am S 4 ABC . 

Symmetric* If 4 ABC S A DEF , then A DEP & A ABC , 
Transitive! If A ABC S A DEF and A DEF * AGHI , 
then A ABC i AGHI • 

We note next that equality has two properties which 
congruence does not have. They are the addition and multipli- 
cation properties listed below. 

The addition property of equality . \ 

If a ^ b and x are numbers and a ^ b , then 
a + X " b + X ; more generally j if a , b , c ^ d are niimberSj 
a ^ b , and c = d ^ then a + c ^ b + d , / 

Let us note that -x .also represents a number and then 
a + {'x) denotes the difference a - x , Therefore > the 
addition property applies to subtraction also* 

Illustration ^* 

Suppose that A > B * C ^ B are 
collinear points in that order and 

that AB - CD ^en the addition ^ ^ q ' ^ 

property of equality permits the 

conclusion^ AB + BC ^ CD + BC . Then AC ^ BD follows by 
the substitution property of equality. For AC ^ AB + BC 
and BD ^ CD + BC , 



N 



?35 
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II lu strat Ion ' 2 , 

Suppost OA , OB , OC ' . 

and OD are concurrent rays 
In that order, smd that 
M £kOC m m ^OD , Then the 
addition property of equality 
tells US that . 

m £kOO - m £B0C ^ m £bOD - m £B0C . 
Explain why m £A0B - m /COD 
follows from the substitution property of equality . 

., . ■ / 

The multiplication property of equfality , 

If a , b and x are numbers and 
more generally, if a , b , c 




ax ^ bx 

a ^ b , and c ^ d 
' Illustration 1, 



a - b , then ^ 
, d are numbers. 



then ac * bd 



Suppose XP is the midray 
of /AXB , TO is the midray of 
^CYD and m £AXB ^ m £CYD . 
Then the multiplication property 
of equality, with the multiplier ^ 
^ , pemits the GonGluBlon 
m /AXP ^ m ^CYQ or m £AXF ^ m £DYQ 

Illustration 2* 

If M is the midpoint of W. 
and N is the midpoint of KL and 
MH ^ NL . then the multlpllGatlon 
property of equality, with the 
multiplier 2, tells us that OH ^ KL 





M 
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Problem Set 5-3a 

State the property which iustlfleB each of the following 
statements « 

(a) Ai a AS . ^ 

(b) AB ^ AB , 

(c) If Ikm S £dep , then £def S /abc , 

(d) if A FOR ^ ^RST and ARST S AXYZ , 
then - AXYZ , 

(e) If a ^ b and b ^ c , then a ^ c 

(f ) If 2x + 5 ^ 12 , than 2x^7, 

(g) If 3x ^ 15 , then x ^ 5 , 

In each ©f the six problems below (2 through 7) there 
appears a list of statements referring to the diagrams. 
You are expected to Justify each statement. Having 
Justified a statement, you may then use It in helping to 
Justify later statements (if any) In the same problem. 
As indicated In the drawlngB Y Is In XZ, N is in 
TO i W is between WX and TO , Is between SM 

and M , . ' 




and m ^RSM ^ m /RSN ^ m ^MSN , . 
(b) If m /ZWX ^ m £rsm and m £ZWY ^ m /RSN , than 



m ^ZWX - m £ZWY ^ m £rSM - m ^RSN . 
(d) m £XWY ^ ji £MSN . 



3\ 



(a) 
(to) 

(a) 



If Y Is the midpoint of X2 t and 

2- 



N is the mid' 
point of m , then * XY and /^ffi ^ MN , 

'JZ ^ m \ f hen ^X2 ^ '|mr . 



If 
XY * MK 



If is the mid^^y of £ZVDC and SN Is the 

ml dray of ^RSM., then ^ * m /ZWX ^ m £ZVDC and 



(to) 
(^) 

If 



1^ • m /RSN ^ m /R^R , - 

If m £2WY - m /RSN , then 2 - m £ZWY 



2 ^ m £RSN 

m /ZWX ^ m £RSM . 

6, If XY ^ MN and MN ^ , then XY ^ NR . 

7, If m /Zm ^ m 2WX and m /ZWY ^ m ^RSN , then . 
m ^YWX ^ m £RSN . . 

8, Which property of congruence ^ equality or betweenness 
Justifies each of the following statements? Consult ' 
adjacent dlagratne before answering. 

(a) If Zc S /d , /d 3 , . 



(b) 



then ^ ^e , 
If m ^2 ^ m ^ ^ m , 
then m /z ^ m . 




9. 




Suppoit AC « BA I D , F mrm 
mldpolntB of W M ^ B 

01 v€ an argument to shQW 
that W i W . 



Which of the following oonoluiions follQw from the 
^^rpotheses? Give reasons. 

(») If S i S 

and IS and m 



Intersect at C 
then AC 1 K . 



(b) 




H^othesisi m £a + m^b = 90 

ConolUBioni is the 

oomplement of 



*11# Prove the gynmietric property of triangle oongruenee. 



Suppose that A j B , C , D 
are oollinear points In that order ^ _ ^ ^ 

and that TO S CB j we can then A id D 

ar^e that AG ^ ffl as followai 

1* AB ^ CD , because. If segments are congruent, then 
they have the same length. 

2. BC ^ BC , because of the reflexive property of 

\ equality. 

t. 

3. kSkf ^ ^ CD + BC , because of the addition property 

^ %■ of equality, 

4. AB + K = AC , and CD + BC = BD , because of the 

Betweenness Distance Theorem. 
^'5* AC - BD , because of the substitution property of 
equality. 
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6. ^ St 16 « lieaause, if sti^ents hava th# samt length 
then they are Congruent i 

From the Btatement Tffi S and the oolllnearlty of 
A , B J C J D In that order we are thus able to deduee tfiat 

Suppose that the order of points 

were A , C , B , D , and that « — ^ # 

TB « s Check the above arpunent ^ C B D 

©tap by stepf for this new hj^othesle. 

If Step 3 were AB BC ^ CD - SG and Step 4 were 

AB - BC « AG p CD - BO ^ would the argument then be valid? 

We aan aombine both ^pothesea in the single itatementi 

B and C are between A and D * Then we can state the 
following theorem* 

THEOREM 5=4 , (Betweenness-Addltlon Theorem for Points) If 

points B and C are between A and D and 
S CD , then W S ID . 

By a similar argiiment we can prove a corresponding theorem 
for rays* 

THEOREM 5-5 . (Betweenness -Addition Theorem for Rays) If 

OB and OC are between OA and OD and £AOB S ^COD * 
then ^AOC S ^BOD , 

ITiis theorem can be proved by considering two oases* 





The proof is left for you as a problem In the next problem set, 
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pgQbltm Set 5^3b 



UMd %o justify eaah of the 
following stateQents. Refer 
to the adja§i|nt diag^ui in 
ffhioh the ^Ints^ on WQ are 
oolllnear in the order in % 
whloh they 'appear* 

(a) If W^W, then W S W . 

(b) If £km 5 JOBO , then ^Am S ^ffi 
(a) If - TO , then W - * 

(d) If £Am m £om , then ^Am « ^010 

*2* Frove ISieorto 5^5* * 




C 0 



5-*t Definitions in Proofs . - 

The proof of ^eorem 5-^ uses the definition of oongruent> 
iepients twiaa* First we use it to eonQlude that if two 
se^ents are oongruent^ then they have the same length. Later 
in the proof we u#r^4t to oonelude that if two sepnents have 
the SMie lengthjl then they are Gongiment, Does the definition 
work both ways^ 

We agreed to call eegments having the same measure 
©ongruent sements. This Is aatually an agreement that the 
phrases "sagapfents having the sama length and "congruent 
secants" aye Interchangeable names of the same thing* 
Therefore we may write the definition in two parts as followsi 

(1) If seffnents are eongruent, then they have the same 
length, 

(2) If segments have the same lengthy then they are 
eongruent , 

Let us aall this form of a daflnltloni the eCTplate form. 
Sometimes we abbreviate these two statements as followsi 

Seipnents are congruent If and only if they 
have the same length, 

* 
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tmt us e&ll this fom a definition the ^'if iM^^^.if" ^ 
fora. ' Mtr two Ijnportant things ^Mut tht ^ompltte^fMtt.of 

dtflnltioni ' ' > ^ 

" - ■ ^ ■ »■ ' ■ ■ 

(a) It has partS; wittan In the "if-then" *fOCTi, 

*The ii'-qlause of each statement is the then-olause of the other. 
Of coursa t^ll^ means $hat the then-iOlause of eaah is the ^If - 
olause of the Other. 

(b) One part of a definition may be used to support one 
statement while the other part may be used to support arwther 
statement. For an e»unple^ see Steps l ud 6 in thi proof of 
!%eorem 5-4. Of aoursep^we must ^always be careful to use the 
appropriate part, 

I- . . 

Problem Set 5-^ 

1, Orm of the two parti of the eomplate form of a definition 
is given in each statement below p Write the other part 
for eaehi 

^ (a) If angle is a right angle, than its maasure la 
.90. 

(b) If a plana contains all the points of a sat, then 
those points are eoplanar, j ^ 

(o) If two rays have a CQimnon andpolnt Bnd do not lie 
on the smia line, then thalr union Is an angle* 

(d) If W is between Vk and W and £aW S £fvb , 
then vf is the midray of /AVB , 

2* For aaeh of the following definitions write the ^o state- 
ments in the complete form of a definition, 

(a) The point whose coordinate is 1 in a coordinate 
eystam la called the unit point of that cbordlnata 
system. 

(b) ^Wo distinct oolllnear rays with a obmmon andpolnt 
are called opposite rays, 

(c) I^e midpoint of a sapnent is the point which belongs 
to the segnent and Is equally distant from the end- 
points of the segnent. 
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% ppilnff tht "If ma only if" fam, wit© th© definition of : 

' ^} ^obtuse angl^ ^ 
(bJ4^^vi^tloalJ&3^e8t , 

(e) linear pair. ^> 

In eaoh of the followli^ tall whethar or not tha part of 
thi darfinitlon uaad as a reason' oan possibly justify the 
Ivan i|ata™nt^ If it. cannot, explain w>^* 

fa) AB «■ CD j because if saffnants are congruent thay have 

. , tht same length « 
(b^; AS ^ CD , because if ©agmants have tha same langth, 
thay ara ^eon^uent t 

(c) AB is a mltoay, beoauia, If a ray la tha mldray of 
angle It Mseats the angle. 

(d) TO tJB , because if two Unas are perpandlcular 




( they form right angles i 

^ABp - ^Bl , because If 



(e) ^ABp - ^Bl , because If two anglas are vartieal," 
they are congruent* , 

5^ Using ona part of the eomplete fom of a definition *tall - 
why each of the following statements is true. If you 
naad to, draw a diagram, ' 

(a) If H i It , thpn £SRT is a right angle. 

(b) If M Is the midpoint of Al , then AM ^ MB , 

(c) If m + m £b ^ l8o , then £a and /B are 
supplementary, 

(d) If ^A and /B are complementary^ then 
m /A + m /B - 90 . 

(e) If S Isa convex set of points and P and Q are 
in the set^ then Is in S * 

(f ) If AABC S ^EP , then AB S DE J 

(g) If P Is an interior point of £MC , then AP 
Is between AB and AC . 

(h ij.' AD Is between AB and A? , then D Is aui 
Interior point of £baC . 
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5*5. PTOOfg Iri Tw ^- g^luflm Form . 

As you taiQWp many of our postulates luid theorems are 
aondltloimiSi that Is, they have the form "If p then^.' q" , 
where p' and q are statements. In the previous section we 
saw that the Gomplete form of a definition has two parts each 
of whloh also has the if-then form. In order to understand 
matheiaatiaal proof better we exainine how such statements are 
used In proofs. 

Let us consider the follgwlng statement eoncernlng two' 
persoRp nMted X ^d Y , about whom we taow nothing, 

A. If X is Y*s father* s brother, then. X Is V's 

'I 

imcle. 

We see that A Involves the following two statements. 

B. X Is Y's father Is brother. [This part of A is 
called the hypothesis,] 

C. X Is uncle, [Thls^part of A le called the 
oonclusion, ] 

Even though we don't imow X and Y , can we say anything 
about the truth of statements A, B, and C ? Do we know If 
B is true? Do we imow if C is true? How about Statement A 
We can easily see that even though B need not be true, and 
that C need not be true, that A ±b_ true. Thus a 
conditional may be true eA^tn though its hypothesis and con- 
elusions are not. 

Suppose, now, that A and B are both true. Then it 
follows logically that C Is true. Check with our example, 
This is a moat important concept In mathematical proofs. It 
means that we can assert C after- we have proved or Imow that 
both A and B have been established. Bit it does not mean 
that B follows from A and C , In general* 

If a conditional and its hypothesis have 
been established, then its conclusion is 
established, 

V 



watt established ' ^. 

(1) if 'fl- then "C" 

\ (2) "B" ; 

then we may aonalude that "C" Is established* 

A tiiQ^QQlvsm proof of a theorem le a chain of atatements 
written in one QoXvassig supported by reasons written in mother 
eolinm. Thk proof ^hows how the odnolusion of a theorem follows 
logically from its hypothesis, ^en a statement In this chain 
is established. because it Is part of the hypothesis of the 7 

theoremj we simply write "hypothesis" as toe reasdrit Othei^isei 

..... f 

a statement may have as its supporting reason a oombination of 
a conditiohai and its hypothesis. Our example shows this when 
we say that the combination of A and B is a' reason for 
saying C *. The conditional is aooJiptable if it is a postulate, 
or part of a def initioni or an already proved theorem « further- 
more^ the hypothesis of this oondltional should have appeared 
as an earlier statement in the proof* Finally, ^the conclusion 
of the conditional should "fit" the statement that is being 
supported* We can suuranari^e these relations in a diagram as 
follows; * , 

^ - Statement Reason 



q If P then Q , and P , 

We now show an example of such a proof* Note t^at in 
those reasons which are conditlonale, we write the numbers of 
the statements in which we have established the hypothesis of 
the conditional, 

'We use the theorem regarding the transitive property -of 
congruence for segments as our example i 

THEOraMi If II * and TO & IF , then 11 ^ IF . 
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Proofs 









1. 






a. 








(We might have written Statemdnta 1 and 2 on • 
one' line because thtfy have the same peaaon.) 


3. 


AB CD , CD = IP . 


3. If line sepnents are 
aongruant (1^2^^ ttimn 




i \ 


they have the same 



AB = EF 



measura , 



4. 



If a ^ b ajid b ^ c 
(3) J then a ^ o * 

If line segments have 
the eame meaiure (4)^ , 
then they are congruent. 

Let us note several important points about this proof * 

(1) The proof Is completed whan the last statement in 
the first eolumn is the same as the oonelusion. 

(2) When a statement Is part Of the hypothesis we write 
"hypothesis'^ as its reason* i 

(3) When a reason is in the if^toen form, its hypothesis 
refers to an earlier State^nt or statements for 
support* For instance the if -clause of Reason 3 
refers to statements 1 and 2.' But the then^clause 
of Reason 3 refers to Statement 3, 

(4) \^en a reason is not in the if-then form, and it 
can be written in that fom^ then It must satisfy 
the requirements stated in (3) above* . 
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- v^/' Problem i^t 5*5 

IMt# faeh ef tht- following thdorens In "if-then" form. ^ 
State ^e hypothiisis wd oonolusion of eaoh. ' ^ 

(a) Vertloal ugles are Qongruant, 

(b) aililes are oon^fuent« 

(a) Cmplements of oongruent angles are oongruent. 
(&) A Una and a point not in the line are contained 
in eMotly one plane. 

(e) me interior of an angle la a convex set, 

(f ) Thm intarseotion of any two oonvax sets of points 
is a eonvex sat. > 

In the following exiunple of a tyo-oolumn proof several 
raMons ara given In the "If-then" form. In each such 
reason, tall to which statement the if^clauie refers i^d 
to which statamant the ^hen-alause rafari, 

TOCORIM : Coffiplements of cor^ruant angles are conBi^ant. 

(Look at your "If -than", statement for Problem 1 (c^ 
above , ) . 

f^potheaigi /m is the 




5-5 



1. Jfk %M tha ^^ei^l•Mnt 
^ J Is the 



4. - . 

5. a ■ a £c . 



6. 90 - m ^ • 90 - m ^0 



8, 



1 « ^fpethOBis . 



3. 



4, 
5. 



6. 



8, 



If two angles an * 
eQmpleMntary then the 
wm. of their measuMs la 
90 « (Mfmitlon of 
oonqplementai^ urigles«) 



are n\;uibef»a 
J then 



If X, y, £ 
ud X ■ y 
X - 2 ■ y * E , 
addition property of 
equality »^ r 

H^potheaiSt 

if two angles are 
congruent' then they have 
the same measure 
(Definition of congruenoe 
for angles . ). 



are 
a a b 



If a, to, X, y 
nufflbers and if 
X ■ y » then 
a - X - b - y , (The 
addition property of 
equality, ) 

If xsysEsw then 
X ■ w « '(TrMsitlve 
property of equality.) 

If two i^les have the 
same measuraj then 
are eongruent. 
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Rewrltd In two-eolwn fOFm the pmra^aph proofs given for 
the following theorems in Chapter 4* . ^ 

(a) Rl^t angles wtm oongruent. 

(b) Supplements of eongruent ugles are congruent, 
(o) Vertloal) angles are congruent. 

Identify Reasons 3, 4, and 5 lA the example of Section |*5 
either as a postulate j definitioni theorem^ or property. 

Some Experiments and ^me lostulates . 

In order to understi^d triangle aongruenaes better we sliAll 
perform experiments with physical objects « We shall prepare to 
discuss oongruent triai^les by making measurtmnts of pMrts of 
cardboard tridligles. In a preceding ^ sect idn we defined two 
mathematical triangles as being congruent if there is a 
congruence between them^-if there is a matching of sides and 
angles so that the matched parts art congruent. At this point 
in our study we need to establish six congruences involving 
sides and angles before we can be sure that two triangles are 
congruent. V^at is the corresponding situation for cardboa^ 
triangles? in order to Imow that two such triangles will fit 
well together I do we need to measure all three sides ud all 
three angles? 

Experiment 1^. In the SMSQ workroom there is a cardbou^d 
triangle ABC which we have measured carefully. The Inch- 
measureB of its sides and the degree-measures of its angles 
are as followsi m ^ 78 , m ^ 44 , m £q m 58 / AB ^ J , 
BC=3.5,CA^2.5. Below Is a sketch of triangle ABC .3 



3. 

5-6. 




A 3 B 



Usln^ & ptnell, niltr, pretraator, compass, seissors and 
oardbou^dL (all ot them or as many as you wish) you should maka 
a triangle whloh you think will ha an aeourat© copy of the . 
workroom triangle ABO^ , Som# of you may start by drawing IB 
Others may start with £k . After you have finished making 
your triangle, review what you have done pind make a list of 
the steps in the order in whloh 'you did them* 



Perhaps you have one of these lists i 



1. 
2. 



List 
Craw 
K*aw 



AB 



^aw W 



Close the 
triangle by 
conneeting A 
and C with 
AC . 




1, 

2. 



List II 
Drawi' £a 

Dvkyi AB 



3 . Draw £b 



ClOia the 

triangle by 
drawing the 
sides of £A 
and /B long 
enougn. 



List III " 

toaw AB , 

toaw aro from 
as center and 
as radius. 



A 

AC 



^aw the aro from 
B as eenter and 
BC as radius. 

Close the triangle 
by connecting the 
point of Inter- 
section of the 
arcs to A and 
to B . 



. The figures in each list show the stage of the drawing 
before closing the triangle, ^ 

Look at each list* How many measures (either of side or 
angle) are used in the first list? In the second? In the 
third? Were all six measures needed to duplicate the triangle? 
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^ ^ X#t us look smtM first list' again. How many side 
masurts az^ usisd? How mmny^^nmlm measures? Is the anfle 
h^iimmn ttm^tmo sltfes? ^Is oomblnaMon of two sides and the 
aiigla bmwean them is ©ailed two sides md the inaluded aiigle 
It is abbreviated by the symbol B.A.S. Name another S.A,5. 
aomblnatlon In triangle ABO « ^ 

Let us now look at the seoond list again, vmat oomblnatlon 
of maasui^s is used? ^e side mentioned is said to' .be Included 
between the two ^igles mentioned. This eomblnatlon Is ref erred 
to by the symbol ^.S,A. Name another A,S.A, oombination. 

Look at the third list. We can readily see that It 
mentions three sides, mis eombinatian is referred to by the = 
symbol S.S.S, 

Experiment 2* Construct a cardboard triangle ABC so 
that kB m k , BC = 3 i m £b ^ 35 . Then measure /^^A , 
, Compare your results with a claeamate. Make allowance 
for Ina'oouracy in your measurements* 

•si 

Vftiat 'conclusion can we draw? Do you agree that it 
suggests the following postulate for mthematical triangles? 

Postulate 19 . (The S*A,S* Postulate) Given 
a one-to-one correspondence between the vertices 
of two triangles (not necesearily distinct ), If 
two sides and the included angle of the first 
triangle are congruent to the correeponding parts 
of the second triangle, then the correspondence 
is a congruence. 



a F 




for ths trii^^i Busgested toy th* pietui^t this postul&ta 
IMMB that If 



then 

is a QonetumnQm , 



^cperlment 3^. ^onstruot a eardbeard triangle ABC so 
that m - 40 , ABV 3,75 , m £B = 48 . Than maasura SI , 
^ g /p * Coflipara thtsa rasults with a olassmata. 

Vfliat conalusion.can wa draw? Do yeu agrae that it 
suggests the following postulate for Mthematioal triangles? 



Postulate SO , {ThB A,S*A, Postulate) Given 

_ ^ 

a one-to-one oorrf spondenoe between the vertlQes 
of two triahgles (not neoessarlly distihct). If 
two angles SLnd the Included side of one triangle 
are aongruent to the corresponding parts of the 
other triangle, then the oorrespondenoe Is a 
congruence. 
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GO 



^perimant Construct a cardboard triangle ABC so 
that AB - 5 , BC - 4 , AC - 3*5 , Then measure /A , , /C 
Compare results with a claiflmate. 

What eoncluelon can we draw? Do you^ agree that It suggest 
the following postulate for mathematical triangles? 

Postulate 21. (The B.S.B. Postulate) Given 
a one-to-one porrespondence between the v^^lces of 
two triangles (not necessarily distinct). If three 
sides of one triangle are congruent to the corre-, 
sponding sides of the other triangle, then the 
oorraspondence is a congruence ^ 




Problem Set 5-6 

1. In each pair of triangles like markings indicate congruent 
parts p Which pairs of triangles could be proved congruent? 
In each car^ of congruence state the postulate you would 
use (A.S.A., S,A,S,> S.S.Sj. 

(a) 




2, In accordance with the combination Indicated fill the 
blanks with the correct symbols. 

(a) Side, angle, side of ^ABH t 

AH , , ra , 

(b) Angle, side, angle of ^ABH : 

, IS , . 

(c) Angle, aide, angle of A BFH : 
ll ' ' Zhbf . 

(d) Side, angle, aide of 4BFH : 
W , __ , ___ ■ 

3. Follow the directions of Problem 2. 

(a) Angle, side, angle of AaBP : 
L_ , BP , . 



(b) Side, angle, side of ARAF 
) Side, angle, side of 4RAB 



(d) Side, angle, side of ARAB : 
BR , , RA . 

(e) Angle, side, angle of A RAF ; 
£R , , Z^FA . 

(f) Angle, side, angle of AAPB : 
/FAB , AF , . 

Follow the directions of Problem 2. 

■(a) Side, angle, side of A HFB : 

, Zhbf , ^ 

(b) Angle, side, angle of AABH i 
• " * HB , ____ ^ 

(c) Side, angle, side of A HFB : 
TO , , W , 

'(d) Angle, side, angle of A HFB : 
^ W , . 
(e) Side, angle, side of AABH : 
TO , , AB . 
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In eaeh of the following problems two triangles appear to 
\m oon^nient. Asiume that all points in each diagram 
are coplanar, that points which appear to be on lines are 
on thoB© lines, and that the rays and points are in the 
relative positions suggested by the diagram, 

1^) Mark eaoh diagram/ as was done in Problam 1, 

to show the given Information* 
(11) If the given information is sufficient to prove 
the triangles congruent, state the postulate 
you would use (S,A.S,j A.S.A., 8,8,8,). If the 
^ information given is Insufficient, write 
"Insufflelent 



(a) 




M is the midpoint of AC 

js = m . 



(b) 



W IW at W 
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Consider only A AFC and AAQO 



Point F lies batwaen^ A 
and B . Point Q lies 
betwaan C and B , 

aF S I R is the midpoint 
of W I W ^ M 



X la midpoint of dB • 
Y is midpoint of IP . 





/mz and 
angles. 



are right 



F 




(h) /aBD S /DC a 




A B C D 



If a figure appears bjeslde the statement of a problem, 
you are to assume tlikt points which appear to be colllnear 
In a certain order are colllnear In that order, and that 
rays which appear to be concurrent in a eertaln order 
are concui*rent in that order. 

In some parts of this exercise there is not enough 
information to enable you to prove the two triangles are 
congruent even if you use all other facts that you Imow, 
for example^ that ^ "vert leal angles are congruent.-' If it 
can be proved that the two triangles are congruent , name 
the statement (A.SpA. or S.A.S.) supporting your con- 
clusion; if tnere Is not enough information given to prove 
the triangles are congruent, name another pair of parts 
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^hlch if they were congruent would enable you to prove 
the triangles congruent. If thee© are two possibilities, 
name both , ' 

(a) ^NGlven only that TO ^ "3 . q 

(b) Given only that £c . 

(c) Given only that £a ^ /b / -^^^.^ , 

and Zp ^ ^ A / g ^""^ F 

\b 



B 

(d) Given only that TO - M . 

(e) Given only that £A ^ /r4 . 




(f ) Given only tnat £XFY = £KPY . 

(g) Olven only that /XYF = /KYF . 
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5-7. Writing Proofs Invqlvlng Triangle Congruence s . 



.1: 



From this point on WFlting your own proofs will be a major 
ppdject* We show some ejmmples which will help you to find and 
write proofs. They will mvolva congruences between triangles, 
between segments and betwean angles. 



Example 1* If £afB and ^RFH are a pair of vertical 
angles, AP S FR and BF ^ RH then AB ^ TO . 



In starting to construct a proof for this statement we 
first examine it to see what the hypothesis is and then we draw 
a figure that seems to fit this hypothesis. 




Figure (l) 



Pigure (2) 



Figure (l) and Figure (S) both fit. Why might Figure (2) 
bi^'letter? 



We mark AF and RF 



alike to show that thef 
We also mark 



hypothesis tells us that they are congruent 

and alike for the same reason. Now we look for 

plan for the proof. We can show ^that TE ^ ^ ^ as requirfed 
in the conclusion, if we can show that they are corresponding 
parts of congruent triangles. Which triangles? We are told 
that £kFB and /RFH are vertical angles, and hence they are 
congruent. We now have- fjiough evidence to use the S.A.S. 
Postulate, if we use th^ correspondence ABF < » RHF . We can 
now write the proof, j 
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Hypothesis I £APB and /RFH are vertical angles. 



% 

H 




B 



Conclusion t^o be provedi AB m rh 





Statements 


Reasons 


1, 




1. 


Hypothesis 












£hfB and £rfh are 




Hypothesis 




vertical angles. 






3, 


/AFB - /RFH. 


3. 


If angles are vertical (2), 








then they are congruent . 


4, 


dABF S 4RHF. 




S,A,S* Postulate^ (1,3), 




BF - HI. 




If trianglerf are congruent 








{^) M then corresponding 








parts are congruent. 



You should note that in the reason for Statement 3j that 
the if-clausa ends with "(2)". This means that the 
h^othesis of the conditional was established in 
Statement 2 , 



The reason for Statement 4 is the S*A.S, Postulate. 
We use the name for t^he postulate because it Is a long 
statement. N^te that it is a conditional. The symbol 
"(lj3)'' referB'^'^o Statements 1 and 3 which supply the 
hypothesis of the conditional. The conclusion of the 
conditional gives us Statement 4. 




•5-T ■ , 

Verify that {k) is the correct referenoe to support 
Reason 5. 

Example 2. To prove i If the sides In each, pair of 
opposite sides of a quadrilateral are congruent, then the 
angles in a pair of opposite angles of the quadrilateral are 
oongruent . 

We draw a sketch that seems to satisfy the hypothesis ^ 
label the vertices of the quadrilateral and mark the sketch to 
indicate the information given in the hypothesis. (The sketch 
is shown below* ) 

Plan* (^e plan is not part of the proof and you need not write 
It, Your thinking could follow a different pattern from the 
one given and still lead to a proof,) Let us choose to prove 
/B i Ip . We would ejcpect to prove them congruent by showing 
that they are corresponding parts of congruent triangles t But 
there are no triangles In our diagram. We draw AC to show 
which triangles we shall use. Dotting this segment distinguishes 
it from the parts of the diagram mentioned in the hypothesis. 

Now in the two triangles we have two pairs of congruent 
sides, so we would expect to use either the S*A,S, Postulate 
or the S.S.S. Postulate. To use S.A.S. we would need 

S' . But this is what we are trying to prove so we taow 
we can^t use it as part of our proof. That leaves S.S,S, 
But where is the third pair of congruent sides? In ^BAC 
the third sidre is . AC , In A DCA the third side is also CX , 
Now is our complete plan of proof clear? 

We can now write t^e proof, 



Hypothesis t AB ^ CD 
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Statement 



Reason 



5. 



A ABC S ^CDA 



1^ Al S TO 1, Rypotheals 

2, W m m a. Hypothesis 

3. ^ ^ 3. The reflaxlve property of 

congruence 

4, .S,S,S. Postulate (1,2,3) 

5* If triangles are congruent 
(U), then corresponding 
parts are congruent* 

Note in Statement 3 that when we wrote OA = Aff we were 
adhering to the correspondence ABC *—*CDA . 



Hypothesis ; A, B, C, D 
are col linear in that order. 
E and P are on opposite 
sides of AD . AB i W , 

AP - M . 
To prove I ^ . 





( Plan , We could prove ^P & by first proving 
AFAG 5 ^EDB . In these triangles we are given (l) Al_ 
and (2) Ip - So we can expect to use either the S,A.S. 

Postulate or the A.S.A. Postulate,"' Since we are given that 
AB ^ DC ^ it seems likely that we shall use the S.A,S* Postulate 
le TO a side of ^FAC ? Is a5 ? Is a side of AEDB ? 

Is 51 ? Then we must try to provt that AC ^ DB , We can do 
this by using our " betweenness-addltion'* theorem for segments.) 

We Gontlnue with the proof. 



263 o-^. , 



-7 





Statement 


Reason 


1. 


B and C are between 


1, 


HypotheBlB 




A and D . 






2. 






V 1 i€ s ^ s 


3. 


AC - IE 


3 . 


Be tweenne SB* Addition 








Theorem (1,2) 


4. 


ZA - ZD 


4. 


H^^othesls 


5. 


IF S TO 


5. 




^ 

o. 


APAC S AIDB 


6. 


S.A.S. POBtulate (3,4,5) 


7. 




7. 


If triangles are 








congruent ( 6 ) , then 








corrasponding parts are 








congruent , 



Note the use of names for tha theorem in Reason 3 and the 
postulate in Reason 6, with an indication- of the steps 
which supply the hypothesis of the conditional^ in each 
ease * ' 



Example ^* 

HanpotheBis ; 4 ABC , 

iff is the midray of /ABC 

Interseeting TO' in L * 

is the midray of £kCB 
InterBeoting Al in M . 
X* Y are collinear 

in that order. £XBM ^ £YCL 

To prove % BL ^ CH * 




(Flan, We plSLn to use BCM^ — ^CBL * We can show that 

M » ] that £BCL (the supplement of £YCA) ^ /CBM (the 

supplement of /MA) j 

that m /BCM (^ /BCL) - m /CBL (|m ^cm) . This yields A^S.A,) 
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Statement / 



t 

1 , a £ycl ; 

2* B, C are colllnear, 

B, Y are Gollin^r, 

3 . £MBC ^ £lCB . 



W> Is the mldray of 
£mc . CM is the 
mldray of ^LCB . 

m £MBC ^ m £LCB . 



6, m £MCB ^ m ^LBC 

7. /MCB S ^LBC , 

9. ABCM - ACBL . 

10, s m , 



Reason 



1 * Hypothesis , 

2, Hypothesis , 

3, The supplements of 
congruent angles are 
congruent . (li 2) 

Hypothesis, 



3. If angles are congruent 
(3), then they have the 
same measure , 

5. Multiplicati^ property 
of equality (4,5). 

If two angles have the 
same measure (6)^ then 
they are congruent . 

8. Reflexive property of 
congruence . 

9. A.S.A. Postulate (3,7,8), 

10, If triangles are 

congruent (g), then 
corresponding parts are 
congruent , 



/ 
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Problem Set 5^7a 



In your proofs of the following problems, mark the given 
congruences on your diagram. 

1. In the figure it is given that 
ikOB and /ECD are vertical 
angles and that AC ^ Bc ^ 
Cl S CE , Show (i*e., prove) 
that ^ * Copy the 

following outline and supply 
the missing reasons inclLidlng 
numbers of supporting statementE 

Statements Reasons 




3, 

5. 
6^. 



A C ^ DC . 
CB - CE , 

^ACB and £dCE are 
vertical angles * 

IkCB i £dce. 
^ACB S ATCE . 



In the figure /_R and £s ^ 
are right angles, and 
bisects RS at 0 * Complete 
the following proof that 
It = 15 . 



H5rpothesis , 



If angles are vertical 
(3 ) ^ then ^ 



If triangles are 

( ). 

then 



4 


Statements 






Haasons 


1 . 


and 


are 


right 


1 . 


Hypothesis , 






angles * 




















^ • 


If _ . ( 


), then 


3. 


"QT bisects 




at 0 , 


3 . 


Hypotqfesis , 














i 


). 



2ob 
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Sta'ljmenta 

5. ^ROT and ^SOQ 
ar© 



'6. ^OT • £S0Q. 

In the figure- 55 X ^ » 
W i W , TO 1 TO , 
and TO , Complete 

the proof that M ^ TO, . 



_Reaa 



5. 

6. 

7. 
8. 



If two mmffmntm Inter^ ^ . 
seat( ), they determlna , two 
pairs of vertical anglas. 

^ a ngles art G©ngmient( ) 

( ). 



If 



), then 






Statements 


Heasone 


i*. 


TO » TO . 


/ 1- 




2. 




2. 


Hypothesis* 


3. 


^NOQ Is a right 
angle . ' 


3* 


If lines detewilned by 
two segnents are parpen 



^. QO 1 PO . 

5, ^QQ. Is a right 
angle . 

7. W-'^ . 

8. ^NOQ S £lPOQ . 

9. W S . . 



dlcular( ), then 



4, 

5, 

6. 

7. 
8. 

9. 



If 



J ), then 



Right angles are 



J ), then. 
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4/ C*) <Ki*A3flUt«ral ABOD has 
four ri^t sfigles 
^AD • BD * If R is the 
midpetot of TE , provt 
that * OT , 

(b) Wiat pairs of aauta angles 
m^th© diagram appear 
< oo^ment? Prove that 
they are canginimt. 

5* In the figure at the rl^t there 
is a quadrilateral ASPH with 
AB ■ ra and m £7^ ^ m ^ • 
Prove timt - ^ • 




itove that if RS ^ TS a|id 
UR • XJT , then ^STU S ^SRU 




It la givan that m ^AlH = m ^BH 
and Z^c - ^ • Prove that 

AH ^ . 
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S. Kram %hmt if is a 

Pl^t anglej ^QK la a 
x^tfit ai^la, m - m ^ 
ai^ IP » ^ then 
FA ■ 80 . 



9. Ffov* that if stpient TO and sepnent M 
ether at p©int p , tfeen M ^W . (In 
proved II - Iff . ) 

10* aippose that in this figure 0 
hlMots ^lAl and m £r . 
ft^ve that pi PB . 



Mse 

m 




and M - II , sh^w 
that m ^FE s m ^^ACB 



12, 



A carpenter may blsaet an 
angle using his steal square 
as follows I Hark off D on 
n and F Ai 3 sueh that 
m ■ BF . Theff adjust the , 
square so that ED - EP as 
shown. Prove that M 
biseots £ABC p 




13. Gfivtn qumdrilattral AfiCD with 
R is the i^dpoint of TB » 
W is a point batwaen A and D 
Q is a point between B and C 
OT S TO . * * 

0 

Prove that W S TO . 

F 



A 

14, Given quadrilateral ABCD • 
E is the midpoint of AE , 
F is the midpoint of W , 
D, Q, C are collinear in 
that order^ ^ W , 

Prove that EG S W , 

0 

f 

15. Given qiiadrllateral ABCD * 
E is the midpoint of II , 

ie the midpoint of AD ^ 
^AC S /FAG , m i W . 

prove that 4 BAG S ADAC , 




♦16* Hypothesis s m ^^rp , 

W \ and W 
intersect In T * 

To prove I ^ ^ * 




EKLC 



Plan I The figure shows two triangles that eontain W 
as a side, two triangles that OQnt^n as a side. 

Name them* ^he two oorreBpondeneei tha^ wt might consider 
are: . 

SRT*-^QPT and SRP'^i ^QPR . 

Let us first consider SRT^= — #ftPT * What oongruenoes 
of corresponding parts are given In A SRT and AftPT^? 
VOiat congruences can you prove? Are they sufficient to 
prove the, triangles eongrutnt? Now try 4 3RP and 4QPR . 
Will the S*A.S. Postulate be useful in proving them 
oongruant? Using thie plan write the proof, 

4 

Finding a Proof , 

Some student e find proof i more easily than others, Ttim 
reason for this could be that they follow some systematic pro- 
cedure In discovering proofs. We present here one procedure 
which has been found useful. 

Example * j 

Hypothesis I AC » and ID are 

concurrent at 0 • OA ^ OC i 
— Ol ^ TO . A, E, B are collinear 

in that order* P, C are 

» , collinear In that order. 

To prove ; Be ? . 
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This method eonslstg ©f witlng (or thinking) two eolurma 
headed as follows i 





I can prove 






If I 


can prove 






1, 






-1. 


AEOA 


^ Afoc 






2. 


AlOA m APOC 




^ 






(A) 












w 




(s) 














^ # - - 


(A) 




3. 






,3. 


^OAB 


AOCD . 








AOAB m AOCD 






W 


- oc , 














£kOB 


= loop , < 








V 






m 









We read Line 1 as followsi I can prove lo S If I aan 
prove AEOA 2 A FOG . 



Wa read Line 2 as follows: I can prove AEOA S A FOG if I 
can prove (a) ^EOA i ^FOG , (b) m i W , (q) £om ^ loCF \ 
Becaust (a) and (b) are given or can easily be proved they are 
checked. Statement (c)^than is to ^e considered, it Is 
brought down to Line 3, Every statement in the second cQlumn 
that has a is brought down to the next line in Column 1. 
In this| manner we finally arrive at the end where every 
statement Is checked, a 



We can now write the proof by reversing the order of the 
itatements In the seoond colunuij as follows^ 





statements 


Reasons 


1. 


m s 


m . 


1. 


Kbnpothesls , 


a. 


imp 


J ^COD . 


2, 


Vertical angles are congruent 


3. 


m s 


OC . 


3. 


Hypothesis : 


4. 


AOAB 


S AOCD . 


4, 


S.A.S. Postulate (1,2,3). 


5. 


£OAE 


i IpCF , 


5. 


Definition of congruence, {k^ 


6. 


m s 


w . 


6, 


Hypo^esls . 


7. 


£EOA 


S £foc , 


7. 


Vertical angles are congruent 


a. 


AEOA 


s afoc . 


8, 


A.S.A, Postulate (5,6,7)* 


9. 


W i 


To . 


9. 


Definition of congruence, (8) 
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irou will nott that tome of th© reasons art wltten In abbravl 
ated form* This !§ done *rtien we are quite aeiHIiln that we 
toow the oemplete statement and find It oonvenlent to use an 
abbreviation. 



Problem Set 5-7b 

As represented In the figure 
' at the right, iy , 

^ ^ £v , m m 'n, ^ and a , 
K , L , R are colllnear* 
Prove ^lat 

(a) SK ^ Al , md 

(b) ^RTK i ASTL , 




In the plane figure at the 
right we have given that 

m^m , m^m , ant 

Prove that /X ^ £^ . 




In the plana figure AR ^ 
M 1 17 , AR ^ RX , and , 
BR ^ RY , 

Prove that AB = XY , 




2T3 



2Si 



In qM^llaterM OR^F , we 
have tgiven thmt £OFQ ■ 

S ^ , and IT Mseots 
W mt K , ^ ^ 

Prove th^ RS ^ FT * 



Points D, iAP* 0 
the sides of^AifflC af In th© 
diagram. Prove that if 
lA^ ^ , 1%^ /jr » and 
TO S TO , t.hen S 15 . 



ABFH is a quadrilateral with 
AH - BP and £a S £b . X, Y 
are on TO and , 
respectively , 

Prove that If m ^ YF , 
then AY 2^ M . 

In this plane figure p¥*ove 
that if S Is the midpoint 
of It , SU ^ ^ ^ and 

^ ^ # then 
^HSU S 4TSV and 

In the figure, wa have given 
that BGj ^ CP , A la the 
midpoint 'of W $ and 
AB ^ AC . 

Prove that W 3" c5 . 



2Sk 
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9- In the &ao0i9Myjjig flgux^, 
ASMABjEBBm, and 



. that £eSA Is m right angle 
and that ^ blseets £dab 



10* In the aooompawing figure, 
thf sepienta jf and 1^ 
bisect Mgh^_et^r at L . 
W€ are given that /p^ ^ * 

Frova that TO S M , 





K 



M 



t 



11, In quadrilateral ABCD , AD ^ BG , ^ , 



' points on euah that EC ^ FD . prove 

that RE ^ RF * 

5-8 ^ Isosceles Triangle Theorem ^ 

Let us now consider the Intarastlng case of ^ 
which IS * ^ and the oorrespondence of 
the triangle to Itself given In ^ 
ABO*=^AGB , Thf corresponding .sides 
then are TO and W , W and Al , 
W and Ul , 



R is the midpoint of AB 
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SlnGe the ildea In eaoh pair art aongruani we aan say that 

■ ^AOB « Why? It follows that oorrtspondlng angles^ far 
instanoei ^ and £c ^ are oongruant. This suggests 

nfflOREH 5-6 t If two sides of a triangle are congruent, then 
the angles opposite thtse sides are congruen^ 

proof I As in the accompanying A 
^^f- figure let 55 and TO denote the 
congment sides « In ttrms, of this 
notation we have the ' * 

t^pothesis i ^'W , iwe are 
are required ^ 

To j^ove s iP * 

P B C 




Statements 



1. m^w . 

4, ^ABC S 6ACB 

5. Zb a . 



Reaeons 



HypotheslB , 

Spmietrlc property of 
congruence ~ 

Reflexive property of 
congruence ~ 

S.S.S. Postulate, (1,2,3) 
Definition of oongruenee, (4) 



Can you also prove this theorem using the S.A.S, ^ 
Postulate? 

In this ehapter we learned how to write proofs In the two- 
column form. In previous chapters we wrote proofs in paragraphi 
or essay form. You should be able to write a proof in either 
form. 

In the two-column form It Is easy to check that each 
statement in the proof is supportef^by k reason* In the 
paragraph form it is often easie^ to communicate the plan of . 
proof. It is wise to check a paragraph proof by listing in one 
column each statement made and in another column the supporting j 
reason for the statement, in fact should be the corre- 

sponding two-column proof. . 
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* It will tMlpful if th@ samt praaf is seen iji bath 
forms « W# therefore presei^ a proof in paragraph form far , 
O^orra 5*6 for which wa Just prMentad a two-eolwui proof i 
we omit some phrases whioh you are to supply* 

Theorem If two Bides of a triangle are coniruent, 

then the angles opposite these sides are oongruent« 

proof £ Let ABC denote the triangle 
ajid let and 7? be the two oongruent^ 

sides, llien in the aorrespondanoe 
AlC^— — #ACB we toow that Iff CI btcause 
. Sinoe TO TO and 

1^ - TO we conclude that A AM S ^ ^ 

by tha " postulate. It thera- 
fora follows that besause 
, and this oomplatas the proof* 




DEFINITIONS . A triangle with (at least) two congruent 
. sidas is called isosceles . 

If two sides are congruent ^ then the remaining side is 
callad the base and the angle included between the 
congruent sidee is callad" the vertex angle . 

The angles that Include the base are called the 
base angles . 

If a triangle has three congruent sldeSj then any side 
may be considered as a base of the triangle. The luigla 
opposite a base is considered the vertex corresponding to that 
base J and the angles that Incl'ude the base are^ called the base 
angles corresponding to that base. In these teCTis we caui 
restate Theorem 5|S in this form^ "The base angles of an 
Isosceles triangle are con_gruent." 



DEFINITIONS, 



is called equilateral , 



triangle with three congruent sides 



A itriangle with three congruent angles is called 
equianfflilar . 



ItlQW MverAl platures of isosQelts triangles "mnd one 
of «ii equilateral triangle. Is every equilateral trlugiUe 
iBOsoeles? la every Isosaeles trlajigle equilateral? / 





Isosaeles ^langlea 




Equilateral Triangle 

^ _■ 

From ^eorem 5^6 we can easll^ deduce that every equi- 
lateral triangle is equiwgular. In a case such as this^ a 
theorem which follows easily from another is often called 
a corollary of It. 

Corollai^ S^S"-! ■ Every equilateral triangle la 
equiangular* 



Probleiff Set 5*8 



»1, 

2. 



Prove Corollary 5-6=1, 




Before the modern spirit level 
was invented^ the p^umb level mB 
used. It was made by construoting 
a wooden or metal Isosceles 
trlwgle ABC and hanging a 
weight D from the vertex between 
the congmient sides. Prove that 
when D is at the midpoint of 

J the base of the triangle is 
level , 

(In this case^ level means at 
rl^t anglef to ^5 , ) 
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3. 




. . 

aivan equilateral tz'lB^la ABC 
with R, and P > the mid- 
points of the sidas a§ shovm, 
pTOve that triaftglt FOR is 
equilateral* , ^ 




In quadrl»teral XiffiR , XY S 19 



Prove m 




Write a proof in two-column fom, 
then a proof in paragraph formj 
for the following statement i 

If X and Y are the midpoints 
of the eongrutnt sides TO" and 
W of isoseeles triangle . ABC , 
then £CXY S £cra \ 



7. 



Let P be ai^ point on the bisector of the vertex angle 
of an isoseales triangle. Prove that P is equidistant 
from the endpoints of the bas^ . 

P^ove that the segments which bisect the base ang^Les of an 
isosceles triangle and end in the^ opposite sides are 
congruent , \^ _ 



' A 



8. fnym that^|f in two iiQiaelts trlwglas the baM uiA 
a baM ai^i^af one have the %um meaeuM aa the base 
a base angle of the other reBpeatlvelyj then the^triangles 



5-9* Conversee . 

In ordei" that you may understand better the relationBhlp 
of our next thaorem to our last theorem we pause briefly to 
Illustrate the Idea of oonverse statements* Let us write 
separately the hroothesls tod the oonQluslonof the statement* 
"If I live in phloago, then I live In Illinois*" 

I^potheslsi I live In Chicago* 
Oonolusloni I live In Illinois. i 

We can form a related statement by Interchanging the hypothesis 
tod the eoneluslon. ^e new statement Isi . , 

If I live In Illinois^ then I live In Chloago* 

Suoh a related statement Is ealled the oonverse of the original 
statement* ^ - \ 

As you oto jee from this example^ the converse^ of a state-- 
ment need not be true even though the statement Is true* Thm 
fallowing four geometrloal statements illustrate the various 
possibilities as regards the validity of 'a statement tod 4^ 
oonverse* Wa eonsldtr a statemant to be valid If It oto bei 
deduoed from the postulates and definitions In our forA&l 
geoaietry* 

Sample 1^, Consider the statemant i ^ 
Vertical angles are oohgruent* 
Let us write It In the "if-then" form. 

Statement i If ^A and , are vertical anglfji* 
toen £a i . 

It Is now simple to write Its converse. 




vtrse ; If /A - then £A and £B are 

vertical amgles. 



V 



.s8o 



• ' * • tht fitateaent i^ldf la the adnverso 

^ yaildf ¥au anawer the first Qt theaa 
quest lent by. not ijig nie&rm tf-*19« ' Lat us' 
now oonaidar ^^ aonversa* If we au show - 
■ one tnstanis#«^f two oongruent aisles thatiare 

^ * not v#^iaal| €hen the converse is not valid. 

^ V *\ Is the converse valid? 

Sianffle Consider the statement i 



StatTOent : two ahglea are aongruent^ then they are 
right angles.^ 

Is this sAtement valid? Nqw let us^foonslder 
Its oonverse, . 

\ Gonverle t If two angl0| w?e rltfit angleSf "then tiuiy ve 

congruent, ^ * 

Is this oonverse valid? 

; Statement I ^ If TO 2 TO , then - ^ CD , ^ ^ . i ' 

IS this valld?^ ^ 
Converse s If AB ^ CD , then TO ^ . ^ 
J _ la this valid? . ^ ^ ^ 

I Example 4 , , - 

Statementj If AAK S ADIF , then ZA - ^ . 
Is this valid? 
' ConTerae i If £k ^ 0 , then^^ABC - ApiF . 
Is this converse valid? 

Considering these four examples we see that a statement 
and its converse may both be valid, or both be not valid, or 
one valid and the other nbt valid. We tt^refore observe that 
In general, a statement and its donverse need not agree as 
^regards their validity. 
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- / Notlao that^th© ^^arts of a definition -in oomplett Com 
are oonvAses of eaoh ottierj -and both are accbptad as valid 

^ mertti " * 

The base angles of mn Isosceles triMgle 

* are congruent. • --^ ' 

L#t us write it in the " if ^ than" fdrmi ^- 

i ^ ' 
If two slats of a triangle are edngruent^ 

. then the angles opposite these sides are* 

eongruent. 



J 



^is statement J of eourse* is I^eorem 5-6, State' I'cs converse. 
Do you think that this c<OTverse*ii neeessarily valid simply 
b#gause it is the converse of a valid statemerit? 

^ fhB converse of. ^eorem 5-6 Isv Indeed ^li^d and we ^pres^nt 
i^ as Theorem 5-7, \ 



imoREM 5=7 . If two anglfs of a tflangle are eongruentj then 

^ - --'^ ' ' ' 

"the sides opposite these angles are Gongruent. 



Proofs Let C denote , 

the vertices of the triangle. Then 
we have 



Hypo-the"slg t /B ^ /p 
To prove % H'In W 






Sti 


■ , if 

itements 




Reasons , ' ; . 


1. 


ZB 


= Zc . 


1. 


Hypothesis. 


2. 


BC 


S CB . • ■ 


2. 


Refiexive property of 










congruf nee * 


3. 


Zc 




3. 


S^Tranetrio property of 










congruenee. 


4. 




^ = AACB . 


I. 


A.S.A. Postulate (1,2^3). 


5. 


W 


& AB ; 


' 5. 


Definition of oongruence, (4) 

t 








28^ 


* 






1 





CQrollajgr 5*7-1 . '^ &re]^ aqulftngular triangle /Is 
#qullattnl. ^ u ^ 



proof of this aorollaiir 1§ l^f^ f^ ss a mroblan^ 




problem Set 

Rtwrlte eaoh of tha following s'^^amentfl In "if 
than " fom, and then' write its, eonverse* In eaoh 

oasej ita^ta .whether' you think the givah statement is 
validi whether you ^think the converge is valid. Give 
i^stif loatjons df you oan, ' . 

, * _ " ' V ^ 

(a) A positive nianber has one poiltlve -square root. 

(b) The points of the interior of a triable form a 
convex set. . . ^ - ' 

if) The sum of two odd numbers is odd." 

^d) Ri^t angles are congruent. ^ V 

prove Corollary 5-7-1* \, ^ ^ ^ ^ 

In the adjaoent fi^re, £m ^ ^ 

prove that ' aThC 'is isoec^les. 




In the adjaoent figure, 
HP ^ KF ^d HP ^ KP . 



5. In tht ftf^memt figure, 
; A» D# B# B 

. AD « Bl . ' 

twyt that A^BC Is 




E B 



6. In the a4jaoent figure, 
2> ^iP , 

II 1 ro , and PQ ^ FS . 



Prove that CP = PR 




*7. Prove that the ray which bisects the verttx angle of an 

. t^i^il? . i?. pe^endtoular.-ta the base- of -thr 
triangle and also biseets the base* 

5-10. Proving Non - Cpplafer Triangles Oongruent . 
• Btample ^, - . 

JHypothesis ; ACBA and ADBA , 

II 1 ID , 

To prove ; ACBA = ADBA . 
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^ •; (Ihe triKigies w are golJ^ t© prove eongment are not 
t^eeiiiiwlly (^eplanw* it It stfvlsable In suoh aipes stt the 
tri^iiiles *ln*^i»speetl«.^ TO of this proof ^oonrts elear 

1^ im amre that there is a pair ©f right angles, fhdloate^ 
by ttit rl^t Mgle «arkSy that TO is a side in both 

.Wiiah oongruence postulate should we use? ^pply 



Reasons 



the iidlssing reasions.) 



' Statements 



iV 3 ^ M . 



a. /pm an^ ^ba are 
rltfit angles* 

3 . /CBA S ^Bk . 
5. ACBA ■ ADBA , 



1, 
5- 



Read It, and when you \mder stand It 



^cample 2, 

Below we use the method for finding a proof that was 
used in Seotion 5"7 
^write the proof* 

— - t^pethesi^^ i gg^^^^^ ; O 
IS 1 M at 0 

To prove : ^ACD S ABCD * 
I can prove. 



1. 4ACD S ABCD 



a. 

3, 



: \ 



IB a IB 




W = W , 

AACO S ^BCO 
A ADO S ABDO 



S.A.S. 
S.A.S. 



o 

ERIC 



* R»oblta Set 5^10 



III tht figure J . 

and,: W * IS . 




NapolaQn'e fordas^ marohing Into enemy territory^ eama ^ * 
upon a stream whose width they did not Jmow* Although thi 
engineers ware In the rear^ neverthelesBj the impttuous 
aonwander demanded of his officers to find the width of 
the river* A young of fleer irnmedlately stood erect on 
the- bank mnd pulled the visor of hla sap down over his 
ayes until his line of vision was on the opposite shore* 
He then turned and sighted along the shore and noted the 
point where his visor rested* He then paced off this 
. distance along th# -shore^ Wa^ this -die tmi^e the TTldth^ 
of the river ^ What two triangles were congruent? V^y? 
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2^} ' 



Wi Is in plue P J 
IK Is Ih plue Q 

ro * BC I and X Is In W . 
Siow^ that M - M . 




Let ' ABG ba any* triar^l« and D a point not in the 
plane of this triangle, I^ie set eonslstliii of the union 
of six sagmantii W , W , W., W * TO , W shall 
call a skeleton of a tetrahedron. Each of the six 
segments *is emiaed an edge of the tetirahedroni eaeh of 
the four points B,K!^ D ir a vertaxi the union of 
each triangle Tormed hy 'ttiree^ vertioee and its interior, 
is a faqfi each angle of a face is a face angle* 

(a) Construct .an^uTiateMl^Skeliifon 

^th toothpicks arid quick-drying glue or^ifith ^soda 
i . strains by threading string through them* 

(b) How many faces are ther&? How many face angles? 
(o) Tvfo^edges of a tetrahedron are opposite edges if 

^ they do not intersect. They are adjacent if they do 
^ ^^^terseet.. If pach, pair of opposite edges ar^ 
\eongruenfe, are a^ of/the faces congruent? If each 
^ pair of adjacent edges are congruent , what kind of 
^trlar^les are the faces ? 



5« A tripod with threm ImgB of 
#qual lengths VA , VB , VC 
stands on & .planer 

Vhmt oan you if. 
anything J about the 
equality of the 
dietanaeBi AB j AC ^ 
BC ? About the six 
angles ^AB , ^kC 
^mk f eto.? 
(b) Answer Fart (a) if you^ 
J are given ajeo that the 
tripod legs make aongruerit 
angles with each other i that 
is, /AVB a^^BVC m £hVQ . 

6. If in the fi^re, NT * NM , 

PR - MR , m ^ on , W ±m\ 
Pr©ve that AB ==i AC , 



A 



Write a proof In paragraph 
fo'rmi If 51 , W , and 
CD bisect each other at ' 
V then AABC m AlPD . 



D 
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B« a proof to ^^mff^ph Joz4« 

To pTOV^ i AAK is equiwgularl 




5-11. Medlms and Anglt Blsaotora i 



INITIQN * A median of a triangle li a sepi^nt 




^se fndpolrits are one vertex ot the triangle 
and the midpoint of the opposite Wtfe.. 



^noe a se^nent has exaotly one 
midpoint there Is txaqtly one medlim 
for eaoh vertex of the triangle . In 
the^ figure D Is the midpoint of W V"' 
Then Is the medlM of A ABC f rom 

A * How many me^lanB does each trJLangle B 
jiave? 




TOEQRIM 5-8, ^e median to the base of an Isosoeles triangle 
(l) bisects the vertex angle and (11) Is perpendloular 
to the tilm^ 

Observe that one pprtlon of ^e conGlusi^n of this 
theorem has already bean noted in Problem 2 of Problem Set 5-8. < 
Th^ other portion of the coneluslon follows In a straight- 
forward Minnerj so the proof of this theorem liSleft to you as. 
a problem*" . ^ ^ _f 



■ 



Note that a ^mdian from a vtrttx 
need not lit on the bisector of the 
angle at that vertex^ In the figure 
.at the rl^t the median tTom A is 
the septent ISR and the blseotor 
of the angle at A Is the rt^, W « 



B 




The following theorem has alrea^ been proved (^oblem 7 
of frobleffl Sat 5-^9, ) * 



TTOOR^ 5-9 . Thm blseetor of the vertex angle of an Isosceles 
tr^ffllile blseots the. base and is perpendleular to it* 



^ Problem Set J^ll 

*1. ^Provii' TOieorem The median to the^base of an isosoeles 

t^riangla (i) bisects the vertex angle and (ii) is 
^ ^^rpendicular *to the base* 

P^ove that if A ABC S ,ADEP 
g3 Bnd , TO are medians to- 

and re Bpe etive iy 

then A ACQ m ADM and 




In the figure at the right are 
three eoncurrent llrtes, , 
, intersecting at 
Ibl i Ih , hide J, 



0 



2 ' ^3 
so that^ 



intersects , 
points A, B, C, 
and ^ 1^ X ^2 * 



in 



2 ' ^3 
respectively/ 



Prove : 



OA ^ CX^ 




k« In th« figure, M and SB 

frave ^that 01 ^ "ffi , 




Prove I If thm medt|n to a slda of a triangla is parptn- 
dlaular to that alda, then the trlarigle is Isosceles. 
tUse a paragraph proof,] " ' 0 

Prove: If an-^^^le blstetor of a triangle is perpen-^ 
dioular to the o^^^te side, the triangle must be 
isosceles/ [Use the paragraph form for the proofs] 



5-12. Using Congruenaes as a Mathematloal Tool . 



" ^ ftius f ar^ we^ have used a ^hgruenc e between ^rfanglea^o^^^ 
establish a cor^ruence between segments and between angles, 
and to obtain properties of speodal triangles, like isosceles 
Ad equilateral triangles. We now use a oongruenee 0o prove ; 
a theorem that will be helpful lyi our next ehapter/ Bat first 
we epnslder the-def inltion of an exterior angle of a triangle*^ 




a; B, be vfrtla^s of a triable*' Then B and^ 
^MC dettrmint a Haear pair at A Qanslitlng of ^BAC and 
^CAI h as showi above. Similarly TO and ^BAC determine a ' 
linear pair at A oonslstlng of £mo and £BAh\ Ea^ ai^le. 
of the triangle be oori&ldered to be an ar^le In tif© linear 
pairs. , . " ' . "\ 

^ JEFIWglQN . Each ^gl# of a triple Is eometlmfs 
eiaied an Interior wigle of t^e triangle* 

An angle vfriioh fojros a linear pair with an Interibr 
. 1^ angle of a triangle- is oalled an exterior angle -of 

the- triangle , ' ■ ^ 

Each lixterlor angle la said to be adjasent to the 
interior angle wltli which it forms a linear pair 
and non-adjacent to the other Interior angles of 
the trl&n^le , 



:^In the figure abot^e le an exterior angle '"of A Am 

-It JU^ adj agen t t o ^ „^BC A ami n^-adjmcgrLt„ and £^0 

Is £kOD also an exterior angle? Does it have the same 
adjacent angle as /BQE ? The iame norr^dj^oent^ angles?. Name 
another pair of exterior angles of AABcVl 

TMiQREM 5-10 ^- The measure of an exterior angle of a triangle / 
is grbatar than the measure of either of Its non-adjacent 
interior angles/ 




Proof I Let the vertices of the triangle be ^A, and 
C , Let 0 lie a point on AG such that C is between A 
and Q , Then /BCO is an exterior angle of AA_BC , We must 
show that m /BCQ > m £ABC a^d 'that m /BOG > m /BAG , We 
first give the argument thab m ^BCG > m £ABC 
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if 



E be the midpoint of ' M , Henea M S / On 

tmj ' W jthere Is a point P such that E is between A and 

P , -and Al ^ IF , Also /BEA and £CEP are vertiqal angles 

' _* ^ 

,Gon$equentiy ABEA 2 ACEF ^ by S,A,S4 Hence, ^BCF S ^CBA . 

Now Theorem ^-7 tells us that F Is an interior point of 

/BCQ and, therefore, by I^eorem " " i 

m ^BCF + m ^FCG - m £BCQ Since these mea'sures are positive 

n^bers it followB that m ^BCG > m /BCF and therefore 

m /BOO > m £OBk ■ ' 

To prove, that, m /^Q > m ^BAC , we use the midpoint of 
In the same fashion as in the part above to show that the 
other, exterior ajigle at has greater measure than £BAC , 
Slnca the- two exterior angles at C are vertical angles, it 
^hen follows that ^ m £BCG > m £BAC y 

The proof we give for one exterior angle of the trl^igle 
can easily be modified to reach the same conclusion for any 
*of the six exterior angles of the triangle* 

Theorem 4-21 asserts that in a plane at each point in a 
given line there is one and only one line perpendioular to .the 
givert lin^. Because It is a "double-fiarreled" theorem, we 
had ^two statements to proves that there is a line of the 
required sort (the existence ^rt) and that there is only one 
such line,!(the uniqueness part), . 

We now use a triangle congruence to prove a companion ^ ' 
theorem. ^ 

THEOREM 5-11 , Given a line and a point not on the llne^ there 
is one and only one line which contains the given point 
and which is perpendicular to the given 

Proof I Let m be the given line and p the given point 
not on m * We divide the proof Into two parts, 

(l) ^istence. 

We are to prove that there Is a line containing P and 
perpendlGular to m , 
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Let A a point In m ; 
Then fA is eltrter perpendicular 
to m or not ^rpendlcular to m 
If PA J_ m S Part (1) of our 
proof le* Gomplete. If PA 1e 
not perpendicular to m ^ then ' 
there is, a point D on m such 
that m ^DAP < 90 , Why? Now 
m eeparatea plane PAD into two 
halfplaneij one of which contains 
P * In the etcher half plane there ^ 
is a point 1 such that m £DAP -jm £DAE 
On AE' there is appoint, P' , such that 
AP» ^ AP., / ..J 




Now we can show that PP^ is our required^ine , For 
ppi intersects m . Why? Call the point of intersection 
You should be able to complete the proof of Part (i) using 
I^eorem 5^9. * ^ 

til) Uniqueness, 

We are to prove that there cannot be more than one 
perpendicular to m containing P , 

Suppose that PG were another| 
perpendicular to m * Then PS 
would intersect m in a point, 
say P * Why? But this would 
then give us an exterior angle 
of ^PFB at F whose measure 
would be greater than 90 . Vfliy? 
Is this possible? Why? Therefore 
we cannot have ^ second perpendicular 
from P to nt and we have proved the 
uniqueness part of our theorem. 



I 




DEFINITION . If P is not In m , and the perpen- 
dicular to m containing P Intersects m in 
F , then P la called the foo t of the perpendicular 
from P to m . 
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PrQblem Set 5»12a 

Prove mieorem 5-10 for an exterior angle at B . 

In this figjBi, m £kCD = 50 . 
Wiat must be true about m £aBC ? 
About m £mc ? About m £ACB ? 





Proves ^The exterior angles of an equilateral triangle 
ar^ congruent . 

Arrange In order starting . 
with the smallest 

(a) m /q. ^ m , 

(b) m /b ^ m £d . 

(c) m ^ m * 

(d) m /fi f m /a. f m /_e , 

Hypothesis : AABC is isosceles* 

Problem : Must TO therefore 

be the median to aC ? 
First J consider the following 
questions i 

(a) What do we Imow about the median drawn to the base 
of an isosceles triangle? (from Theorem 5-8)** 

(b) Why do we Imow that BD and the median cannot be 
two distinct se^ents? State the theorem that you 
used in answering this question, 

(e) Must BD therefore be the median? 

(d) State the hypothesis of this problem and the 

conclusion you have derived in the form of an ^ 
If , then statement. 
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5-12' 
6. 



8. 



Suppoi© that .m is a line Ir^ a plane\^ and that P 
a pdlnt not in DosB Tlieoreffl 5^11 still apply? 

Mak© a dlag^un and explain, 

p is a paii>t in Jlana XOY j 
n6t on' ^ , nor on OX * v 

Haw many linaB ooiitaining 
P are ^ to oJ ? 
How many X i To ? 

Make a sketch including al^ 
of these perpendiGulars. 
Can yeu make all the perpen- 
' dieular/ lines appear perpendicular? 

lies in plane MB * 
^ g lies in plane CAB , 



is 




10. 



F is a point in space* 

How many. lines containing p 
are 1 ? 

How many lines containing p 



are 



1^^ 





Plana 9i and plane ^ 

filter sect 'in RS . 

P is a point in space* 

How many lines are in the set 
of all lines throu^ p ^ to 
the intersection of plane ?t 
and plane m ? 



Is there a unique perpendicular from each point in space 
to' each line In a given plane if t^ line does not 
contain the point? If the line does contain the point? 
Illustrate each with a diagram* 
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5-12 
11. 

,♦12^, 
f 13, 



Slow that there exists no triangle such that t^o of lts 
angles are right angles* ^ " 

Show that. If one angle of a triangle is a right angle, /' 
then each of the other angles is an acute angle, 

Show that if one angle of ^ triafigle is an^od^tuse angle, 
then each of the other angles is an acute angle, 

• . " " \ 

^ We now give examples of the use of congruence between 
triangles to derive properties of polygons whieh'are not 
j^riangles and of space figures which have polygons as faces^ 

. Definition , a regular polygon la a convex polygon 
all of whose feidea are congruent and all of^ wt{ose^ - \^ 
angles are congruent, ^ ^ ^ • 



Example 

The diagonals of a regular 
pentagon are congruent * 

Proof s Let ABCDE be a 
regular pentagon. Then according^ E 
to^ the definition of a regular ^ 
polygon we know that 
^ ^ iB ^ /C ^ /p = , ^ 

We are to prove that ^* 

Plan , We prove first that JC" ^ HP , Name a triangle of 
which 37 is a Bldej of which ' BD ^Is a side* Set up a 
correspondence between the v|ytl6eB that Eeems to be a 
congruence. Do you see how to use the S.A.S* Postulate to 
prove them congruent? 
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5-12 



Supply the missing reasons. 
Statei^nts Reasons 



1. 


f r 

/ABC S * 


1', 


2. 


2, 


3. 




3. 


k. 


AABC S ABCD • ^ 


4, 






5. 




5. 




• 



Now write a proof that AC ^ CE , Explain how you would go 
about proving that all five diagonals are congruent. 

Example 2* ^ . ' . 

Hypothesie ; A, D are nonGOplanar f>oints, / 

Al S Aff S aD , * 

^AD S /DAC S /cab . 

- - _ ^ 

' To provei ABDC is eqiiiangular * J 

piaji . We can prove" that ^BDC is equiangular if\e caji 
prove that BC S w S CB . We can prove 
these iegmentB congruent if we can prove 
that 

ABAD S ADAC S ACAB . ) . 

These can be proved congruent using 
the S*A,S, Postulate. 




Problem Set - 5"12b 

/rove that the diagonals of a regular quadrilateral are 
ent . 



congr^e 



Do yo^V think that every equilateral quadrilateral is a 
regui%r polygon? Justify your answer by an inforTnal , 
argument * 
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3. 



late the proof for &cmpla 2. 

The figure at the right Is 
not a picture of a regular 
polygon* Qcplaln, ^ 



5* ABQDEF Is a regular hexagon. Prove that AbFD Is an 
equilateral triangle, . 

6* ABCDEP Is a regular hexagon. Prove that * AD _[ "Fb , 

^ 7* The f l^re at the right Is a 

pleture of a space figure In _ 
which 

m ^ w i w ^ w i m ^ m , 

Iff S , "ff S PC , and G 
la In . 

I 

Prove that nEPG la an Isosceles triangle. 

C . 

5-13. SujTmmry . 

We have investigated congruences between se©nents, betweeji 
anglea and between triangles In an attempt to \galn a deeper 
Insight J.nto the meaning of "same sl2e and shape*' as applied 
to physical objects. A triangle congruence is a one-to-one 
correspondence between the yertlces of one triangle and the 
vertices of another in which corresponding parts are congruent. 
The S.A,S,, A*S.A*j and S,S,S. postulates are remarkable in 
that they reduce the number of parts we need to consider to 
establish a congruence between triangles, We learned to plan 
and write mathematical proofs In two-column and^essay forms. 
We used congruences to prove two , isosceles triangle theorems 
and to help establish some ^properties of the median and the 
angle bisector from the vertex angle of an Isosceles triangle. 
Triangle congruences also helped to investigate some properties 
of regular polygons. 
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5-13 -V, 

In Chapters VI and VII we shall devei-o'p the mathema^ 
machlntry for studying the notion of ''sajn's; ships'.'' Hie 
mathematical concept corresponding to the. i^ia- of.- "same shape" 
Is similarity. Just as a congruence between 'tj^langles Is a 
correspondence between their vertices (with cV^tain properties 
so a similarity between triangles Is also a rcGrt^pondenee 
between their vertices (wj.th other propertlea) ^ " An Important 
concept related to similarity ^ and an Important ^ tool in its 
development, Is the concept of parallel llrias 'wh,iGh we shall 
. study in Chapter VI. ^ * _ ; >j 



In Chapter 5 we have assumed more than Afl^^.'|,ary 



After 
^th^ A,S.A, 



we have assumed the S.A.S* Postulate, we can p 
and S.S.S^. statements as theorems. We chose nfl^tlp do S€ In 
the text in order to simplify our presentation, ;4ut we have 
Included these two proof s'^n Appendix VI. \ 



Review Problems 

If CT bisects OF and 
/a S £h in the /i|ura, 
prove that OF bisects CB . 




If AaBC is equilateral, prove that AabC ^ ,ACAB . 

If the bisector of /o in AFGH is perpendicular to 
the opposite side at K , then triangle FGH is 
isosceles. 



If FA ^ PB and QA ^ QB 
then £apq ^ /Bfft , Will 
the same proof hold regardless 
of whether A Is In the same 
plane as p, Q, and B ? 
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In this figure HA ^ HB 
bisects ^AB , and 
m bisaots .^HBA , 

Proves AP ^ BF . 




ABCDE ls_, a regular pentagon, 
Prove that /pkB S /pBA . 



J 




hypothesis we have given in the figure ^ 
that AP S BR ana M S ^ , 

R 

ProVf I ^ARF i ^BFR . 




(^e gap in TO was there 
so that the figure would not 
reveal whether or not TO inter- 

seete AP •) ^^o you ^eed as part of the hypothesis that 
the figure lilies In a plane? 

(a) If, in the fipre, X is . 
the midpoint of AB , 

/A S , and £AXR ^ /BCT , 
show that IP ^ m 

(b) Do you need as a part of 
the hypothesis that the R 
figure lies- in a plane? 



9* . If RS is perptndlGular to each of 'three different rays, 
^ , , ra , RC at R ^ and RA ^ RB ^ RC , prove that 
'SA ^ -SB ^ SC . (Draw your own figure,) 

10. A person wishes to find the distance across a river. 

He does this by sighting a tj^ee^ T , on the other side 
* opposite a point P * 




X 

Then he paces along a line perpendicular to TP to a 
point M and continues to Q so that PM ^ MQ . Then 
on a line perpendicular to Pft he finds the point X 
which is collinear with M and T . What other segment 
in the figure has the same length as TF ? What theorems 
are used in showing that: ATm ^ AXftM ? 




In ARST4 Point X lies 
between S T , and 

SX ^ SR , Point Q 'lies 
between R and T , and 
SQ biseets , W 1b 
dr avm . * 

Find an angle congruent to 
^ and prove it. ^ 



Prove: If two mediane of a triangle are perpendicular t 
their respective sldes^ then the triangle is equilateral 

In A ABC and AHRW % AB ^ HR* * 
BC RW > and median W a median 

Prove .that AABC ^ Af^W 
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*4 

18, Hypothesise In AMOH , /w, ^ 

and i^ '^. l^ as In the fl^ra. 

To prove-, gR S ^ , 



19. 



20, 



21, 



In thlB figure B and F 
trleeot* M , i 
and AR ^ Fft , 

Prove: - PW / 

♦Trisect means' 'to 
separate ^into" three 
eongruent parts , 

(a) Prove- If PA * PB , 
QA ^ QB and R is 
on PQ as shovm in 
the flgurej then 

RA ^ RB , 

(b) Must the flva points 
be coplanar? Will the 
proof hold whether or 
not A Is in the same 
plane as B j R j P , 
and % ? 

in the figure, prove that 
IF HI . 



A 



B 
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22. IF-^-lnttrseets at f B. 

Intersaots W at M. 

a H5 and - flS, ^ 

Prove I ^ S and 



S3, In the plane figure, R ^ , 
Proyfe that ^ S ^ , 



24, In the AXKQ , XW ^ OR , 



Proves KA ^ 



25. Prove that RX ^ RY if it is 
given that In the figures 
Bft = TS , m ^ m and B 
m ^ m j X, and R 

are oollinear* 
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26, Given I in the figure, J_ RS * 
Prove that /RCA S /SCA . 



2t. Hypoth^iis^ £kOB with M ^ 

and p., Q, ppints on raya OA j 
. ^ /With Aft ^ BP^" 




Can the following be proved i 
. ^ OP ^ Oft ^ 




28, In this plane figure 

^ ^ > Zc ^ Zd . 

and JT ^ JB , 

Prove: Z^ ^ ^ * 




Points A, R, and C lie oft line in that order. 
B and D do not lie on A \ AR ^ CS , AB * CD , 
BS = DR ♦ * = 

(a) Prove that £BSA'« /DRC , ^ 

(b) Need the points A, S, ^ B, D be cQplana 
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30* U thA plam flgurt^ 
, M • ni % lMd ID • RB 





31, In this figure b 'Is tho 
■iapoinfc of W , W V aritf 

FFOve that 4^1^ - ABCA . 



32. Dpes the proof for R^bl#m 31 hold evan If^ the segments 

, 135 , ?B are not ^oplanar? &cplaln« 

33, In this figure, polntfe p and 
H trtsect ^ I and points 
and B trisect ?ffi * If 

^ AF - FB^ Is AAOT » AWffl ? 

Prove your answer^ 




34, Let APAp and AftAB ^ lie In 
different planes but have the 
conraon aide US , La^^ 
APAB S AftAB , 

Prove th%t If X Is any 
point In' Ai then A FOX 
la iioboeles. 
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Complete Bualld'ii proof of the 

theortm tha^V^hp base angles of 

an Isosaelts trianglt are conginaent, 

H&rpothesis i AB = AC . 

Prove I /ACB ^ /ABC . 

Tate a point F with B between 
A and F , and Ji point H with^ 
0 between A and H so that 
AH - AF . Coniider AACF and 
AAEH . 
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Chaptars 1 to 5 

Write the niunarals from 1 to 70 Follow eaoh. with a 
or a to Indloata whethtr you conS^aer tha statemant 
"ti^a.or falsa. True wil?= maan " trua \mdar all eondltions ." 

l^ , /A,.14iip antf a jpolnt not on It may* ba aontaihad in two ^ 
dlstihct pliJiaa, 

^ 2, If a and b art real nwnbars and b > a , than 
a - b Is a negatlva numbarg 

3. Thm Intarseotion of and iJ: la TB . 

4* Thm Interseetion of every two halfplanee Ip the 
Interior of an angle, ^ 

5, Six oorr#sptaflenoes are^lmpliad in tha/atitement 
A ABC S - H ^ ^ 

6, If ^ ip£Z , then ffm ^ ' ^ ^ 

7. Ive^ plana is a Bupsat ,of .spaca^, . / 

8. If, to prove a itatemant true^ we first ass^a it to ' 
be false, then we aj'e using Indirect proof. 

9* If a dlstanoe AB Is ^hrae times as great as a dlstanoe 
XY when both are measured in yards^ then the distances 
are equal when both aresjfnaasured in feet. 

10, If TO - cp , then either A - C or A ^ D . 

11, A point which belongs to the interior of an angle 
belongs to the angle, ' ^ ' , , ^ 

12* The interior of every triangle is a eonvex set* 

13. ^Inductive thinking based on experiment is of impprtanoe 
In developing geometry since it often suggests some of 
the postulates and theorems. 



' A definition 1^ yi¥-anptoy-if" fgm may be rewordad^s 

a statment wd Its aonverse. 

^ 15. to® possible coordinate syetam Is a ont-to-one corra- 
spondenoe bjitween the points on a line and the set of ^ 
real numbai^f . 

16* If a subset of %. line is the set of all points whosji 
ooordlnate x satisflas ^2 £ x ^ 5 , then the subsat 
is a s^gMnt , , 



17 • A ray aoo^inaf© gyste^Jpan ba chosen whleh will assign 
to a glven^ ri^^ My given number x suoh that 
0 <'l8o . 

18, If the measures of any**hraa parts (sides and ai^las) of 
a trlangla ara glvan^ one only one trlwgla irtiloh 
oontalns parts with those measuras Is possible, 

19, Glvan A m {a,d,f) and [M,Nje) , tha Intersection 
of sets A and B Is^ the empty set. ^ 

20, The Intersaotlon of threa planes la tha null sat* 



21* If a, b^ 0 ara any three distinct real numbers, than 
pae of t^a following must be truei althar a < b < c 
a < 0 < b or b < a < o . ^ 

22, Given two points P and ft on a line X $ only one 
ooordlnate system on J. assigns ^ to jP and 1 
to Q . 

23^ ^e union of two half planes is a pl^e, 

24, If two lines intersect so that a pair of vertical angles 
formed are supplementary, then the measure of each of 
these angles is 90 . ^ 

25, If Aj Bj C are points and B is between A and G ^, 
than BA\^+ BC - CA , ■ 

26, , C^a iThportant geometric statement that three noncolllnear 

points determine a plane has also significant meiLning for 
practical applications in the pt^sical world. ^ . 
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Tim "If" part of a theorem in "if ... then ... " form 
is the h^otheil8« . ^ " 

fhere Is a \mique number whloh is the measure ©f the 
fllstana^l^wen tt^ ^int^^ln ipaoe relative to 
a Qhosen tanlt-palri 

If F, R aw three dlatlnot points on a line to 
whloh a ooordlnat^' system assies nimbers >p, q, r 
resgsetivea^r an^ if q < p < r then Q lies tptween- 

f and R • ' ' 1^^' ^ ' ""^^ 

Bie Interior of an angle oontalns the interior of * all 
r^ys between the sides of the angle* 

If a point Is In the Interior of two angles of a 
triangle^ then it is In the interior of the trlahglev 

To build a deductive systemj it is neoessary to aoaept 
some statements wlthout;y]^oof * 

Given a line there IB one and only one plane eontainlng 
it. ' . ^ • • 

If S is the set of all integers x such that 
2 < % < 5 , and if T is the sft of all Integers y 
such that y = X + 4 for soma x in S j^then it is 
possible to establish a one-to-one oorrespondenoe 
between the elements of S and the elements of T * 

If Aj B,.C are points and b, c are- numbers, there 
is a iinlque one-to-one eorreepondenQe between the points 
and the number s * , 
Protractors are always marked In degree ^Its. ' 

Congruences between triangles have the transitive, . 
synmietria and reflexive projei'tles, ■ 

A statement that something is true if and only If- 
something else is true can be rephrased to form two 
statements. 

If two distinct planes ^ and ^ intersect, their 
intersection is an infinite set of points. 



' ^*6. If isE > 7 and k < 0 , thtn x > 

["•^ 42, If tm Olstinot points 41# in tte swe h&tf^lano, then 
thk line det#Fi^md ^ thra dots not intersaat the edge 
of that hall^lene, 

43 . If tm 0Uppleaehtai7 ugles' fOFm a linear pair^ then 
^ , ,r'qpe of the a^3#a i&ia^ ,.^^u[ute. 

44. AAID - AOT if ^ , 3^a^W and WSW . 

^ 45. ^^le postuALtea for formal geometry are the same in all 
geoaetry books. ^ 

46 « A atatement obtained by logiaal teduation from poatulatee 
and theorems ^jji. our foraal geometry m^ be aoMidered as 
a theorem in our formal geometry, 

47> Given tiio dietinQt points on a line a ooordinate system 
oan be chosen so that the aoordiMte of one point is 
zero and thm ooordljiate of the other point is a negative 
number, ' , , . * " 

48« If C are three distinot oolltoear^points then 

B ' is between A and C if ^ 4^ BO ■ AO . . 

49# ' An angle is never determined by two segments, 

50* Two right triangles may be oongmient If only one side 
and one angle of one are oongruent to '^e corres^nding 
side and angle of the other, 

<'51-^ QmoimtrY is related to things in the real world even 
thou^> the points which form geometric objects exist 
only in our minds. 

52* To say a set of collinear points is a line is the same 
as to say a line is a set of collinear points.^ 

53. Ifie set of intagers li a subset of the set of 
irrational numbers* 

# 




5*. If A, 0 'wm QOlllntar polnta to whlGh ai*^eowt- * 
' *%p^ndmad hat atsip^d tht nyabars -2, 1j %^5 » 
M0p@&tiv#l7» thf n ihm midpoint of, W is A . 

55. ito wgle amit alir^s hm aonsidered as a set of joints. 

^SS, One tM.ai^e^ni^ bs 'con^^tnt to another without b#ing 
equal to ^t*#^ ^ 

57, Si an isosoeles trfitfsgle'ihe^median to the base biseots 
the vertex ai^gle, , ^ 

58, Four Mnoollineax* points deteradlAe sl% lines. 

59* Ttxm properties of order in our text are properties of 
real niunbers. 

i 

60# If the distanoe between tw points ^latlve to one 

uait-prt.r Is twice as le^ge as the measure between the 
swe two points relative to a seeond unit -pair, then 
the mtasure of thV distanoe between the points of the 
second unit-pair relative to the first ui^t-palr is 2 * 

61* A point 6n the edge of a halfplwie belongs |o that 
half plane* 

6a* If point Q Is In the exterior of ^ABC , then A *nd 
C are on the SMie side of 

63. If ^^yai = ACAB , then £a S ^ . ' 

64- A daduetlve gaometpy 18 urfeleBft imless all the ^ms 

^ which are used are defined, 
65* If a statement IB true. Its converse Is also true, 

66^j|phere is a point on a number line which cannot be 
f matched with a real nimber.. 

/ ^ ; , -■ 

67. 'lh% graph of the solution sat of the inequality 

3x + 3 ^ 2x + 1 is a ray, 

68. If in same ray coordinate system the numbers 20, 30^ 40 
are assi^ad^ respectlvaly^ to rays Vk, vS, then 

m /ATO + m ^GVB ■ m £aVO . 



SwS.S. FoMiil&te is Just as usable in dediiotlvt pCQOf 
/fts If lt.Jitd teen a S.S.S. Theoram. 

If the Mdlms of a trianglt 'a?a thm suie a,s tha angl© 
blsaotors jmd also the same as the sepfients from the 
vertlceg pe^endloular to the oppoilte side, then tha 
trlanglf is equllataral« 



/ 
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[ Chsptfer 6 ' 

PARALUXISM . 

^ - - . 

Our study In the last chapter led us from an Idea In the 
phyilaal i^rld, Mnaly the Idta^of "iame size and shatpe," to a 
ooncept in farntfLl. geometry, "the coneept of congruence. In this 
chapter we examine another idea In the phyiicrtl world, namely 
parallellBm, and then develop the formal mathemfftiGal conoept 
of two^lnes being parallel, 

^Wiat does "paral4el" suggest to you? Perhaps the "lines" 
between lanes on a running track, or the cracks between boards 
in a floor, or the strlr^s ori a harp? What properties of, 
parallel lines In the physical world seem to you to bfe - 
important? If two ships are sailing parallel courses close to 
one another as pictured In the dlagrami how do the angleB 

indicated in tht figure oompare? 

g " """" 

N 

The congruence of the angles Is an example of an Idea from the 
physical world which suggests a property of abstract parallel 
lines. 

Another property of two parallel lines is that they are 
ever^here the same distance apart, A pair of railroad tracks 
must accoimnQdate wheels which are fixed so that the distance 
between them oarmot change as they roll down the track. These 
and other properties of parallelism in the physical world have 
their abstract eounterparts In the theory of parallel lines. 




Our n^et^dbjeatlvt li a mathlmatioal treatment of parallallsmt 
tti Importut oonoept derived from our ©xperlance wltft real ? 
objeots. • t 

,6-2. Deftoitiorte . ' , . 

PBFINITION , Two ooplanar lines (whether dlBtlnet ^ * 
or n&t) whose Interaeation is not a set ooniistlng 
of a single point ere called parallel lines j and 
/ eaoh ±i said to be parallel to the other* - . 

Notation t If p and q are lines ^ we. denote 
the statement that "p is parallel to q'* byi 

. p II ' 

Notloe that there are two requlr^ents in the def Initiojfi 
of parallel lines: (l) the lines are ooplanar, and (2) the 
jLineSj if they are distinetj do not .interseot. If p and q 
are any lines, th»e are four distinct possibilities i ' 
(1) there is ^o plane , which bontains both p and q , in 
which case p and q are skew lines) (S) p Bnd q are 
ooplanar and intersect in one point j (3) p and q are 
eoplanar and do not intersect. In which catfe they are parallel j 
(^) p and q are the same line. In which ease thty are 
parallel. 




Jliis Is a drawing of a rectangular box* 
Name two edges which lie on parallel lines. 
Name two edges which lie on intersecting lines. 
Nai^ two edges which lie on skew lines. 
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1 Lit p and be two lliies which In a plana , 
AnothtP lint In ^ may Intarstct both p Bnd q , or It may 
riot. If It^lntarseats both p and q , It may interseot them 
In dlstlnot points, or all three lines may havi one point In. • 
contton.^ 




In Fi^re (a), the line t Interseots both p and q ; In 
Figure (b) tlie line a Intereeots p b^t not q , In 
Fi^re (d), the line u Intereeota both p and q ^ and the 
point of intersection of u and p is the same as the point 
of Intereeetlon of u and q . In Figure (a), the Inter- v. 
section points of t with p and with q are dletln^tj we 
call the line t a transversal of the lines p and q • 
Likewise, In Figure (o), the line t« Intersects the imlon 
of p'^ and q' in exactly two p.olntsi again we call t» 
a transversal of p' and q' • Try to formulate a definition 
for a transversal, 

^ * ij 

DEFINITION. A tri^sversal of two distinct coplanar ' 
lines Is a line which intersects their^nlorKin 
exactly two points, 

In %^ra (b), line s is not a transversal of lines p 
and q . Why? In Figure (d), line u Is, not a tranaversai 
of p and q . Why? / 
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In th© dlagrani btlow, the points A> B,: C, D are four of 
the vertlots of a reety^lar tox* The line *BC* Interseats 
the union of AB an4C£ In two polntsj neverthalfcs is 
n6tr a transvargal of AB and CD , vmy? 



If one line is a transversal of Cwo other lines ^ explain 




FIOUM (t) 



why^ll three lines are coplajiar* 

A transversal of two lines fprms with the lines eight 
angles. Certain pairs of these angles have special importance 
and we introduce names to describe *them, Pi^re (e)' shows a 
transversal t of two lines 
p ^ q * Angles ^ t /fi * Ip t 
" /6 are considered to be interior 
angles. We call ^ and /t 
eonseciitive Interior angles, 
Mgure (f ) shows the same pair 
of angles. We notice that 
^ and 1$ contain a common 
segment and that their. Interiors 
intersect , Another pair of can- 
secutive interior angles in 
Figure (e) are and ^ 

We say that ^ and ^ in 
Figure (e) are a pair, of alternate 
interior angles . The same pair of 
angles is shown in Figure (g)* We 
notice that ^ and ^ contain 
a conmon segment and that their 
interiors do not intersect. 
There is another pair of alternate 
interior angles in Figure (e)j 
which; two angles do you think they 

are? " FiOURE'Cgj 




nmn% (f) 
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gM vtrtloal angles and ^ V . 
ania altertiate interior 

mngltir we say that ^ mnd 

are a ^ir of Qorrtspondln^ 
angles . What is tha inta^s^olbion 
.of ^ and ^ ? What Is the 
InttrseetlQn df the Interior of 
^ ^d the interior of 1/ ? 
Ve now state the definitions of 
the notions introduaed in this 




FiaURi (h) 



rePINITION , ^o ooplanar angles are called a pair 
of alternate intlirior angles if and only if the 
Intersection of the angles Is a sapient. «id the 
interiors of the angles do not interseet. 



MFINITION , ^o angles are oalled a pair of 
consecutive interior angles if and only if the 
interseotion of the angles is a sepient wd the 
interiors of the angles intersect. 



PCTINITION . Two angles with distinct vertices are 
called a pair of corresponding angles If and only 
If tb© intersection of the angl-es is a ray and the 
interiors of the angles Intersect, 



Let p and q be two distinct coplanar lines and let . t 
be a transversal of p and q , intersecting them in F and 
Q ^ respectively* Bet 
and q , respectively* 



PA and QB be rays contained In p 



(l) If A and B are on 
opposite sides of t , 
then £APQ and ^BftP 
are a pair of alterhate 
interior angles. 
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(i) lif A and B am en the 
mmm site of t ^ fchen r 
£AT^ aad £WQf a pair ' ^ 

©f aonseeutlyt Interior uglos. 




(3) If A and a are en. the 

aSM side of t , then '^APQ 
^ and # where 1^ 

opposite to . QP*, are a pair 
of corresponding angles « 




Sometimes we speak of a pair of alternate interior anglei 
or a pair of oonseoutlve Interior ar^les^ or'a pair of aorre- 
spondlng a^les^ "determlnad by" two lines and a transversal 
of them. In every suoh ease, the segnent or the ray which Is 
the Interseetlon of the tw^ihglas la contained In the 
transversal of the lines. ^ 
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Problem Set 6-g 

The diagram shows a transversal t of two coplanar 
p and q , 

Fill each blank vri^th one word or two words oi'''\three 
capital letters I i 

ta) and ^DftP are a 

pair of angles, 
(b) ^APQ and £mf are a 

pair of; angles. 
(q) ^QP Md are 

eonsecutlve interior angles/ 
(dj £om' and £ ^ are 

alternate interior angles. 
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2. TOi© diagram shows a transvtrsal t of two eoplanar lines 
p and g * 

Fill each blank with one word or two words or a single 
letteri 

(a) £h and £d are a pair 
of angles. 

(b) £dL and /y are a pair 
of angles* q 

(c) /p and /y are a pair 
Qf angles* 

(d) £x tod ^d are a pair 
of mgles, 

(e) /w and ^ art 
corresponding angles, 

(f ) /b and I are 

oorrespondlrtg angles, 

(g) £sl emd " 2^ are 
angles, 

(h) and /y are 
Las , 




(1) There are (how many) P^^^^ alternate Interior 
angles determined by p , q , and the transversal 
t , 

( 4\ There are ^ — ^ pairs of oonsaoutlve interior 

mmim itLv ^^^^ many; ^ ^,3^ 

angles determined by p , q , and the transvereal t 
(k) There are (how many J corresponding angles 

determined by p , q , and the transversal t . 

Each of Problems 3-15 la accompanied by a plane figure 
on, the right* 

3, Consider only the angles that can be naraed In terms of 
three points labeled in the diagram* 
Identify the following 1 -♦A 

(a) a pair of corresponding angles, 

(b) a pair of alternate interior angles. 



(c) a pair of consecutive interior 
angles. 




6-2 
4. 



Consider only the angles that can be named in terms of 
three points labeled in the diagram. Identify, if an^, 
all pairs of: 

(a) alternate interior angles, ^ ^ — — ^ 

(b) Consecutive interior angles, 

(c) corresponding angles* 




What naine can be given to each of the following pairs of 
angles? 

(a) /a and /p , 

(b) /b and £c , 
(g) £b and /d , 
(d) /b and £f , 




Consider only the angles that can be named In terms of 
three points labeled In the diagram. Identify all pairs 

D 

alternate Interior 
angles, 

consecutive Interior 
angles, 

corresponding angles. 



of: 
(a) 

(b) 

(c) 




B 4 

Consider only angles that are labeled by a single letter 
In the diagram. Identify all pairs of^ 

(a) corresponding angles, 

(b) alternate interior 
angles, 

(c ) consecutive interior 
angles , 



^ a/b i 


J 


c/d 


N 




^ i/f 


n 


p 




q 


r ' 
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8, 




Consider only the angles that can be named in terms of 
thrte points labeled in the diagram. Identify all pa^lrs 
of carrespondlng angles, all pairs of alternate interior 
^ angles, and all pairs of consecutive interior angles which 
are determihed by two lines and a transversal of them, if 
the transversal is^ z 

(a) XZ ,7 
(c) *YW*. 

^ \^ ' x/ ■ \y 

Idehtify the transversal and the two lines intersected by 
the ti^nsversal which determine: 

(a) ^ABD and /CDB as a pair ^ ^ ■ 
of alternate in^terior angles;- ' 

(b) ^ADB. and ^CBD as a pair 
of alternate intei^ior angles 

(c) /BAD and £CDA' as a pair 
of consecutive interior 
angles , 

(d) /ADC and . /BCD as a 
pair of consecutive' 
interior angles. 

50 and m /r = m /x : 




If m /r 
find: 



(a) 
(b) 



m /y ; 
m /w . 




ai. If XZ 1 CD 



and 



/a ^ m /b , 



Is RW 1 CD Why" 



w 
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♦12. f If "^Jf^f^ and 

determine whether eaoh of 
the following Is t^e and 

explain why- 

■ , ( 

: (a) m ^ m j 



*13. If m £a ^ 100 and' 
m = m £h , find 



a4.r If m /m m /fi and ^ 
, m /a - 70 , find m £c 
^nd m /d . 



E 


9 






I 

F 






1 







*15. If m ^ 110 and 

m ^d ^ m , find the 
meaeure of each of the 
other angles which are 
labeled In the diagram 
by a single letter. 



♦16, Prove- Let two lines and a transversal of the lines be 
given. Consider pairs of alternate interior 
angles, pairs of consecutive Interior angles, and 
pairs of corresponding angles, all determined by 
the two lines and the transversal. If one pair 
of alternate interior angles are congruent, ^hen- 

(a) the other pair of alternate Interior angles are 
I congruentj 

(b) each pair of consecutive' interior angles are, 
supplementary] and * . 



(c) each pair of correspondlrig angles are congruent, 

*17. Prove: Let two lines and a transversal of the lines be 
given, /Consider pa^lrs of alternate interior 
angles, pairs of consecutiVe interior angles^ and 
pairs of corresponding /angles, all dstermlned by 
the two lines and the transversal. T one pair of 
consecutive Interior angles are supplementary, the 

(a) a pair of alternate Interior angles are congruentj 

(b) the other pair of consecutive interior angles are 
supplementary^ SLnd 

(c) each pair or corresponding angles are aongruent. 

Hint ■ Use the results ^of Problem l6 to prove (b) and (c). 

*l8. Provrt Let two lines and ^a transversal Oi the lines be 
given. Consider pairs df alternate Interior 
angles, pairs of consecutive Interior angles, and 
pairs of corresponding angles, all determined by 
the two lines and the transversal. If one pair oi 
corresponding angles are --congruent, theni. 

(a) a pair of alternate Interior angles are congruent; 

(b) each of the other pairs of corresponding angles are 
congruent; and 

(c) each pair of consecutive Interior angles are 
supplementary. 

flint : Use the results of Problem l6 to prove (b) and (c). 



6-3* Indirect Method of Proof , 

On several occasions Ih earlier chapfers we have used 
^"Indirect reasoning* " In Sectloti 1-5 the pV'oblem of the chlld^ 
less couple was solved by the indirect method. Theorems 2-4 
and 2-8 were proved "indirectly.'' Other applications of this^. 
valuable method have been made In other chapters. We wish to 
analyze this^'method In more detail. 



6-3 i ■ — V ^ 

As a first example, let us examine again the plan for the 
proof of Jheorem 2-^4, (You should reread the theorem and, its 
proof at this time.) We are given two distinct lines. By- 

■ hypothesis J they have at least one point in common. OxXr task 
IB to show they have exactly one point in common. There are 
Gertalnly onlyytwo cases which appear possible: either the 
lines have exaatly one common point or else they do not. We 
examine the second alternative and are able, after a few st^ps, 
to reject it as a possibility. This rejection leaves only one 
case as poselble (namely, that the lines intersect in exactly 
one point) and this statement is the desired .oncruslon. 

In briefs indirect reasoning Involves the following: list 
all caWs as possibilities and then reject all cases except the 
desired one. A case^is rejected if it can be shown to lead to 
a contradiction. In greater detail, the steps in a proof by 
the indirect method (after the identification of hypothesis 
and conclusiop^) may be listed as follows; 

(1) ' List all the ^possibilities, " of which the ^conclusion 



one 



(2) Show that each of these "possibilities," excluding 
the conclusion, either itself contradicts, or else leads to a 
statement that contradlctB, the hypothesis or a postulate or a 
previ^ous theorem. 

(3) you= are able to reject every "possibility," 
excluding the conclusiojh, thin the conclusion is actually the 
only possibility, and Ae theorem is proved. 

Very often in prlctlSe^ ;-we consider only two cases, namely 
the desired conclusion and its denial, We^then show that the 
denial of the conclusion leads to a ''6onti%di,ction, When this 
hai been done, we are left with onl5^. or>e : posBlbillty, namely 
the desired conclusion. " ^ '^^'^^-^^ 

The proof of the next theorer&.^^^fex^ple of the ln= 
direct method. We are given two^-d^t^^pli^^^ satisfying a 
certain requirement-. We wish-t;^J^bWi^Ha^^ lines are 
parallel. The^two easels we coriaMter B:rBi" (l) the lines are 
parallel, and ta) the liries :&^;Xto^^par These are, 

respectively, the .desiredHconci^i^on'and ^its denial We 
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examine the seeond case and show that it leads to a contradiction 
of a previous theorem. Thus we are obliged to accept the c0n- 
dltlonal which is the statement of the theorem under discussion. 
With the plan of a proof in mind, we now state and prove the 
theorem. 

I 

THEOR:^ 6-1 . Let two distinct coplanar lines be giv^. if a 
transversal of the lines is perpendicular to each of them^ 
then the lines are parallel, 

I 

Proof: Let the two given lines be p and q , and let 
the given transversal be t , Either p and q are parallel, 
or they are not. Suppose p and q Are not parallel. 'Eien 
they intersect in exactly one point, say V . By the definition 
of a transversal, V is not on t . 




Now each of the two lines p and q contains V ; and each 
is; by hypothesis ^ perpendicular to t * Since p and q are 
distinct, the preceding statement Is a contradiction' of the 
uniqueness part of Theorein 5-11. We reject ^he alternative 
that p and q are not parallel. Hence p and q are ' 
parallel. 

^ Since the indirect method often requires that we formulate 
the denial of a statement, we should look at several examples, 

' Statement 



— - - - - — 

/A Is a right angle. 
X is greater than 5 , 
Richard is not here, 
a 1^ y . y 

AB - CD / 
The two lines Intersect, 
Set A is different from 
Set B. 



Denial of the Statement 



ik is not a right angle. 
X Is not 'greater than 5 . 
Richard Is here. \ 
a - y . 
AB / CD . 

The two lines do not Intersect- 
Set A Is the same as Set B, 
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Most of our theorems art conditional statementB, that Is, 
statements In the "If - — , then fom. More specifically, 

we have: "If hypothesis, then ooncluBlonJ' One type of in- 
dl?eet reasoning is to consider the case which Is the denial of 
the oonolusion and show that this assumption leads to .a contra- 
diction of the hypothesis/ In effect, the procedure Is to showi 

If (denial of ooncluslon), then (denial of h_ypothesls) . 
When this tas^ Is accomplished, we consider the given 
conditional statement as proved. The reraarks lead us to 
consider the "contraposltlve"' of a conditional statement, 

Consider a conditional statement of the type "If p , then 
q where p and q are statements which are respectively 
the h^othesls and the conclusion. The contraposltlve of the 
given conditional statement is^ "If denial of q , then 
denial of p ." » 

Our discussion of Indirect reasoning suggests that a 
conditional can be proved by establishing Its contraposltlve. 
In each of the following examples, check the statement and Its 
contraposltlve to sea whether they are both true or both false, 
o^ whether one Is true and the other false, 

Scampi e ^, 

Statemtnti If H S , thfn AB ^ CD , 
Contraposltlve: If AB CD , then II la not 
congnaent to , 

Example 2, ' • 

Statement: If I live In Detroit, then I live In 

California, ^ , 

Contraposltlve I if I do not live In California, 
then I do not live in Da^troit, 

^^ample 3 , 

Statement: If two angles are a linear pair of angles, 

then they are supplementary, 
Contraposltlve I If two angles are not supplementary, 

then they are not a linear pair of angles. 
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^ Your cheek should Indicate that In each aase t^e 
conditional statement imd its con^raposltlve agree In truth 
value. We may call such a pair of statements aoglpally 
equivalent , * 

.In Section 5-9 we saw that a conditional and Its converse 
do not need to be logically equivalent, for one of them may be 
true and the other false. However It appears that a dondltional 
and Its contraposltlve are logically equivalent. A diagram may 
help us to understand these Ideas, In the fi^re consider the 
smaller circular region A which is contained In the larger 
circular region B , A conditional statement descrlhlng this 
situation la: ^ 4 

if a point la in A ^ then It is In B , 

The converse of the given conditional isi 

If a point la m B , then it la In A , 

The contraposltlve of the given conditional 
la: 

If a point la not in B , then it la not 
In A , 

The^ conditional gind the contrapoaltlve art 
bot^ true, but the converse la not. 

Furthermore, the contraposltlve of 

*^If denial of q , then denial of p-' 
is the atatement, "If p , then q ^fs meana that the 
contraposltlve of a contrapoaltlve Is the original conditional. 
Therefore, If a contraposltlve is true, then the original 
atatement is also true. 

Property of the Contraposltlve 

A conditional statement and Its contraposltlve 
are logically equivalent. 

This property can be valuable to us when we wish to prove 
a theorem that has the "if then form. We aan either 




prove the theorem or its contraposltlve, thereby proving both. 
Sometimes It Is easier to prove the contraposltlve . 

The proof of the main theorem in the next section will 
Illustrate the use of the Property of the Contrapositlve , 

.. ( 
s 

V 

problem Set 6-3 

1, (a) Write the converse and the contraposltlve of 

Theorem 6-1, 

(b) Which of these statements can be accepted as true 
at this time? Why? 

2, (a) Write the converse and the contraposltlve of the 

statement: / 

''If two sides of a triangle aye congruent, the 
angles opposite these sides ate congruent," 

(b) Which of these statements can be accepted as true 
at this time? Why? 
*3. write the contraposltlve of the following statements 

'-If two distinct lines are parallel, then any two 
alternate interior angles deteiTTilned by a transversal 
of the lines are congruent." ^ 

6-^4. parallel Line Theorems . 

The following experiment (In physical world geometry) 
leads us to connect two relations, the relation of congruence 
between two alternate Interior angles determined by two lines 
and a transversal, and the relation of parallelism between the 
two lines. 




6-4 

Experiment 

On a large sheet of paper draw a figure showing two lines 
p and t intersecting at a point A , Mark a point B / 
different from A , on the line t , 




Using your protractor and a ruler, draw a line *BD^ such that 
two alternate interior angles determined by p .^BD*^, and the 
transverBal t will have equal measures, ^ 

Does it appear that *BD^ and p are par|illel? Making 
two alternate interior angles congruent seems to make the lines 
parallel. Do you think that in the mathematical world ^ 
"alternate interior angles are congruent" Implies "lines ar^' 
parallel"? We proceed to state and prove this formally, 

THEOREM 6^2. "Ck^ two distinct cQplanar lines be given. If 

two altern^^e interior angles determined by a transversal 
of the lines are congmient, then the lines are parallel. 

Proof : Let P and q be the given distinct lines. Let 

the given transversal t intersect the lines p and q In 

the respective points P and Q . Either p and q are 

parallel or they are not. We use the indirect method of proof. 
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statements 



/ 



1*. p and q Intersect at 
a point, say H * 

2. p, R are not collinear. 

3* 'niere are points S and 

T on p and q such that 
£aPS and /PQT are 
exterior angles of ^PQB • 

4 , m /QPS > m , and 
m /PQT > m £qPR . 

5, m /QPS ^ m /FOR , and 
m /PQT £QPR . 



6. P I I Q 



Reasons 



1. Denial of desired 
conelualon, 

2. Definition of transversal, 

3 . Definition of exterior 
angle of a triangle. 



k , Exterior Angle Theonjt ^ 

(Theorem 5^10) . 
5. ^ hypothesis, the 

alternate interior aiigles 
In one pa4^ are congruent | 
the angles pf the other 
pair are congruent, since 
thly^re supplements of 

ongruent angles. 
Denial of conclusion 
contradicts the 
hypothesis, (Steps ^, 5)- 




The Gontrapositive of Theorem 6^2 may be stated as 
follows: "Let two distinct coplanar lines be given* If the 
lines are not parallel, then no two alternate interior angles 
determined by a transversal of the lines are congruent,'* 
Notice that the proof we gave for Theorem 6^2 is% in effect, 
a proof of the contrapositive , We supposed that the lines are 
not parallel and showed that in each pair of alternate 
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arlor anglts, one of the angles haa greater meaaure th^ the 
other. On the basis of our discussiori in the preceding section 
we then eonsldered Theorem 6-2 as proved. 

The proofs of the following two corollaries are left as 
problems. ^ . 

" Corollary 6^g^l , Let two coplanar lines be given. If 
two corresponding angles determined by a transversal^ of the 
lines are congruent^ then the lines are pat^allel". 



Corollary 6-2-2 , Let two coplanar lines be given. If 
two consecutive interior angles determined by a transversal of 
the lines are supplementary, then the^' lines are parallel. 




{ 

TMIOREM 6-3 . Let a line and a point not on the line be given. 
In the plane determined by the line and the pointy there 
is a line which contains the given point and is parallel 
to the given line. : 
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Proof- Let the given line and tha given point be denoted 

by and Q , reBpectively , Let & be the plane determined 

by m\ and Q . Blnce Q is not on m , there is in 6 , W 

Tllporem 5-11 ^ a line t containing Q 4 

and perpendicular to m , ^ ^j^ 

Theorem 4^'21_, there is £ a line ^ ^"t^^ 

n containing Q and perpendicular j 

to t^. Since t Is a transversal j 

of the distinct lines m and n i 

in tlane 4 , the lines^ m and n j , 

are parallel^ by Theorem 6-1* * ~ 

Suminary > " - _ 

Two distinct coplanar lines are parallel if any one of 
the following conditions is satisfied: 

1. The lines do not intersect. (Definition) 

2. A pair of alternate interior angles determined By 
transversal of the lines are congruent. (Theorem^ 6-^2) 

3. A pair of corresponding anglee determined by a 
transversal of the lines are congruent. 
(Corollary 6-2-1) 

4. A pair of coheeeutive interior angles determined by 
a transversal of the lines are supplementary. ^ 
(Corollary 6-2-2) ^ 

5. Each of the llnee is perpendicular to a transversal 
-of the two lines, (Theorem 6-l) 

Problem Set^ 6-4 
1. Wtite a proof for Corollary 6-2^1. 
2.. Write a proof for Corollary 6-2-2, 

3, Write a proof for Theoijem .6-1 , using Theorem 6-2 and 
the direct method. 




■•eh of th« prebttmi in 4-18 la aeeompanled by a plane . 
«|i the right. 

* . tmy IB m 1 1 n If s 



U) 

(b) 
(c) 
(d) 



m * 100 , m - 100 
m ■ 8o 




f m £r m Bo 
m ■ 100 , m ^ - 100 
m /o m 8o , m - loo 

In Problemg 5 and 6 name the dlitlnct lines wlileh are 
parallel as a result of the given conditions, state the 
reason for your answer. 

(a) If Ix 2r/jr . 

If - . 
If ^ADC ,and ^MD 
are supplementary. 
If £BAD and ^CDA 
are Bupplementary. 



5. 



(o) 
(d) 




6. It' m IM and Mj_Al 




If the measures of the anglea are 
as Indleated In the drawing, 
what distinct line 8 are 
pararllel? Why? 



i 




i 










91* 








89» ^ 
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US rPObSMM 8 •fid 9 f Uid tha nunbap x Vid 4«tarntln« 
HlMtlitx* II II n . SApplT ft rsMOii f or yoitf wiswflp. 

8. 




9. 




10. 



I^fpothesiss D iB between A 
and B j E Is between A and 
C . W'TS I TO STO J 



A 



12 • ^petMtisi 



Moh other* - ^ 



13* j^yotheei si 

^Axs - ^em j 3^ li 

betw een and 
IfT i s be tween YC* 
and . 

Prove J ^JLB \ \^YT^ . 



14. IQrpotheeisi 

Points X, Y, W mrB colllnear 
In that order* tt'langles imz 
and WM' are Isoseeles trlanglas 
with respective bases IB and W . 
^ * 

(a) ^ovei *AZ* | I^Kf*. 

(b) Would the proof apply If 
^XAZ and ^WBY are not 




15* IQrpothaslsi 

m ^AB « m ^CM ^ 90 , and 
AD - CB * 

Prove; m £^ » m ^KD * 

Is It true that m ^ADG « 90 ? 



Oivtn tht 'fi'gurt wltii 
AR • Re .- PQ , 

Bft = QC m PR , 
trove I m £k ^ m £b + m 0 = l80. 
Hlntf Prove m ^ ffi > 

F is betwaen A and B j 
ft is between A and 0 , 
AB - AO , AT ^ Aft 
is the biieotor of £k and 
interseets W at R whieh 
is between P and ft and . 

at D which tE between 
B and C * 




Prove I Pft 



BC 




Hypothesise 

The figure with £k m £b , 
AD ^ BC , T is midpoint 
of AB p S is midpoint 




s 

Write the contrapositive of each of the corollaries of 
Theorem 6-2, Can we accept theee statements as tme at 
this time;? Why? 

Write the converse of Theorem 6-2 and the converse of 
each of the corollaries of Theorem 6»S, Can we accept 
these statements as true at this time? 
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6-5*y?^ Pie Parallel ppfltulate . 

^T*:^^or€ra 6-3 sMtes that there is at least one line whloh 
it^^ari^lel to a given line and odntains a given point not oi{ 
th©:.giy#h line. At \hls time it se#ms rmtural to try to prove 
that tl\ere is at*^most one sue h line* Astonishing as It 5iay 
appear^ this oarmdt be done on the basis of the postulates that 
we ham stated thus far. We aoeept the statement as a new 
,^st^ate and will refer to It as the Parallel Postulate. * 

. / Postulate 22 ( the Parallel Postulate ) . There 

. is at most one line parallel to a given line and 
containing- a given polnt^ot on. the given line. 



Together, Theorem 6-3 and Postulate 22 tell us that^ If 
a line and a point not on t^he line are given^ there Is exactly 
one line containing the point and parallel to the given line. 
Of oourse^tlf a lint and a point on the line are given, then 
the^ is exaotly one line cohtalnlng the point and parallel to 
the' given line, namely the given line Itself. 

It is Inter^estlng to no^te that over a period of several- 
oenturies, some very clever people tried to prove this 
postulate. None of them, howaver, was able to find a proof. 
Finally, 'in the last century, It was discovered that' no such 
proof is ppsslble. The fact Is that there are some mathe- 
matical systems that are almost lUce the geometry that we are 
studying, but not quite. In these mathematical systems, nearly 
all of the postulates of ordinary geometry are satisfied, but 
the Parallel Postulate Is not satisfied. These ''non-Euolldean 
geometries" may seem strange, and In fact they are. For 
example. In these geometries there is no such thing as a square. 
Not only do these geometries lead to Interesting' mathematical 
theories, but they also have important applications In physical 
situations involylng^ either very great (interstellar) or very 
small , atomic) distances, 

Tne three mathematicians most frequently associated with 
the early development of non=Euclidean geometry are a 
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Kmg&rl&n nantoft Bo^yalj a ftisiiMi 'namad I^baehavikl, and a 
(terman namad Rletfiahn# Although Bolyai and Lobachevskl worked • 
Indepandently of aaoh ©th#r^ eaah started ^th the postulate ^ " 
trtat mora than one line can be parallel to a given line ttoougt 
a point not on the line, whereas Rlemarm assumed that no line 
can be parallel to a given lln^ Sometlmei these nih-^olidear 
.geometrteitf are referred to as fipbaehevekian or h^erbollo 
geomati^, i^d Rienmmttan or elllptioal geometry. Moreover j- ±t 
should be noted that Rlemann replaced several of Euclid's 
poitulates, irioludir^ the Parallel Foetulate^ .while Lobachevskj 
and Bolymi modified only the Parallel postulate. 

You should also be familiar wlt^ the na^e of 
Karl Friatoich Gaussj who (besldee making other mjor oontri- 
butlons to mathematlos) actually developed hyperbolic geometry 
before Bolyal or Lobachevsklj but who never published "^le 
findings on this subject. To Lobachevakl goes much credit for 
developing hTOerbolic geometry in considerable detail,. 

If you would like to learn how* these geometries differ 
and to understand more about the spirit of the movement which 
led to the development of non^Euclidean geometry^ the followini 
references will provide interesting material for your study. 

Eves and Newsom, M Introduction to the Foundations 
and Fundamental ConceptB of Mathematics j Holt- 
Rinehart-wlnston, New York, 1958, 

Llabar, Non - Euclidean Qeometry , or. Three Moons In 
t^theBiS j Academy Press, New York, 1931, 

Richardson, Fundamental s of Mathematics , Macmlllan, 

New York, 1958, 
Wolfe, Introduction to Non - Euclidean Geometry , Holt- 

Rlnehart-Wlnston, New York, 19^5. 



6-6, , AdcU^tlQp&l Farallal him TheovmmB 

: ' i^to Section 6-4 wt etatad a theorem several opr©llarles 
eaoh of imiah may be used to astabllsh that.,two lines ar*i»> 
parallel. In* thla^ stetlon we state the converse of each of 
these statements, ^e interesting feature about the* theorems 
in this section is that each of them depends upon the parallel 
Foiitulate. '■■ ' - / 

The proof of the next theorem llluBtrates how the Parallel 
Postulate *may be used. We will conilder a certain line q ^d 
a certain point P not on q . We will be given a line p 
containing P and parallel to q - . We will find a line 
(*mich will be called A'^ which has an important property 
md which also contains P and is parallel >to ^ q ^ ^e 
Parallel Postulate will enable ue to say that A'P is the 
same as p * Thmn p has the important property too. With 
this plan as a guide, we state and prove the theorem. 

raEOREM 6^4* If two distinct lines are parallel i then any two 
alternate interior angles determined by ^ transversal of 
the lines are congruent, 

proof I Let p and* q denote the two given parallel 
lines. Let the transversal t Intersect p and q in the 
^cespectlve points P and Q . Let A and B be points on 
p and q , respectively, such that ^QPA and ^PQB* are 
alternate intsrlor angles. We must prove: /QPA ^ £fQ3 ^ 
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Hr the pTOtraotQr Postu^taj thar© it a point /on the 
m side 4if t as A such that m ^ftPA' ^ m . Ihat Is^ 

^ftPA» S /PQB , Since A and B are on opposite" sides of t 
A' and B are on opposite sides of t * Thus /QPA* and 
£PQB are a pair of alternate interior angles detemin^d by the 
t Wins ver sal t of the lines A*p and q , Since these two 
ahgles are congruent. Theorem 6-2 tells ub that ^'P* and 
are parallel lines* We now p-pply the parallel Poatulatei 
s4noe each at .the lines *A * p* and p contains p and is 
parallel to q , they are the same line* Since p contains 
A and A> on the same side of t ^ the rays PA' ^and PA 
are the s^e, Ih other words, ^ftPA* ^ ^ftPA . Hence 
2iaPA m . 

With reference to the above diagram, we remark that^ when 
A> is introduced^' we do not imow whether A* lies on p . or 
not I consequently we do not picture A'^as being on th^ line* 
Not \mtil the latter part of the pro'of are we sure that p 
contains A' , 

The following corollaries are easy to prove by th% direct 
preof. method. The proofs are left as problems. 

Carol laiy 6-4-1 , if two distinct lines are parallel, then 
any two corresponding angles determine by a transversal of the 
lines are cpngruent . 



Cqrqllary 6-4-g , If two dlst^ct lines are parallel, then 
ajiy two Gonsecutive Interior angles determined by a transversal 
of 'the lines are supplementary. 

Corollary 6-4^3 ^ if a transversal is perpendicular to 
one of two distinct parallel lines, it Is perpendicular to the 
other also, ^. 



tTO dlstlnat lines aTO ]^fLllal, than all of 
foUdiOng amflltlans are satisf Isdi . » * ^ 

1, TOiaillnas are coplanar and d© not Inter see t. 
(Definition) ^ / \ 

2. pair of altemata inferior anglas detarmined by a 
transversal of the lines are cofsgruerit* (Theorem 6-^) 

3* Ai^ pair of Gorrespondlng angles datermlnad by a 
trmsversal of the lines are oong^nient. 
(eorollai^ 6-4-1) 

4. Any pa^r of oonseoutive' Interior angles determined 
by a transversal of thf lines are supplementary, 
(Corollary 6-4-2) 

5, Ai^ transversal pei^endlcular to one of the lines is 
also perpendjoiilar to the other* (Corollary 6-4-3) 

r 

Problem Set 6-6a ^, 
1, prove Corollai:^ 6-U-l. 
a, prove Corollary '6-4-2, 

3, prove Corollary 6-4^3; 

Eaoh of the problema in the remainder of this problem set 
is accompanied by a plane figure on the right . 

4, Olveni Transversal t of the parallel lines m ^d n , 
Find eaoh of ihe following and state a reason for your 
mswer, H 

(a) m ^b if m £a ^ 100 , 

(b) m lo if m - 100 . 
(e) m £d if m ^ 100 • 



O^yms m ii n with teangveraal t . 
B^iftluate the mtasure of thm folldvftng 
Mglas In tht order given if 
M /a » 55 • Give a reason fer 

m^* — 

#aah answer. 

(a) ^ » . (d) Ze , 

(b) . (e) If . ' 
(e) Zd > 

Name the pairs of supplementary 
angles if i 

'(a) AB* I I ^m^, (b) '^ll'W. 



0 

Name the pairs of congruent 
angles if! 

(a) '^11'^', (b) '^11'^^. 



Given: AXYZ Is IsoaQeles with 
base ^ira^ J ^AB^ | j ^YZ^ . 

Prove'. AXAB is Isoiceles. . 

X 



Hypothesis: PQ bisects ^SPR , 
and ^RQ*^ I I ^PS^ , 

Prove: A PRQ Is IsoBceles* 
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jtf ilOi I^potheBlss RT ^ RS j PQ 1 1 RS 

Prevai fQ. ^ . 

■ ). 

s 



11* HSrpothealsi Points B, 1 a: 

Find tha measure of each .of the 
following angles after first 
determining the niimber x . 

(a) iBkO , 

(b) /DCA , 
(a) lAOB , 

(d) ipCE , 

(e) ICBk , 

12, Given- is the mldray of ^] 

Prove:/ A RYE is ieoacelea. 



13. H^^othesls^ In A XRY , 

'W is the midpoint of j 

S is the midpoint of YR j 

S is the midpoint of W . 



Prove I 




YZ S xw . 




M a AD I m - CE. . 

(c) K, B, wid c are 

eolllnear'. 



Ttim following theorem provldeB another method for establish 
.mg that two lines are mallei, it can be proved by the dlreet 
or indlreet method. We yUli give the indirect proof. The * 
dlreet proof Is left as a problem. 

TIffiORB! 6-5. If each of two eoplanar lines Is parallel, to the 
same line, they are parallel to each other. 

Proofi Let p, r be lines such that p and q are 
eoplanar and p || r and q || r . Suppose now that all 
three lines lie In the same plane. TOiere are two possi- 
bilities concemlng the lines p and q , namely; 

(1) P II q , 

(2) p Intaraeots q at some pointy say x 
The diagrams for each case look like the followlnti 




Case (1) 



Case (2) 



Ve irtll first oonsij^ Gas© (2). If p and q Interiaot 
itt X j^then have two -lines passing throu^ X tod eaoh of 
thes#/G»a Is j«rallel to r , ' Thus m hkvm a obntradiotlon 
to thm Parallel Postulate^ which states that only one line is 
parallel to a given line throu^ a given point. Therefore it 
is ImposslWe for p and q to intersect at X , 

Sinoe Caie(2) is impossible, wa must aecept (l)* ^ere- 
fore p 1 1 q . The proof is finished for the case that all 
ttoee lines are ooplanar. 

Do fou thirOc that, in order for the theorem to be valid, 
it is neeessw^ for all three lines to lie In the SMie plane? 
'Bcpiain your answer* 01 ve Bomm examples of physical models 
where the three parallel lines do lie In the sijne plane] give 
other examples where the three parallel lines do not lie in the 
same plane* 

Would the mathematical proof for the theorem be, different 
if 'the three lines do not lie In the ssune •plane? If so. In 
yih&t ways? If not, explain why. 

The relationship of parallelism for lines in a given plane 
has the reflexive, symnetrlc, and transitive properties. The 
reflexive and sjmmietrlo properties are Immediate ooniequences' 
of the definition of parallel lines, while the transitive 
property 'follows from the preceding theorem. Thus parallelism 
for lines in a given plane has the characteristic properties we 
have noted before for equality and congruence. 

Corollary 6-5-1 . If a line lies In the plane of two 
distinct parallel 14nes and Intersects one of the lines In a 
single point, then It also* Intersects the other line In a 
single point. 

The proof is left as a probleTn. 



Or - 

3^7 



corollary f^. Let £. be a plane, let S be a set of 
imitually parpllyl lints in ^ (that is-, a set of lines m J 
- euch that each line in S is parallel to every other line in 
a), let T be another set of mutually parallel lines In S . 
If anyone line bf s is perpendicular to ar^r one line of t", 
then every line of s Is perpendicular to every line of T . ' 

^ . Prooi'; By }^otheBla, there is a line a.' of s and 

V --thfre 14 a line t* of T such that s« is perpendicular to 
t' . Let 8. and, t be any lines in S and T , reBpectlvely. 
As a first case, suppose that »^s' (tfhat is, s and st 
are different lines) , and suppose that v ^ t«8r " ' * 




Since t» _L s' , Corollary 6-5-1 tells us that t' 
intersects s m a single point and is therefore a transversal 
of the parallel lines s and s' . Corollary 6-4-3, t 
and a are perpendicular. Then, by Corollary 6-5-1, s is 
transversal of the parallel lines t and t' . By 
Corollary 6-4-3, s and t are perpendicular. In this case, 
the conclusion is true. The proof for the other cases, namely 
where s= gi or t - t' , la left as a problem. 



I 

a 
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Problem Set 6- 6b 

In the diagram to the rights the 
lines p, r, and, t are 
coplanarj and the measures of 
several angles are Indicated* 

Why? 
Why? 
Why? 



(a) IS 

(b) IS 

(c) is 



p 

q 
P 



q ? 
r ? 
r ? 




In the figure to the right, 
'xY*^| I *RS^ J and TO Intersects 
3^ at the point P . Prove 
that m £SFY ^ m £B + rh^ ^ 

Suggestion: Consider ^PF*^ | j^XY 
and prove ^PF^| 1 RS . 




Review Indirect proof as illustrated by the proof of 
Theorem 6-5* 



(a) 



Give an Indirect proof of Corollary 6=5-1 showing a 
contradiotlon of the Parallel Postulate. 



Hint: Let m , 



be three coplanar lines 
such that £^ I I J^2 
au-.i that m intersects 

in some point, say P 
If you assuiiie that m does 
not interseGt £ , are you 
led to a oontradiction? Why? 

Give an indirect proof of Corollary 6-5-l> showing 
a contradiction of Theorem 6=5. 



'4 
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(c) Give an indirect proof of the following statement, 
snowing a contradiction of 
the Parallel Postulate, P. 
In a plana. If a line ] 




Intersects only one of two 



other lines 
then the llriei 
Intersect . 



and , 0 



and 



Hint; 



If r Intersects 



say at P 



hypothesis 



and 



does not Interseot 



then by 
Show that 



intersect . 



Using the direct method, prove Theorem 6=^5 for the case 
in which the three given lines are distinct and coplanar. 

Complete the proof of Corollary 6=5-2 by examining the 
cases: 



(a) 
(b) 



b = b * 



t - t« 



6^7. Parallelism for Segments and Rays. 

■In this seGtion we introduce a special and Important type 
of convex quadrilateral. Specifically, we consider quadrl- 
.lateral^ whose opposite sides lie on jDarallel lines. 

Our phraseology is Gonvenlently shortened if we extend 
in a natural manner the notion of parallelism for lines to the 
case of segments. 

¥ DEFINITIOM . Two segnients which are contained 

respeGtlvely In parallel lines are called parallel 
segments , and each is said to be parallel to the 
other , 
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6-.? 

L#t Qt R# S be four points. The statement that the 
ae^nent 15 Is parallel to the se^ent 11 means thf s^e as 
the statement that the line M . ^ 

We 

P ^ 

0 



is parallel to the line RS 
use the same symbol j | to denote 
that segments are parallel, as for 
examples P5 I I HS . 




EPGH 



DEPINITION* A parallel ogr^ ie a quadrilateral each 
of whose sides Is parallel to the side opposite it. 

Thus the four sides of a parallelogr^ 
.constitute two pairs of opposite sides, 

and each pair of opposite sides is a 

pair of parallel segments. The 

parallelogram ABCD has the properties 

that Al I I and W \ \ W . 

Consider any parallelogram, say the parallelogram 

Since ^OH*^ Is parallel to *EP*^ by the definition of a 

parallelogram, and sinoe GH is distinct 

from *EP^ by the definition of a qiiadrl- 

lateral, we conclude that. G and H lie 

on thp same side of *EF*. With tiie aid 

of Theorem 4^2, we find that one side of 

the line *EF* contains all the rest of 
.;the parallelogram. Similar remarks 
■'ipply to any side of the parallelogram. 

Thus every parallelogram is a convex 

quadrilateral . 

.It s 

THEQflEM 6-6 . In any parallelogram, each sifie Is congruent to 
' : the Bide opposite it. 
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P^Qof » Let the parallelogram be ABCD 



Hypotheses: 
Conclusion i 



BA 



DC and "CI 



BA S DC 



AD ,^ 



Conaider the two triangles AGB and 
CAD , which hav€ the dlagqnal W of 
the parallelogram as a common side. 




Statement! 



1, ^BAC £ /DCA 



2, AC 3^ CA . 

3, ^ACB - ^CAD 



4. ^ACB ^ ^CAD . 

5* - M S ^ and CB ^ AD 



Alternate Interior angles, 
determined by the trans- 
vei-^sal ^AC"^ of the paralle 
lines ^AB^ and ^CD^^are 

congruent ^ 

Alternate interior angles ^ 

deternilned by the 

transversal *AC^ of the 

parallel lln#B ^BC* and 

AD , are congruent, 

Wliy? 

Why? 



The preceding theorem tells us that in a parallelogranu 
each pair of opposite sidOB are not only parallel but also 
congruent. The next result provides another method for 
establiehing that a quadrilateral in a parallelogram. Accord- 
ing to the following theox^em, if Juot one pair of opposite 
sides of a quadrilateral are known to be both parallel and 
congruent, then the other ^alr of opponlte sides must also be 
both parallel and conf;ruonG. 

TIffiOREM 6-7 . If two sides of a q . drllaberal are parallel and 
congruent, t:hen the qiiadr flane :-^a I Is a parallelogram* 



We leave the proof eil 
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Our first formal introduction to "distance" was in 
Chapter 3. 4;here Postulate 10 described the distance ^between 
a pair of points. T^ter we learned that the dlstancef^between 

two distinct points can also be called the length of the, 
segment Joining the points. We can now extend the notion of 
distance. We wish to examine meaning of the distance 
between two parallel lines. 



TmOREM 6-8. T 



'o every pair of distinct parallel lines thei^e 
Is .rTamber which is the common length of all sggments 
which have their respective endpolnta on the given lines 
and are perpendicular to each of the given lines. 



proof: Let 



i 



and 



be 



Let A and B be points of ^-j^ 
of s^G^i that each of the distinct sa©ne 

is perpendicular to one of the given lines, 
each of the sagnents Is also pnrDeiKlu- 
line. By Theorem 6-1 aX ■ 
quadrilateral ABYX -l 
AX - BY . 



the two given parallel lines 
and let Ox 



artfi Y be points 
3 1% and m 
y Corollary 6-^-3, 
lie other given 
.. , Thus the 



parallelograriU By The: -em 6-6, 



This theorem establishes the fact that there = is a unique 
number which is the length of all perpendicular segments 

is, segments which Join a point of 



.Joining -i^ and,/g that 

£ and a point, of M ^ 
and lo ■ This leads to the following definition 



and are perpendicular to both 




DEFINITION. . The distance between two distinct 
P^P^^^Ql l^»*a is the length of a seenent whose 
respective endpolnts lie on the two parallel 
lines and which is perpendicular to both lines. 

The diatance between a line and Itself is 
defined to be aero. 

We aometimes express Theorem 6-8 by sayfng that two 
parallel lines are "everywhere equidistant," 

The relation of parallelism Is useful not only for lines 
and se^nenta, but also for rays. ^ 



w 



' Figure (a) ^ Figure (b) 

In Figure (a), the two rays W and Rs* lie on parallel lines, 
and we are tempted to say that the rays are parallel, in 
Plgure (b), the two rays pV*" and lie on parallel lines. 

Again we may be tempted to call the rays parallel; but, on 
careful -examination, there appears to be an Important feature 
which distinguishes this pair of rays from the pair shown In 
Plgure (a), m Figure (a), the two rays seem to extend into a 
single half plane, namely a half plane whose edge contains the 
respective endpoints P and R . Figure (c) shows the same 
rays as Figure (a) and also shows a half plane with ^R*' as 





Figure ( c ) 



Plgure (d) 



6-7 ' . 

edge. Figure (d) shows the* same rays as Figure (b) and also 
shows the hall-planes which have "uw^s edge. We note that the 
two given rajrs OT^ and WX^ appear to extend Into different 
half planer. The distinction suggested /by the contrasting 
situations discussed above leads to .the following definitions. 

DEFINITIONS. Two noneollinear rays AB and CD 
are said to be parallel if and only if the lines 

and "cd' are parallel and furthemore B and 
D lie on the same side of the line AC determined 
by the respective endpolnts of the rays. Two 
colllnear rays are said to be parallel if and only 
if one of them is a subset of the other. 
TWO noneollinear rays and are sald^to 

be antlparallel If and only If the lines AB " 
and^-^JD^ are parallel and furthermore ^ and 
D lie on opposite sides of the line AC determined 
by the respective endpolnta of ttie_rayc. 
Gollinear rays are said to be antlparallel if 
and only If neltner is a pubset of the other. • 

Let P, q, S, T be five polnf, colllnear In that^'order 



Then the collinear rays QS and RT are parallel, In^ 
accordance with the dcrinltion. Tne colllnear rays QS and 
^ ^re a pair of antlDarallel rays on the line ._Ano thermal r 
or antlparallel rays arc ClT and WT, Also, RF and RT 
are antlparallel rays. The Intersection of two antlparallel 
, colllnear rays may ..e a segment or may consist of a single point 
\or may be t^hu empty :;ot. 

/ 
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Problam Set 6-7 

1. Supply the mlsamg reasons for the proof of Theorem 6-6. 

*2. Prove that each pair of opposite angles of a parallelogram 
are congruent. *^ 

3^ Prove that the diagonals of a parallelogram bisect ^eloh 
other. 



Prove Theorem 6^7, 

By hypothesis, two sides, 
quadrilateral ABCD are both 
parallel and oongruent. To 
prove that ABCD eatlsfles 
the definition of a parallelo- 
gram, try to show that ^aD*| i^^* 



say AB and CD , of 




Prove^hat qua^lla^ral AKD is a parallelogram if 



AB - CD and W ^ C 

In the plane figure to the right, 
name the segments which picturF'^ 
the distance between ^AB* and 
"cD** if "^l*"! \^C^, 




r D 



Given a transversal of t^o parallel lines. Prove{that the 
angle 'bisectors of a pair of alternate interior aigles are 
antlparallel rays. 



In the figure to the right'. 



t , t 



and 



are 



transversals or p and q 
t intersects p at A and 
q at B ; t » Intersects 
P at C and q at B ; t ^ » 
int|rsectep at A and q 
at D . AD bisects ^CAB 
and bisects ^dba . 

BC AD at point R , Prove 
p Is parallel to q 
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Let the coplanar^ angles /km ajid .£XYZ have the // 
property that the slde%Qf one auigle are respectlvAy 
parallel (in the Bense of,"pa^llel rays*') to the 
correspondihg sides of thf other angle. Prove that the 
angles are congruent *if ic* and YZ^ are noncollinear 
parallel rays and: 

(a) BA^ and YX^ are colllnear; 

(b) BA and YX are not colllnear. ^ 






Let the coplanar angles ^ABC and /XYZ have the, 
property that the sides of one angle are respectively 
antlparallel to the correBpondlng sides of the other 
^gle* Prove that the angles are congruent If M*" and 
YZ are noncollinear antlparallel rays and: 

(a) BA and YX are colllnearj 

(b) BA and YX are not colllnear. 

Let the sides of the Goplanar angles £aBC and ^XYZ 
have the property that BA* and YX*' are ^ distinct 

parallel rays, and ^ and Y?" are antlparallel rays. 
Prove that the angles are supplementary lt\ 



(a) BA and YX are colllnear, and and TO*" are 
noncolllnearj 

(b) BA and YX are noncollinear, and and 
ar^ colllnear; 

(c) BA and YX are noncollinear, and 15^ and 
are noncollinear. v 



\ 
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6^8 

»12. The results of Problems 9, 10, and 11 may be Bummarlzed 
as follows I 

If the sides of one angle are in one-to-one correspondence 
with the sides of another angle, then 

(a) the angles are ^ if the corresponding sides 

are ^ 

(b) the angles are if the corresponding sides 
are . 

(c) the angles are if one pair of sides are 

and the other pair of sides are • 



6-8. Suni of the Measures of the Angles o£ a Triangle . 

In Problems 3 and 4 of Problem Set 1-4 you were asked to 
make inductions from experimental data, ^ measuring with a 
physical protractor each of the angles of a triangle or a 
quadrilateral in the real world, you wei-^e led to conclude, by 
inductive reasoning, that the simi of the measures of the angles 
is l80 for a triangle and is 360 for a quadrilateral. In 
this section wa wish to establish these results by deductive 
reasoning , 

Before we prove our main theorem, you snould perform the 
following experiment, - 

Exp eriment 

Make a large paper model of a triangle. Call this ^ 
triangle AB(^ \ Mark the midpoint M of AB and the midpoint 
N of m , Draw a line containing M pei^pendicular to AC , 
and draw a line containing N perpendicular to AC , Let 
these lines intersect AC at points X and Y , respectively. 
Draw MN I your model should look like the following picture, 

) 

/ - 



/ 




Fold the paper triangle along the segments W , m , m 
Do the vertices of the triangles Beem to meet at a point? 
Does this experiment help you to make a guess about the 

sum of the meaBureB of the angles of a triangle? Explain why 

you made this guess. 

The Parallel Postulate and the theorems whloh we proved 
about parallel lines provide us with sufficient Information to 
deduce that the sum of the measure a of the angles of a 
triangle Is l8o , 

^^"^ hS.' The sum of the measures of the .^gles of a 
triangle is i8o . ^ 

Proof! Let the triangle have vertices A, B, c\J There 
is a line, say^ p_^, which is parallel to "aC* and contains B . 
Hence p and AB have only the point B In common. Let D 
be any point ot p on the same side of *AB* as C , Let 1 
be any point of p on the opposite side of "^1^ from C 
Ihen BE and BD |ire opposite rays. 
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Since C and D are on the same side of AB and slnoe C 
and A are on tne same side of '*B^ Postulate 16 enables us 
to conclude that Is between BA and BD . Bjr 

Theorem ^-9* 

(l) m /pm + m /CBA + m /ABE » l80 . 

Since D and A are on opposite sides. of BC , /DBG and 
/BOA are a pair of alternate Interior angles detennined by 
the transveraal of the two parallel lines. Hence, 

/ 

(g) m /DBG = m /BCA . 

Since E and C are on opposite sides of '*m' , /EBA and 
/BAG are a pair of alteiTiate interior angles determined by 
the transverBal '*Bh' of the two parallel lines. Hence,' 



(3) , ' £EBA a m 

^ the substitution property, we combine statements (l), (2), 
(3) to obtain 

m £BCA + m /CBA + m /BAG - l80 , 
as we wished to prove. 

It IS interesting to noze that the sum of the measures of 
the angles of a triangle in non-Euclidean geometry is not l80 
In Lobachevsklan geometry the sum is proved to be less than 
l80 , While in Riemannian geometry the Lr>mi is more than l80 . 

The theorem pertaining to the sum of the measures of the 
angles of a triangle in Euclidean geometry has many useful 
consequences. Among them are the next three, theorems, the 
proofs of which are left ao problems." 
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THEOREM 6-10 . The measure of an exterior angle of a triangle 
Is equal to the sum of the measures of its non-adjacent 
Interior angles. 

_ f 

Note that Theorem 6-10 gives more spaclfiG Information 
than Theorem 5-10 about the measure of an exterior angle of a " 
^riangle. Theorem 5-10 involves an Inequality, while 
.Theorem 6^10 involveB an equality. The additional infomation 
has been made possible by our adoption of the Parallel 
Postulate, 

■I 

THEOIIEM 6-11, Given a one-to-one GorrespondcmGe between the 
vertlGes of two triangles, if two pairs of corresponding 
angles are congruent, then the thir^d^pair of corresponding 
angles are cqngnient, 





The theorem says ^that if £a - ' and £b - £b» , then 

^ * As the figure □uggestB, the bhaorem appliee to 

casea^nere the given aor^reapondence 1b not a congruence as 
well as to cases wnei-e it is. 

THEOREM 6^12. (The S.A.A. Theorem) Given a one-to-one 

Gorrespondence between the vertices cf two trlangleo, If 
two angiOL; and a :rLda opposite one or them in one triangle 
are congruent to tiie correoponding parts ox" the second 
t r 1 ang 1 e , t he c o r r e s po n de n c e is a c o n^ r^u e nc e . 
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Problem Set 6-8a 
If the measures of two angles of a triangle are as follows 
what is the measure of the third angle? 

(a) 37 and 58 , U) r and s . 

(b) 149 and 30 . (e) 45 + a and 45 - a . 

(c) n and n • (f) 90 and . 

The measure of one of the base angles of an isosbeles 
triangle Is 72 . Find the measure of the vertex angle 
of the triangle, 

^e measure of the vertex angle of an isosceles triangle 
is 72 , Find the measure of each base ang^ 
The measures of the angles of a triangle a f-atio 
of 2 to, 3 to 5 V Find the measure ol © 
of the triangle. 

Hint I Let the measures of the angles be 2x ^ 3x , and 
5x , 

Find the measures of the three angles of a trian_gle if 
the measure of the second angle is three times the meagre 
of the first, and the measure of the third angle Is 12 
less than twice the measure of the first. 

To find the distance from 
a point A to a dlstant^ T 
point P , a surveyor may 
measure a small distance 
AB and also measure /A 
and /B . From this Infor^ 
matlon he can compute the 

measure of ^P., and by appropriate formulas then comput 
AP , If m /A - 87,5 and m /B - 88,3 , compute m £P 
Why is the parallel Postulate essential to the proof . of 
,/tDhe o rem 6 - 9 ? 




e 
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8. eewp fcht plan* figure Bhoim on 
th« right, and fill in the 
m|asiire8 of all of the angles. 




9. Wroym ^eorem 6-lo, ' 

10, Find the meaBure-of in »af.h ^ 

91 in each of the following diagrams 



(0) 




(b) 



(c) 




(d) 




11. 



12. 

13. 
14. 



^rlangle ABC Is Isosceles, find the measure = of an 
jJrtBrlor angle at the vertex if tne measure of each of 
^hm base angles la 54 . = 

Wmt Is the sum of tne nftasures of the exterior a^les 
(one at each vertex) of an equilateral triangle? 
prove Theorem fa-ll. . . , 

Slveni A ABC Is Isosoeles with 
base W . p is anir point,' 
between B ' and C , TO J_ TO 
and Tff _L IS" . 

Prove-.' Ix i . 




In thm f igur« to the rl^t 
W md W Intersect at 

Prove-. Z* ■ ^ • 




lIpotheBlsi Ik^^ and ZB - Z^f . 
Whleh.of the follovflng BtateinentB (If 
either) can you correetly oonelude? 
SEplftln why, 

(a) ZC -ZZ . 

(h) IS » ^ . 

prove Th^pem 6-12. 
m the figure to the right 

prove-, and W bloect 

each other. 





Let be between PA 

and ^] let. m jn 

and i fl . If P° 
blieots ^BPA , prove that 




^^Km TtM mm of th« measures of the angles of a 

emvex quadrilateral is 360 . 

^ofi Let the quadrllatepal ABCD be a% on vex 

i 




Using the triangle ABC , we find that 

n Z#BC i- m /BOA + m ^CAB = 180 . 
using the triangle ACD^./ we find that 

m ZACD + m /CDA + m /pAO ^ 180 . 
rrm (1) and (2) by addition, 

(3) m /ABC + m /BCA + m /ACD + 'm /CDA + m /DAC + m /CAB m 360 

Since ABCD 18 a convex quadrilateral, la between ^ 

and 00 , and hence 

i^) m /BCA ■+ m /ACD = m /BCD . 

Similarly, 

(5) m ^AC + m /CAB = m /DAB . 

W substitution from (4') anjMS) Into (3), we conclude that 

m /ABC + m /BCD + m /CDA + m^AB - 360 , 
as asserted. 



Problem Set -6-^ 

1. If the aura of the meaaureB of three angles of a convex 
quadrilateral fa 300 , find the meaBure of the fourth 
angle. " . ' 

2. If the Bum of the meaauroB of three angles of a convex 
quadrilateral is 270 , find the measure of the fourth 
angle . la the quadrilateral equiangular? Explain your 
answer. 



1 ■ ' 
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3. JfflCD IB a papalleiogram with TS iW , Find the measuM 
of each angle of the parallelogram. 

k, ABCD is ^convex quadrilateral. /A ^ £0 and 5 ^ . 
If m £h ^ 72 , find the measures of the other three 
angles of the quadrilateral. 
•5. Prove the followingi If each angle of a convex quadri- 
lateral Is oongruent to the angle opposite It, then the 
quadrilateral is a parallelogram. 

Hint I You will need to use Theorem 6-13 and the 
definition of a parallelogram In your proof. 

6-9. Right Tt'langles . 

A proof of the following theorem was asked for In 
problems 12 and 13 of Problem Set 5-12a. 

TmOBEM 6-14 ■■ If one of the angles of a. triangle Is a right 
^le or an obtuse angle, then each of the other angles 
is an acute angle. 

A highly important type of triangle is the triangle such ■ 
that- the measure of one of its anglefl is 9& • On the basis 
of the preceding theorem, a triangle can have at most one right 
angle. Consequently we are ready for the following definitions 
which describe a right triangle and its sides. Read again. At 
this tlmtf, the discussion concerning a right triangleMn 
section 1-6. Note that now we have acquired an appreciation 
of the meaning of the various words used in the definition. 

DEFINITION . A triangle one of whose angles is a 
right angle is called a right triangle. 
The side of a right triangle opposite the right 
^gle 18 called the hypotenuse of the triangle. 
* Each of the two sides of a right triangle which 
are contained in theTlght angle is called a left 
of the triangle. / 
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HhB proof of Vh« najtt theorem la igft .b m 



problem. 



Ms. Hie acute angle i of a right triangle are ' 
aompleraentaiy, 

^2SI|^. (The Hrpotenuae-Leg m^^orem) a one-to=one 

correspondence between the vertices of two right tn^ias 
• have the ^operty that the vertlceB of the respeatlve 
right angles correspond, if the hypotenuse and one leg 
Of one triangle are congruent to the corresponding parts 
, of the ot^ triangle, the^i the co^rei^Mence Is a 
^ • oongruenealP 

122^: Let one, right triangle be. a ABC with m/k^'oo 
let the other right triangle be ^ def with m £d ^'90 let ' 
*f ^^^f Sl^en correspondence having the properties 

that BC . ^ and W^m . We must prove that the , 
correspondence Is a congruence . 
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ReasonB 




On the rmy oppoBlte to 


1 • 


Vfti nt* -Plotting Th#oreni. 


■ 


DP , there is 


a pbint' 






■ 


ft 1 <^ ^ I r\S_ t 








2. 


m /QDE s 90 . 
Ill - * 






wny f 


3. 


/CAB m £QDE . 


3, 


Why? 


4. 


AB S W . 


/ 


^. 


5y h^rpothesls . 


5. 


A ABC ^DEQ 






Q A R 


6. 


W . 




Q • 


Wny f 


7. 


BU ^ EF * 




7 . , 


,py riypcjT^iic B=tQ •? 


8. 






8. 


Why? 


9. 






9. 


The base angle e of the 








isosceles triangle EW* are 










congruent , 


id. 


£qDE S /FDE . 




10. 




11. 






11. 




12. 


A ABC -^DEF . 




IS. 


Transitive pi^operty of 








triangle Gon^ruence. 






problem Set 


6^9 


1." 


Find tne measure or each of 


the acute angles of an 



3, 



Isosceles rlgnt triangle 
The measure of one oC the acute angles of a right 
triangle is 72 . Find the measure of the other acute 
angle . 

trove Theorem 6-15. 
Oiven IkfB with between 
p}f and P^. Let W 1 ^ 
and W 1 f^". If BD ^ AD , if 
prove PD*" is the midray of 

In quadrilateral PftRS j 1 QS 
W J. H ; TO S fS ; M - PV . 



Prove": QT = SV 

APQV = ARST 
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6. 



jte^q^drllataral ABCD , let 
AB I I DC and let 1 «id P 
be points betwetn D and C 
suoh that ro li pe^en= 
dioular to both TO and W 

(a) If AP ^ BO ^ prove that 

S ^C md 
^AB - ^CB^ . 

(b) If ^ i £o , prove that 
AD ^ BC * 




Hint: 



Wiy does AE - HP ? 



7. 



If IB ^d M are altitudes of A ABC and AD « H 
then A ABC Is Isosceles. 



(a) 



Consider three cases: 
If AD = AC and 



lies between 
and / ^ 



AB and AC and Ilea 



If AD 
between 

If AD does not lie between AB^ and AC*' and ^ 

does not lie between BA and BC*. 



3-10,^* Inequalities In the Same Order* 

In this section we are concerned with angles h^ing 
mequal measures and with se^ents having unequal measures, 
[n comparing two se^ents whose lengths are unequal, we 
iaturally say that the se^nent with the greater measure is 
o^Eer than the otherj similarly, a se^ent whose length Is 
,ess than the measure of another se^ent is said to be shorter 
han the other segment. The words "longest" or "Shortest" are 
•f course applicable when the measure of more ^hmi two sepnents 
re compared. ^ 

Let S ^ (p,ql and T ^ {u,v) be two sets of real 
lanbars. Consider the one-to-ona correspondence between these 



wo setg given Ic^: 



Suppose the numbers 



S satisfy the bonditlon ^ p > q and that the corresponding 
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nuAbars In f Batlify the eondltion u > v . Thtn we may lay 
that the nwbers In B are "unequal In the same order" as the 
corresponding numbers iW T * 

axample. If a correspondence between tSjlJ and 
[10,01 Ve given by 




then the. nmabers v2*l are unequal In the iwne order as the" 
oorrespondlr^ nianb^s 10,0 because 2 > 1 and 10 > 0 * 

The r#iMLlning correspondence between (2,1) and (10,0) 
is given by 

1^— *10 . 

In this correspondence, the numbers in t2fll (10,0] 
are not unequal In the same order because 2 > 1 and 0 < 10 • 

ConBlder, as another eseample, the oorrespsndeneeB be*li«#n 
[6,12] and [9^^^] whleh are 

and 

•9 

In the first oorrespondenee the nvmbers In [6,12) and 
(9,4) are unequal In the sanie oi^er beeause 6 < 12 and 
4 < 9 . In the secand correipondence the numberB we not 
unequal In the.Bame order becauBe 6 < 12 and 9 > . 

ThlB notion of Inequality Is fonnulated In the following 
definition. 

DEFINITION . Let [x,yl be a set of real nvanberB 
Buch that X > y , let (x>,y'} be a set of real , 
numbers, let C be a one-to-one correBpondence 
between {x,y) and (x',y'] such that x^-*-x' 

y.*__*.yi J the numberB of {x,y) -are said 
to be unequal in the aame order as eflrrespondlng 
numberB of lx',y») . if and only If x« > y« . 



Oiwn {lo;3l and (8,4] 
tTum or false i 



froblt m Set 6^10 — ^ 

Identify tha f^lowlng as 



The tiumbers 10,3 are unequal In the same ©rdar 
as the oorMapandlng numbers 8,4 If the oorrespondenee 
Is given. ^ (a) io*=»^8 ^ (b) io-*=^4 



01 van (x, ^ ajid (u, v J and 
following Ig the statement "u 
tee saiJie ^-eraer as x and y" 
^rrespondenoe is given by 



X > y , 
and V 



^r eaoh of the 
are unequal in 



true or false If the 
— ^d y -^ m y 7 





(a) 




(c) 


(d) 


(•) . 




(fL 


u 


3 


5 


8 


12 


17 


20 


25 


V 


2 


6 


4 


11 


20 


17 


4^ 



Answer problem 2 if the oorreapondence is given by 

x^^ — *^v and y m » u , • % 

We sometimes wish to apeak of a certain set of n™bers as 
being unequal in the same order as the corresponding 
numbers of another set, in a situation where each set has 
more than two members, A natural extension of the 
definition for sets with two elements leads to the 
following I 

Let (x,y,g) be a set of real numbers such that 
X > y > z , let c be a one-to-one correspondenGe 
between the set [x,y,z] and the set (xSyS^*) 
of real numbers such that x^*— p^x* , y^ fry* , 
— ♦z* ; the numbers of the set {x,y,z) are 
said to be unequal in the same order as the corre= 
sponding numbers of the set {x'^ySz') if and only 
if x» > yi > E» , 

List all the correspondences between [x,y,g} and 
txSySz«) , 




6-li 
5. 




•75 
'45 



Which, if of thm follewing correflpondences has the 

property that the numbers of the set (6,5|41 
unequal In the SMa/ order as the eorrespondlng numbers of 
the set 145,60,75) ^ 

^75 , 4' 
60 , 4 

^iah of the following oorrespondenees has the property 
that the measures of the angles of one triangle are 
unequal In the stoe order as the measures of the oorre- 
spondlng angles In the seoond trlaiigle? 

-rax , 



6-11, Inequalities Involving Triangles , 

Measure the sides and the anglee of the triangle below. 
Record the measurements In a table as shown* 





Angle 


A 


B 


C 


Measure ©f ^^le 








Length of side opposite angle 









B 
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Obsarvt the order ralation an^ng the measures of the 
Mgles of the trlufla^^and oomplet# the following statement i 



Obflerva the order relation among the measures of the 
sides of the triangle, and aomplete the followlt^ statement i 



How does the order ralation among the measures of the 
angles of a triangle compare with the order relation Miong the 
Ebsasuras of the respeotivaly opposite sides of the triangle? 

Using the phrase "unequal in the same order as", writa a 
sentenoe which oomparas the measuras pf and £b with the 

lengths of the sides oppoilte these angles « ^ Do the same for 
/C and £k * Using tha phrase "imequal in the same order as", 
«*lta a santenee which compares the numbers b , c with tha 
measures of the angles opposita the sides whose lengths are 
b ajid a , Do the aama for tha numbers a and a * 

f Tha comparisons suggested by the preceding experiment ara 

formulated in tha following two theorems, 

THEOREM 6-^17 * If the lengths of two sides of a triangle are 
unequal, then the measures of the angles opposite these 
sides are unequal in the sajne order. 



ml 



>m I 



>m £ 
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1« fh#re is a ^int D on . 
AB auoh tt^t Ap ^ AO « 
D is between A and 

3. D Is In the Interior ojf 
lAQB . ^ 
M . m /ACB s m /ACD + m ^DCB 

5* m ^ACB > m ^ACD , 



6. m ^ACD ^ m jM)0 

7* m ^ADC > m ^ABC 
8. m /AOB > m ^ABC 



We now state and prove the 
theorem* 



1. The Point-Plotting Theorem. 

a, Slnee AC < AB by 

1^0 thesis^ AD < ^ , 

3* Thm Interior of an Angle 
Postulate, 

4, Thm Betweennesa-Angles 
TOieorem, 

5« ^e sum of two positive 
ni;unberB is greater than 
either of them, ^ 

6* if two Bides of a triangle 
are oon^mentj the angles 
opposite are congruent , 

7. ^ATC Is mn exterior 
angle of ^DCB at D . 

8, Transitive property of 
order (applied to Steps 
5, 6, 7). 

converse of the preoedlng 
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TOBORTO 6*18 ^ If the measures of two angles df"a triangle are 



imequalj then the lengths of the sides opposite these 
viglss are unequal in' the msme order. 



Proof I In the triangle ABC 
let' ra > m /B • We must prove 
that AB > AC • ' Since AB and AC 



ai^ numbmrgj there are only three 
possibilities^ 



(1) 
(2) 
(3) 



AB ^ AG 
AB < AC 
AB > AC 



or 




The method #f the proof le to show that the first two of. these 
"possibilities" are in fact impossible. The only remain^g 
possibility th^ is (3), and this proves the theorem* 

(1) If AB ^ AC , then by Theorem 5=6 it follows that 
^C ^ ; and this "^ntradlcts tTm^hypotheils. Therefore, It 

is IVnposslble that AB ^ AC 

(2) If AB < AC , tmn by Theorem 6-I7 It follows that 

m < m /B ; and this oontradlcti the hypothesis. Thereforej 
it is impossible that AB < AC , 

Thm only remaining possibility Is that AB > AC * 

The proof of the fDllowing corollary will be left as a 
problem. 

Corollary S-^lS-l . The hypotenuse of a right = triangle is 
the longest side of the triangle, 
i 

Let m be a line and P a point not on m , There are 
many segments Joining P to m , in fact one for every point 
on m . One of these segments %s 
perpendicular to m , Thi next 
theorem states a property which 
our experience leads us to expect, 
nMiely that the segment perpen- 
dicular to m is shorter than any 
other segment Joining P to m . ^ 
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not con 
the Una 



m Bherttst se^nant jQlnlng a point to a Una 
n^ig the ]^lnt,ls tha sapnant pei^ndieular to 



Proofs Let m and P ba tha Una and the point 
Faspaatlvely. By hypothesis, P is not 
on m Hense, TOiaowm 5-11 # there 
is axaatly ona point Q on m such 
that 1^ is parpaHdioulap to m « 
Lat R ba any othar point on m * 
Tha tritogla PQR is a right 
triangle vfith right angle at Q « 
Thus is shorter than the 

hypotanusa W of tha tri- 




angle. Jn other words ^ 
mant Joining P to m. 



f5 is shorter than any other sag- 



The preceding thaoram suggests the notion of "how far 
apart" a Una and a point ara* 



DEFINITION , Thm dAstanoa bat ween a line and a poirtt 
not on tha line is the length of tha^ ^rpandloular 
segment Joining the' point to the lina* 

The distanoe between a line a point on the line 
is defined to be zero. 



Corollary 6-19-1 * If & line perpendleular to QR 
the point Q oontalns a point P , then Pft < PR , 



at 



Proof 1 



In case P Is not on 




0^ 



In, ease f is.^ QR / 



R . 



then F 



hence pQ^ » ^ while PR m o 



oonsequently Pft < PR 



r\. 



If the length oh one' side of, a trlahgle Is equal 

to or greater than Wit length of #aoh.»of tha other sldesj^ 
then the pex^endiaular iepnent Jblnlng the opposite vartix 
to this side InttrBeati this elde In an Interior point of 
the aide, ^ . 

Proofs Let the 'vf rtloes of the triangle, %| G be 



tiiuiied so that . 

(1) BC \^BA an^ m > OA 

Let the perpendidula r j fr om A to *BQ* Interseet ^BC*^ at D 
We must prove that D le between ^ B and C * 

Now the line perplfedleular, to ^DP^ 
at D Is *BC*^ and he ne'e contains both 
B and C , We apply the preeedlng 
corollary twice. One application 

yields BD < BA . The other appll- ' ^ ' 
cation yields CD < GA , These 
resultSj together with (l), tell 
us that each of the numbers BD 
and CD is less/ than BC , ITius, 
since C, D are colllnear 
points^ P is between B and C ♦ 
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i 5 



Use a millimeter scale' to maasure the ^^s Idas of each of th 
trlahgles balow. Record yoi^' results in a data chart. 



Figure 






r 


q + r - 


a 










b 










^ 












.FIGURE c 



FIGURE g 
How does the sum of 



tod \ r compare with p 



Mak^ a statement which axpressee the relation of the sum 



of the lengths of any two sides of a triangle and the length 
of the third side of the triangle , ' 



^rlangle 



THEOREM 6-21 , (The Triangle Inequality) The sura of the 

lengths of any .two sides of ^ triangle la greater than 
' the length of the trt^rd side. 

^"^ ^ 

Proof I Given any triangle ^ there Is one- side which is 
at least as long as each of the other two sides, V^y? 
Suppose the triangle Is labeled ABC so that BC > AB and 
EC y AC , Let the perpendicular from. A to Intersect 
BG in D ♦ Then^ by Theorem 6-20j P is an Interior point 
of W , ' 



AC >W\ WiyT 
9f adding M get 

M + AC > K . 

€n the othe^ handj slne@ CB ^ AB>, It Jtollowi tbat 
»a + cm > im , simiiai'iy, ab + bd > ac 

i 

Frablera Sat 6^11 ^ . ^ \ 

♦1. Provs^CoroHai^- 6-18-1, ' , 

2. Oivea ^ABC with AB ^ 10 , BQ^ 12 , and AC ^ 8 , 
ffsEM the anf las In order of size beginning wl^^ the 
ahgl# with thm laast measure . , ' 

3« Haine ^e longest side of A ABC . Ifi . 

(a) a /A - 6© , m 2^ ^ 90 . 

(b) m £A - UO , m ^ - 30 * ^ ^ 

(ol m /A - 60 , m = 50 - ^ . ^ 

4. Can a trjtangle #3clst with the fallowing numbers as 
* /lengths of the sld%s? 

(a) 3 , 2 , 7 , ^ - ^ 

(b) 3 , 4 , 7 , 

(c) 4,5,7- 

5. If the lengths of two sides ©f a trltogle are 8 and 12 
the length of the third side of the- trlar^le must be 
greater t hail and less than ^ . y 

6, If the lei^hs of two sides of a triangle are' 5 mnd 8 
the third ilde nmst have a lejf^th ^aater than and 
lass than . 

7, Choose the'oorreot answeri The absolute varue of the 
differenoe between the lei^ths of ar^ two sldas of a* . 
triangle is ( greater than , equal to, 'less than ) the 
Jei^th of the third side . 
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By 



aippdife that you wish to draw a triangle with J as the 
Isngth of OM side wid k as the length of a ieaond gide« 
It la Imown that J > k , What are. the restrictions on 
the length t x ^ of the third side? Explain your. answer. 

In the figure to the right • .J / 



m < 



and 
sjid 



AH < 



State the theorem involved. 



) 

10, Given' the angle meaBure^ as 
shqwn in the Tlgura> iiisert 
HA / , m below in ^ ^ ^ 
oorreet order* 




11. 



12, 




State theorems to support 
your conclusion. 

In the figure to the rights raj^OT^ BD>BC> BE-BC 
Use ^ J > ^ or < to complete correctly each of the. 
following stataments. Give a 'reason for each of your . - 




Prove that the sum of the lengths 
of the diagonals of a convene 
quadrilateral is less than the' 
sum of the lengths of Its four 
sides, . 
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OUr gaometry has- been rlahly enhaneed in this ohaptfi* by 
the adoption of the Pirallal Postulate ^ \ Baf ore the, introduction 
of ths postulate ^ we provtd several theorems whose eoneluslons 
are, "Tha^ilven lines are parallel." 'me Postulate enabled us 
to prove the converses of the theorems. These results link the. 
parallell^ of two distinct coplanar lines with the properties ^ 
of oertairi angles foimed by the lines and a traiisverBal pf them. 

Th^ relation of parallelism for lines in a given plame Is 
reflexive, syiranetrlje , Stfid transitive. "Kie s^e properties apply 
to parallelism for sepaents in a given planej or to parallelism 
for rays in a given plane, 

A particularly important type of quadrilateral is the 
paralleldgram. We have studied several properties of a 
parallelograin* We have found several different hypothests 
concerning a quadrllataral, each of which yields the conclusion 
that the quadrilateral is a parallelogram, (You will be asked 
to make a list of these in a review problem. ) 

A striking consequence of .our adoption of the Parallel 
Postulate is the theorem thatj for every triangle, the eiun of 
the measures of the angles ie l8a \ As we have already 
remarked^ this "well-toown fact" is not true in some other 
g^metrles . . . 

Another useful by-product of the Parallel Postulate Is 
concerned with distance. As' an extension of our notion of the 
distance between two points^ we have described the distance 
between two parallel lines. We also introduced (without 
using the Parallel Postulate) the distance between a line and 
a point* 

A one-'to-one corresponderice between the sides and the 
angles of a triangle matches a side and an angle which are 
opposite each other. Under this type of Gorrespondence, a 
longest side and aji angle with greatest measure mtchj a 
shortest side and an angle with least measure match j two sides 
with equal lengths and two angles with equal measures match. 




W# ttiy sum&rt.se by saying that thm Itngtha of thp throe sides 
Md the measuras of the three angles are tmequal (or equal) in 
the suie order. . ^ 

Mjially the ft»la^le Inequalltyl O^ielrem combines ^th; our 
results in Chapter 3 to tell us that the diatanee between two^ 
dlstinot points A $mA B is less t^an the siim of the . 
distances from A tb Q ,«id from Q \ to B for any point Q 
not on TCI * ^us the "straight path" \from A to B is 
shorter than any other "path" along se^ents from A to B , - 
THlB pel^ts us to eomplete the disouasion of a eharaoterizatlon 
mentioned In Chapter 3 (and a review problem asks ^ou for the 
proof) I nMiely, for ai^ three distinct ]j?olnts A, Bj C In 
space ^ AB + BC ^ AC If wid only If B da between A and C * 

Our theory of similarity In the npxt; chapter depends upon 
the relationship among the lengths of certain sclents 
determined by a pair of parallel lines and two of their 
transversals. i ' - - . 
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paAllel 11ms 

parallel rays ^ ^ 
aiiti]^|UE*allal rays ^ 
traisversal " 

alternate' lnt#rl0r angl#^ 

QoniimQUtlym Interior anglas 

dorrespandlng angles 

pax^llelo^afi' - 

rl^t triangle ^ 

ii^potehujie 

leg 

Indlreot method of prpof ' , 
^ontrapcsitlve * 
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Revlaw Problams 



1, Ifrite thm cantrapqsitlve of Th 
aarollaMis of Thaortfm 6-^4 
as true at this time? 



ms / 



4 and ©aoh of, tha^ 

Can wa aooapt thasa styatament 
f 



2,^ In the figure to the right j 
p, q, r, m ara ooplanar 
llnas out by trans vef^al 
t * Thm maMuras of five 
, of the angles are as deslg- 
natad In tha platura. 
Whieh of the distinct ilinee 
are parallel? 




1 



f 



3, Wtlta tnjia or false for each of the following! 

(a) Through a point not on a line there can be two lines 
• sjarallel to the given line, . ^ 

Refar to Figure 1 for Parts 

(b) through (e) . 

(b) If m /e + m £g ^ l80 , 

then /II . £^ 

(o) If i I I , then 

m ^ m ^h * 

(d) If m^^b ^ m /h , 

tt^n ill • 

(e) If m If f£ m Ig , 
then ^ Is not 
parallel to ^» 



Figure 1 
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R»f«p to FlgUM 2 for Parts (f ) Mid (g) and eonslder , 

. t'li *• . y 

(f) m J% < m ^36 * 




Figure 2 



. In Wgure 3, ^ Is a Eight .angle of^ARST and RS > RT * 

(h) m > m , 

(i) m /T + m £b ^h 90 , 

i 




' Figure 3 

In Figure 4, 'Is a mldray of /VXZ and 3CW intersectB 

(J) W . 




f 



Figure 4 



In^ the figure ^^^^1 ^ I T t 
and transversal B u and v 
are .parallel * Note the 
given measures a^id fln^ 
the measures of ^a , , 




in this fipai4s^I5' Interseets 
W ' at 1 BO that £o m /A , 
Stat# two reasons why D 




]^ hypothesis AD Intersects BE In 
are eolllnear In that order. TO If 
W IW , W iw . 

(a) Give the measures 
of the sei^i acute 
angles labeled in 
. the drawing with 

lower case letters. 
Name the two pairs 
-^tJf* noneolllnear 



, BP 1 M V 



^^arallel segments, 




In the plane figure at the 
right, £\\ , m /a « m 

m - m ^d , Fill |^ach ^ 
blank with a single letter 
or a nuinbar . 



(a) 
(to) 
50 
(a) 



m ^a + m ^b + m + 

,m ^b + m ^ 

m 



If m £q ^ kO , m /h 
m ^ m £r + m / 




386 



ERIC 



,1,; . ■ , * ■ - ' . 

jr 8. In th« f Iguw to the. right, 

ABB iB an lBOBeelei triangle 
^ . * with base i F la 

between A and B j ff 11^" °X / \ 

and n5 II K . 




Prove that 

PB + EC + CP' + DP ^ AC + a . 

9. Given a transvarsal of two parallel lines. 

n:*ove that the angle bisedtors ^of a pair of aonsaoutive 
interior angles are pe^erKlicular rays« 

10* Given A tmisversal^f two parallel lines, . Jrove that 
the biseotors of a ^ir of eoroasponding wgles are 
parallel rays* ' * \^ 

11. Gl^van: AABC, point D 
not on AC , ID ^ BO, 
point 1 is between A 
and SB is midray 
of ^BC* 

Prove I AC > AD* 

12. (a) rflven points and C , not nacassarlly 




alven poj 
distinet . 



^ Prove that AB +S^BC 2 AC . 

(b) If A and C are two distinct points^ j^ova that 

AB + BO ^ AC If and only if the point^ B is in 'SS' 



u 
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Osa %h% Indlrtat s^thod to prove '^topem 6-12 « 

Hlrit i L©t ABC*— ►DIF be i 
sorrespandanoe such that^ 



C 




W S OT . There -is a point 
d on SI §uah that^ 
W S ra . W^? aow that 
the eorr^^pondenaa ABG*^-^DGF ' 
Is a oongmaenoe* Then show * 




F 



E 



B 





0 



^ point? Why Is the corre- 
spondanoe ABC < » DEF a 



congruence?' " . _ 

Consider the following two statements r 

(l) There is vftt most bna line parallel to a given line ' 
1. and oontalnlng a given point not on the^ given llna, 
(ll) If two lines are parallel^ then mx^ two altamata 
interior angle § detsmlned by a transversal of tha 
lines are aongruent * \ 

Our procedure has been to choose Statement I as a postulate 
(Postulate 22) and thenj usis^ that postulate and others^ 
to prove Statamant II as a thao^am (Theoram 6-4), Instead 
of do,lng this, suppose you accept Statement II as a 
"postulate," u On the basis of this and work before 
Section 6-5j prove Statement I, 
% 

Hints Let m- be a line and . j y 

P a point not on m . You a ^ L 



^ parallel to m , Assume that 
there are two such lines j say 



irrust prove there is at most 




JC^ and JC 2^ • Try to reach a 
contradiction of Statement II. 



J 1 _ 

one line containing P and 




' Consider the following two statements* 

^^re is at most or>e line pjrallel to a given line 
and containing a glveri point not on the given line 
(III) If a transversal is perpendicular to one of two 
parallel lines, it is perpendicular to the other 
also. 

Our procedure kas been to' choose Statement I as a 
postulate (Postulate 22) and then, using that postulate 
and others^ to prove Statement III (as Corollary S-U^-S), 
Instead of doing this> suppose that you accept Statement 
III as a "postulate." On the basis of this and the work 
ipefore Section .6--5> prove Statemefli I, 

Hint s Let m be a line and P " 
a point 'not on m . Assuming 
that there are two lines, 
BBY^^ and ^2 > each of 
which contains P and is 
parallel to m , try to 
reach a ^contradiction of 
Statement III. 



^ — ■ 


P ^ 






^^si^ 





Make a list of differejpt hypotheses pertaining to a 
quadrilateral, such that each' of these hypotheses yields 
the conclusion that the quadrilateral is a parallalogram. 

Hint: Obtain your information from, theoremd^^^ from 
discussion in the text or in class i or from problems. 
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. ' , Chapter 7 
J * * SIMILARITY ' 

7=1^ Satroduction , 

— — — 

^ In Chapter 5 the idea of same size and shape In the world 
of physical things suggests the Gongruence concept .,^in the world 
of formal geometry. In this chapter we will beglh with the*^^ 
Idea of same shape as it applies to material objecti^and then 
dfvelop the mathematical ooncept; of similarity. Consider a 
picture and a photographic ehlargement of it. In the enlarge-- 
mant eaoty portlori 6f the pl^^^e has'^approximately' tKe same^ - 
shape as in .the original, but not the same size* 

Now consider a building and a floor plan for the building* 
The various rooms, corridors , doo.rways have approximately the 
same shape In the building as their representations have In 
the ploor plaLn, but not the same size. There is a one-to-one 
correspondenGe between the corners In the building and the 
coriftrs on the floor plan such that corresponding angles have 
approximately the same measure > but dlBtanees in the building 
are much lajrger^ than the corresponding distances on the plan. 
The plan has been drawn to scale. If the architect has chosen 
a scale in which one Inch In the floor plan represents one foot 
in the building, then each distance in the building la approxi- 
mately 12 times the corresponding distance on the plan. This 
relation between the corresponding distances is a basis for the 
concept of proportionality which we now develop* 



7*2. proportionality . 



Note the lengths of the sides of the two polygons, as 
Indicated In the figures below. 




The' two polygons are not congruent because each side of 
polygon P'Q'R'S' Is twice as long as the corresponding side 
of polygon PQRS • One way to describe the relation between 
the two polygons 1% to say that the right-hand polygon is 
obtainable by' shrinking the left-hand one,, or the left-hand 
polygon 1b obtainable by stretching the one on the **ight. 

Let us examine the oorreBporWence, P'Q'R'S'^* — ^PQ^S * 
It determines a one-to-one correspondenGe between sides; for 
instance, Pft ^ » P'ft^ , ^*-*^Q'R* , . It also establish 

a one-to-one correspondence between the lengths of correspondin, 
sides. We write this correspondenGe as follows: 

(as b«, cS dO^*-^(a> b, c, d) 

with the understanding that a' ^ » a, b'*— *^b, c'^*— ^c, ^ 

Notice that the lengths of the sides of the two 
quadrilaterals fonn two sequences of niimbers, a', b', c'j 4* ; 
and a, b, 0, d, standing in a/special relations each number 
in the first sequence is exactly twice the corresponding 
number in the second sequence* Then 

a« - 2a, b» ^ 2b, c« - 2c, d« - 2d . 
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These eqviatlons give us" a basis for Baying that b'j o», dJ 

aW_pf dportlonal to a, b, c, d/ and that 2 is the constant 
of proportionality* Another way of stating this .relationship 
would be by writing, the fei-lcrWlng equations i 

^ ^ hL £l %^ 54- ^ 2 



V 



In the following definition^ we use the phrase "the 
numbers, r, s, we do this because we do not wlsh|^ to 

specify how many numbers are Involved. There may be only two, 
in which case we mean "the numbers r." There may be three, 
in which case .we mean "the numbers 'q, r, s," Or there may be 
four, or' five, a thousand, or more than that. In fact, we 
allbw the possibility of infinitely many, 

DEPINITIONS, Suppose there exists a one-to=one 
correspondence between the real numbers 
q, r, s, , . . and the real numbers a, b, c, * * , f 
(that is, q-* — ^a, r-^^ — m^b, s^—^c, The 
numbers q, r, s, are said to be proportional 

to the numbers a, b, c, If^^nd only If there 

is a non-zero number k such that q = ka, r ^ kb, 
s ^ kc , , , , p 

The number k Is, called the constant of 
proportionality . ^ - ■ ^ ^ 

Notation, We use "g" .to mean "are proportional 
to," We also use (a/ b, " c , to represent 

an ordered sequence of numbers. For Instance, 
"(6, 12, 21) p (2, 7)" means 6, 12, 21 are 
proportional to 2, 4, 7, with 
12^^ — *^4, and 21^^ — *^7 ^ 



In this example, we see that 3 Is the constant of 
proportionality because 6 ^ 3 ' 2, 12 - 3 ^ 4, 21 ^ 3 * 7 * 



! 
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In another example, (5^ 12, 13) g (15, 36, 3^)' means 
that 5* 12, 13 are proportional to Ig, 36, 39* antf thus we 



know that 5 ^ k - 15, 12^ k * 36, and 13 ^ k - 39' 
ant 



The constant of proportionality is k and = ^ 



Problem Set 7-ga ^ 

Indicate ■whether each of the_ following statements is true 
or false according to the above definition. If true, give 
the propbrtionallty constant k . (Part (a) Is given as 
an example . ) . „ . 

(a) (6, IS) g (2, 4) . True. k = 3 

(b) . (2,4) ^(6,12) ; ; \ ' 
/ (c) (2, 4', 6) p (12, 24, 3#) . 

(d) (4, 6, -10, 0) p (2, 3, =5, 0) . ' 

(e) (2, 12, -8) p ( ,5, 3, -2) . 

(f) (4, 3)' p (2, 6) . , 

(e) (-6, -10, =2) p (9, 15, 3) . ^ 

(h) (1, 4, 19, 20) p (3, 12} 37, 60) . 

(i) (3, 4, 5) p (6, 8, lO)'. 

(J) (6, 8, 10) g (18, 24, 30) . / 

(k) (3, 4, 5) p (1.8, 24, 30) . 

(1) (a, b, =c, 0) = (a, b, =o, O) . 

(m) ' (4, 16) p (2, 4) . . 

(n) (0, 0) p (2, =2} . • ^ 

(o) (0; 2j g (0, -2) . / ■ S 

■ 'fi ■ ■ ' 



^ ?94 



2. Complete each o.f the following to form. a proportionality, 
(ft)^ (21, p (7, 16, 3, 5) . If = _ . 

• (b) '(_. 1) p (iC 20, 5) . 1< - _ ■ 
M i_. _) p 0, -3) . k = 6 . 

(I- f) i =) • N = _ • 

• (a) (5, 12, 13) p „) . k - I . 

.3. If (4, 3) - (6, x), one coneluslon Is that 4 = k • 6 , 

and 3 s k • X . Which of the following are also correot 
conclusionB? 

(a.) (3,- 4) = (x, 6) . ' 



(b) (4, 6) g (M, x) 

4 3 

4 , 6 

^ - X ■ 

3 X 

7 = F • 



(d) 
(e) 

(f) 4 . X * 3 



(g) i^, 4 4- 3) 1 (6, 6 + x) . 

Does (a, b) ^ ^ (oj d) indicate the same correspondenee 
as (b^ a)^*— #^(d, e) ? If (a, b) p (c, d) with 
proportionality oonst^t k, is it true that 
(b, a) g (d, c) with the same proportionality oonstant? 

*5. Vmen (3^ 4) g (6, 8) , the proportionality constant 

is , But if (6, 8) ^ (3, k)' , the proportionality 

constant Is . . How are your two answers related? 

>6. Since (3, 5) g (9, 15) and (9, 15) g (18, 3o) is it 

true that (3, 5) g (l8, 30) ? Find the proportionality 

constant for each and try to exprese the relationship that 

exists* 
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7-a 

*7. Suppose that 6 = 3 • and 12 = 3 • y , 

(a) IB It true that (6, 12) = (x, y) ? 

(b) IB It true that | = ^ ? 
(o) IB It true that 6y ■ 12x ? 

8.. If (Cj d) = (a, b) and If b = 0, must d = 0 ? Why? 



P 

If a. ^ 0, can c = 0 7 

_ (a. fal. and ja?40. IB — =^ 
P 



►9. If (o, 3) = (a, 6), and 1^ 0, is f = j ? Is 



no. If . (a, b) = (2, 3), IS (a, 2) = (b, ,3) 



p ' P 

IS (3, b) = (2, a) 1 

P ' 

Using the definition of proportionality prove each of the 
following statements If a, c, d are positive numbers. 

(a) If (a, b) p (c, d), then (b, a) g (d, a) . 

(b) If (a, b) p (c, d), then (a, c) g (b, ^^.^ 

(c) If (a, b) p (o, d), then ad - be . 

(d) If ad ^ be, then (a, b) g (c, d) . 

(Note: If c ^ 0, would Part (b) still be true? If 
c^d^O or if a^b-0, would Part (d) still be 
true? ) 

12, If (a, b) p (c, d) does It follow that 
(5a^ b) p (5c, d)^? 

How are their proportionality constants related? 

13. Complete each of the , following to form a proportionality, 
(a) (2/ (^/_) ■ 



(d) — ~* p ^k' T W ' 

(e) (2, \^ I 1. 2, v^) . 

(f) (_, .Sd), p (5a, 1,5b, ..62a, ^d) . 



(g) (__. 3* _) s (1,^. 3, 9) . . 

(h) 3) p (4, 1) ^ 

(1) p 3) . ■ 

(J) (2, ^) g (_/ 5) . . ' ^j 

(k) (y^, ^) - (9, . ' 

(1) B, 6, V?) g (3, ^ys, _) ■°: • ' 




Properties of Proportionality . 

You may already be familiar with some ^of the properti^ 

proportionality from your^ study of algebra. As you might 

aflq)ecti we first note that m proportionality has the reflexj 

Synimetrlc, and transitive properties Just as we fdund In their 

oases ^af equality and congruence. ^. 

1 ' ^ 

1 . T^e reflexive property of proportionality 

^* * - ) p (a, b, c, . . . ) 

The proportionality has one as its proportionality eonatant. 
2* The symmetric property of proportionality 
^If (a', b», g (a, b, then 

^ (a, b, c, p (a«, bS c*, _ j , 

The. hypothesis tells us that a' ^ ka, b' ^ kb, o'^ kc, 

, Since k ^ 0, it follows that a ^ ^* 
1 1 K 

b ^ Ijb » , c * ^ » , , , , . Therefore, 

h, c> p (as bS with | as the 

if" 

constant of proportionality. ^ 



/ 
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Thm tranqltl^ ppopegty of proport lonal ity 



If (a, b, p (e, f, ..j ai%d ' . 

(e, f, g, 1 (q* s, then 

(a, b, c, ,,,) g (q, • 

If h and k are the respective oonstantB of 
proportionally^ then a ^ he and e ^ kq ; there^re 
a = hkq , Similarly b m hkr, e - hks, . , * , 
Iherefore, (a, b, '''^ p ^' ^' * 

TOe addition property of proportionality 

If (a, b, p ^* ®* '"^ ' ^ 

(a + b + o + , * . , a, b, c, . . * ) p (q + r + s + . , , , q> r^ 

Because a ^ kq, b * kr, c ^ kSj ^ - * , 

a + b + c + . _ m k(q + r + s + md the property 

is proved* 

As examples of the addition property consider the 
fbllowingf 

e 

1^, Qiven, that fa, b, e) j (3, ^, 5) > ' 
Show that (a + ^ + c, a, b, c) p (12/ 3, ^> 5) * 

This follows from the addition property since 

12 ^ 3 + ^ + 5 . 

Example 2* Given: (r, s, t) g (e, f * g) . 

Write a proportionality that starts with (l) r + s, 
(2) r and has r + s as second member of the first 
sequence < 

(1) (r + s, r, s, t) p (e + f, e, f, g) by the addition 
property, 

(2) (r, r + s, t, s) ^ (e, e + f, g, f) from (l) since 
^ this is the same correspondence as in (l) . 



„ We frequent^ work with proportionalities whose, sequenoes 
consist of only two numbers. Such ptoportlonalltles are 
generally called proportions and have special properties which 
we list below . 

DEFINITION , A proportionality is a proportion if 
and only if each of its sequences conslstB of two 
numbers , 



Properties of proportion , 4. 

Given that a, d are positive nLHiibers then: 

^1, (Inversion Property of Proportion). If (a, b) p (cj d), 

then (b, a) ^ (d, d> . ' 

2, (Alternation Property of Proportion). If (a, b) g (c^ d), 
then (a, c) g (b, d) or (d, b) p (c, a) , . 

3, (Product Property of Proportion). (a, b) p (c^ d) if 
and only if ad ^ bo . ' ' • 

In geometric applications of these properties of proportion 
the numbers a, b^ d usually arise as lengths of segments. 
Therefore, there Is no need for us to consider eases in which 
a, b,'a, d are not all positive. 

Example 3, Find x if x is positive and / 
(3,. 7) = (x, hf . " «. / 

By the Produat Property^ 3 ^ ^ 7 ^ x and x ^ ^ , 

Example Given: y and 2 are positive and - Jz , 

'Write three ^^^ortions starting with 4j 
By the Product Property: (4, 7) m (z, y) ^ 

^ the Alternation Property: (4% z) g (7, y) ; 

By the Addition Property: {k , ll) = (z, 2 4^ y) , 

P 

These are some of the proportions that might start with 4 
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7-2 



Problem Set 



Is each of the following true or falsa? Why? 

(a) (x, y) p (_x, y) . 

(b) If X, y, r^ s are positive and (x, y) g (r, s) 
with proportionality ^constant ^ , then 

3 

(s, r) g (y, x) with proportionality constant ^ . 

(c) If X, y a^ positive and (2, 3) g (x^ y) , then 
(x, y) p. (3, 2) . 

(d) If (m^ n) p.(r, s) with k - 2 and 

if (m^ n) p (b, with k ^ 5 then ^ . - * 

(r, s) p (b, c) with k ^ 12 > 

(e) If (2, 3) _p (a, b) with k - 3 , then 



b, a) g (3, 2) with k - 



P 

(f) If (2, 3.) p (a, b) , then 
(2, 3, 5) p (a, b, a + b) , 

(g) If X is positive and (2, 3) g (x^ 6) ^ then 
(3, 2) p (6, x) . > 

(h) If X, y are positive and (x^ y) p (2, 3) , 
then 2x = 3y . 

Given: (2, 7, 8) g (x, y, z) and x, y, z positive, 

Write a proportion that starts with (a) 7, (b) 
(c) 10, (d) 6 , 

Given: 5x ^ 2y , x and y positive. ^ 
Write three proportions starting with 5 - < 



EKLC 



Find i;he positive number x In a^ch of the following 



proportions t 

(a) (3, 6) g (a, x) 

(b) (3, 5) p i^, x) 
(c> (|, 3) p (x, 8) 
(a) 6) p (6, x) 




(e) (2, x) g (x, B) . 

(f) (2, x) p (x, IB) . 
(s) (1, x) p (x, 9) . 
(h) ,{l x) p (x, 2) . 

If AD, DB are proportional to 
CE, EB and if AD ^ 3, DB ^ 4, 
IB ^ 6, find CE , 



D is between A and 3 



is between B and C 



If (AD, DB) - (CE, EB) , prove 
P 

(AD, DB, AB) g (CE, EB, CB) . 




Let a, b, c, d represent the 
lengths of the segments pictured 
in the diagram. If 
(a, b) p (c, d) and if XY ^ 6, 
^ 8, a ^ 2, find b, d , 




Let a, b, c, d, e, f be 
lengths pf the segments. If 
(a, b, c) p (d, e, f) , and 
if a - 3, b ^ 4, c ^ 6, f ^ 9, 
find d and e , 




/ 

7-3. Similarities Between Polygons . 

In this section we present^ a definition of a siniilarity 
between two polgyons. 



Let us first consider two 'triangles^ as shown in the 
diagram. 

I 





A. 



Note that the figure indicates that the side %t triangle ABC 
oppSslte has length a, the side opposite £B hsm length 

and the side opposite /O has length c . Likewise fog 
A.A'^'C* * Suppose now thfet the correspondence ^ 



ABC' 



between the triangles has the properties* thit corresponding 
angles are congruent and thkt the measures of the sides of one . 
triangle are proportional to the measures of the corresponding^ 
sides of the other. The latter requirej|ent means that there is 
a non-^zero number k such that 



b ^ kb' 



c = kc ' 



a = ka' J 

A correspondence which has these properties is called a 
similarity, and we write ^ 

A ABC ^ 4 A»B»C' , 

a statement which 'we read as "trlansle ABC is similar to 
triang|# A»B»C» 

Tyy to formulate a description of the notion of a ■ 
similarity between two quadrilaterals. What do you think it 
means to say that one hexagon is similar to another hexagon? 
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PCTINITION . Lit n *bf a natural number* A one-to- 
one aorrespondenoa brtween thm vertiaes^of two eonvix 
polygons f eaoh with n sides, (or between the 
vertleep of a oonvex polygon and themselyes) such 
that correspondUUig wigles ara congruent and suoh^ 
that the measures, of oorresponding sides are ^ 
proportional Is called a similarity , and the two 
polygons are said to be similar to one another* 



Notation* 



and 



n 



are 



polygons vrtth n f sides, then the statement that 



"the correspondence A^Ag, 
a similar it y" is writfT* 



A^Ag t 



.B 



Is 



/ 



Note that the defihltion Imposes three requirements for 
polygons to be similar: (1) that a particular one-to-one 
dorrespondanoe between vertices be syecifledj (S) that^ 
corresponding angles, be congruent j (3) that the measures of 
corresponding sides be proportional. Let us exMiine these 
requirements more closely. 




*^A'B»C' between 



First consider the correapondenG© AK" 
certain vertlGes of the polygons 
shown in Figure a. Under the 
correspondence ABC^*— ^ A'B'C ' , 
/corresponding angles are congment 
and the measures of corresponding 
sides are proportional. In spite 
of this, the correspondence is not 
a one-to-one correspondence betwen 
the set of all vertices of one 
polygon and the set of all vertices of the other polygon* In 
fact, these two polygons cannot be similar, since there can be 
no one-to-0fte correspondence between the vertices of a * 
quadrila'^Ml and the vertices of a pentagon. ) 



Figure a 
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SMdi^i ooMidtr the oan'espondenae ABOD* 
tti9 vertices of tha two 
qu^ilafdrals shoim in Flpire b. ^ ^ 
Thm m&Bwes of aorra spending 
sides proportional J but the 
dorrespondende I0 not a 
sliid.l«»ityy > liMoh requirement 
is not satisfied? 



^ ^ Figure b 

^ !niird^ oonilder the oorrespondenee P^S^* — »^UVWX between 
the vertloes of the two 
quadrllateralli in Figure e. 
TOie cdrrespondlng angles ara 
aongruent^ but tne parallelo- 
gramj^are not similar. Wiy? 




2 ^ 




e 0 



Fourth^ a eorrespondence between the vertices of the 
quadrilateral^ EPGH and the yertloes of the quadrllaterai 
mm is given byi ^ — p^K, F * » M, 0 ^-» L^ H^^ — * 
fcq)lain why this oorrespondence oannot be a similarity, ^ 

Pifthj let ABC be a right triangle with right anglfe at 
A * "Bie eorrespondenae ABC*— »^ BOA is not a similarity. 
Wiy? = However^ there Is another aorreipondehee between the ^ 
vertlees whieh shows that A ABC is similar to Itself j what Is 
this eorrespondenee? 



them I 
^en 



Suppose we have two triangles and a similarity between 
^ ABC AA'B'C with a proportionality constant h 
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Vhmt familiar situation ooours if h = 1 ? Than a ^ a' , 
--^ii-l^-r — g^^^ mgjLhs that corresponding mides of the . . 

trlMiles are , (Jill the blank with an appropriate 

word.) Since also the oorrespondlng angles are oongru^nt^; the 
correspondence ' * * 

km^ p^A'B'C* 

Is a r batwaen the triangles, (Fill In the blank,) 

Cofeyersely, If the correapondehbe ^ABC^^— p^A*B'<]* Is a 
congrd©ncej then oorraspondlng angles are congruent and the 
measures of oorreBpondlng sides are proportional ^ the constant 
of proportionality being the number 1 , We thus see that our 
ppevlous description of 'eohgruence for triangleSj as given In 
Chapter, 5 J ag^es with ^tha following definition for polygons i 

DEFINITION , A similarity between two convex polygons 
Is called' a congruence £f and only if. the constant of 
proportionality for the measures of corresponding 
sides i# 1 , 

We u * e the symbol ^ denote "is congruent to" far 
polygons. Just as we have for triangles. 

Congruence Is a special case of similarity, ^^ff la Gorre^ 
spondence between convex polygons is a congruence, then it is 
also* a similarity i the converse of course la not true. During 
the remaining sections of this chapter, we study similarity 
between trianglesj in our later work we investigate more fully 
similarity and congruence between polygons with more than three 
sides, ^ ^ 

First, however, wa state the following general properties. 
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wsA there is ft positive ntimber 
sueh that 

^ ; a » ha» , ,v % f 
'^b ^ hb« ^ ^^'^ 
0 = he * , 




^HffiOR^ 7*1 ■ Thm relation of similarity between convex 
polygons Is reflexive^* ^mmetrlci and transitive*' , - 

Suppose P, R are any oonvex polygons, each having 
the same nianber of sides, CXir theorem saysi 

(a) F - P . 

(b) If P Q / then ft ^ P . ^'y 

; „ (o ) If P ~ a and Q 'w R ^ then P ^ R , 

We JShw ft proof for the s^teietrle property as It -app^^s to 
tritoigies. It eould be easily modified to apply to any twtf 
polygons having the same number of sides. 

If ^ ABC ^ A DEF , then A DEP ^ A ABC . 



The definition of a similarity tells ubi ' 

(AB, OA) p {m; if, FD) and 2a ^ /P ^ ^ /p i /W . 

By the syrmnetrlo properties of proportionality 'arid angle 
congruenoe, we ca^ say, ^ - 

{m, EW, FD) (l^riBC, CA) md /p i /k , S ip 

ThuB^ we conclude that A DEF ^^X^BC^ * w ; : ^ 

We leave the- proof for the transitive property of triangle 
slmila3?^ty as a problem in the next problem 6et , 



Pro.biem Set 7-3 



It! 



In a certain floor plan,\the scale tells us that ^ 
represents one foot* Wimt measures would be represented 
W 1" # I"" * 6" , ^" ? ^fhat would be the dimensions in 
the drawing of a floor which Is 12» x 20' 



In each of the following palre of glmilar triangles, 
consider the lengths of the sidesHof tha^ flrftt namid 
triangle, proportional to the lengths of the sides of the ^ 
second and give the constant of proportionality. Also, 
give the lengths of any sides whose lengths are not given. 

E F 

(a) 



^ ABC 'v A DFE 




4 C 




11 




(a) Find AC, RS, ST . 

y (b) Give the proportionality constant for 



(1) A ABC ^ AXYZ . - . 

(2) A XYE ^ ^ABC % , . ' ^ ' 

(3) A ABC ^ ARST • ^ . 

(4) A XY2 -v ARST . 

(5) ^ RST ^ ARST , ^ ' . ' ' ■ 

4. af ^ABC 'v ^A'B'C" with a proportionality conatant 5 

and if AA'B'C' 'v AA"B"C" with a proportionality constant 
i , then A ABC ^ AA"b"c^' with a proportionality constant 
? . 



4o8 
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If polygon P is almtlftp to polygon with a proportionality 
oofistwt ^ and P* is similar to P" with a proportion-* 
allty Qonstant 2 , .than polygon P la similar to ; ^ 
polygon P" ' with a proportiohallty eonstant ? * 

If A ABC..^ XY2 with a pro^rtlonallty Gonstant 

then ^ XYZ 'v ^ ABC with a proportionality donstant ? • 

A triangle has sidei 6, 8, 4 , The shortest ^Ide of a 
similar triangle is 2 . What is the constant of 
"proportlonsLllty? What Is the ratlp of a pair of eorre- 
sponding sides? What fs the ratlo^of the perimeter of 

the f lr^t"^rimgle- to^ the pe 

triangle f ' 

Quadrilateral A has sides of length 6^ 9, 12^ 11 ^ 'Hie 
shortest side of a ^similar quadrilateral ^ B , has length 
l8. , what is the length of each of the other sides of 
B ? What is the relation between eaeh angle of A and 
the eorrespondlng angle of B ? 

The perimeter^ • (that Is^ the sum of the lengths of the 
sides) of a trimigle Is 48 , Its shortest side has ^ ' 
length 11 . What is the length of the shortest side of 
a. similar triangle whose perimeter la Ikk ? TOat is 
the relation of each angle of the given triangle to the 
corresponding angle of the other triangle? 

Prove Theorem 7-1 (c) for triangles only* 

If ^ ABC ^ A XYZ and ^ XY2 ^ ^MNP , then wh&t 
relationship exists between ^ ABC , and A MNP ? 

If ^ AB: ^ ' CYZ , and A XYZ S A ZTO , then If AB ^ 8 , 
and AC , can we determine K ? 

If 4 ABC ^ AXYZ and AB- ^ XY , must A ABC^ be congruent 
to A XYZ ? 




In ©aeh of the following diagrams the two dletlnot 
%T±mQlmB Indlo^ted are similar. In (b) tha triangles 
are ^ACD and ABM , On the basia^ef the given 



Inforrnatlon detemlne a oorrespondence between the two 
> triangles whloh Isa similarity. 




C 



nie^ purpose of this eKpeflment Is to make owe naxt - 
postulate plausible. We Will use the postulate to develop 
formally the eoneept of similarity. 

Bcperlment ^^^aw a triangle ABC (not isoseeles) with 
*^^'parallel to and intersecting the Interiors of the 

othei two sldes^ as. shown below. In D and E * 




4* ^ 



Using a ruler with a scale in centimetere , ^ f Ind ABj AD, DB * 
Th&h f±rt€' ' AC ^AE, EC . ^ ^ 
Using your measures, test whether 
'"(AB^ AD, DB) - (AC, AE, EC) . 

ConBider this one-to-one correspondence between two sets of 
points: 

ADB-< — ^AEC . 

This correspondence establishes the following correspondences 

AB ^ , AD ^ , DB-a=*^lC . 

The results of thl^ experiment suggest the following postulate 



Postulate g3. . (Th^ Proportional Segments 
Poitulate) If a line Is parallel to one side of a 
triangle and Interseets the other two sidee In 
interior points, then the measures of, one of those 
sides ana che two segments Intp/wbich it is cut are 
proppr^fconal ^to the measures of the three corre- 
spondlng segments in the other side . 



We use this postulate In the following theorem ta develop 
a property of proportionality And later to develop properties 
^ of similarity. First, however, let us agree to shorten a 
certain phrase which appear^ frequently. Suppose we have a' 
one«to-one correspondence bfetiAen two sets of segments. If 
the measures of the sepients In one set are proportional €0 
the measures of the segments in the other set, we often 
:>e<press" this by saying that "corresponding se^ents are 
.^oportlbnal." When we mean that the measures of the sides of 
one triangle are proportional to the measures of the corre- 
sponding sides of the other triangle, we coujd say^ 
"c'drre spondlng sides are proportional," 



THEOREM Given three coplanar parallel n^nes and two 

transversals, the corresponding- segments on the 
transversals are proportional. 



Proof : Let the transversals be t and s , Let the 
parallel lines be *ADf ^ ^ pf where A, B, C are 'the inter= 
sections of these lines with t , and D^^^E^ F are the inter- 
sections with s , Consider segment AP * ' We need to prove 
that the numbers AB, BC, AC are proportional' to the numbers 
DE, EF, DF , The proof is left as a problem in the next 
problem set. 




Hint s In thii diagryi, show (AB, BC) p (AX, XF) p (DE 



^ Problem Set 7-4 

1* (m) In the figure, If TO | | Ic , ^ 
^ 7 # -AB ^ 10 i AG ^ ^16 

.What is AE ? 




(c) Are AD, AE,, proportlonalj to AC, AB ? 



/4 n 
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a. 



5. 




to this figure, the lengths 
of the sepients are a,^ 

y, and tha measures of 
two ^igles are 8o , as in- 
dloated. Complete the 
following I 

(a) a, ^ ate proportional to x, y . 

(bX (a + b), a are proportional to , x * 

a* X are proportional to , y , 

If a + b m k(x + s then b ^ k . 

If " a + b 3 h - then x + y = hx , ^ 
(a + b)^ (x + y) .are proportional to y 

In this figure^ find the Maslng 

lengths , 
# 

If RH ^ 4 , HF ^ T , ' 
and BF ^ 10 , then 
AB ^ ^ . 

If mi ^ 6 , HP ^ 10 , 
and AB ^ 3 ^ then 
IF ^ . 

If HH ^ 5 * RF ^ 20 , 
and AF = l8 , then 



(d) 

M 
ir) 



(a) 



(b) 



(c) 




Complete the proof in paragraph fom for Theorem 7-2. 

The converse of the Proportional Segments Postulate, 
although true. Is not needed as a theorem in our formal 
development of geometry. The proof la interest Ing^ 
however* Complete the proof outlined b^ow*and then 
write the converse of the Proportional Seg^tfffcf Postulate 



my 



^^ur itt%^lors of 701 and 
of respiietlvsly in 0 
and 1 , ^sttK ABi*Ap ar€ 
proporbloMLl to AC, ^ , 
Prova that Is paraHel 

to W , ( Btot i eonMO^r 
a llna throng B parallel 
to^ W and Intarseotlng ^ 
AC at , Ttimn prove that AB^ AD 
to AF, Al J and W , and G . 

In^ thl g figure J lines 
*FA* M V, 

ara parallel. AB ^ 5 ^ 
..QR ^ .3 , BC ^ a , and 

Lnd PQ and CD , 




m proportional 




In this flgura^ lines 
r, s, and t are 
parallel . AB - 6 , 
BC ^.4 ^ and DE ^ 5 

What is DF ? 




4.1 ^5 
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In this figure is paralial 

"to TO. «id CX is parallel *tb 

. OA ^ 6 , AB ^ 4 
00 - 4 and ^XY ^ 2 ^ 

Find CD and OY . 



1 




In this figure FG and AC 
are parallel, *DE* and BQ 
are parallel, amd BP ^ AD ]. 
prove AADE S ^FBQ • 




4 *^ y 



'J 1.6 



11, 



AB - 9 , AC^s IS , 
BC "15 . AD ^ I AB 
BP - I AB . 

Problem: (l) Can we 
find m 1 (S) Is 



Steps to ali^ In the solution i 
(a) AD = ?; 




(b) 

(d) 
(e) 
(f) 



AE Is what part of AC ? 
S 



Why? 



AB 



Does - AD ? 



BG ii what papt of BC ? Why' 
Is AADE ft AFBG ? limy? 
Is Iff S M ? DE ^ ? 



Al ^ ? 

BO ^ ?^ 



(g) Ara the eides of ^ ADE proportional to the ^Ides 
of ^ABC ? \ 

(h) What else must we prove before we *can mv thtt ' 
^ADE ^ ^ABC 

Suppose that a3^ and Al are given and that aC^ is 
not in' *AB*^. If poihts p, ft, r in that ordet* on 15* 
are such that AP^ = ^^ qr , show that the lines. 
throjatfr^^^f^ ind Q tod^parallel to triseot S * 




7-5^ friangla Similarity Theorems . ^ 

We eondue^our formal study of similarity of ti*iangles 
in a manner similar to that of congruence. You reeaii fctet 
we used six ooiigruenoe conditions (three for sides three 
for angles) to define a corigruence between triangles. Then 
by. oongruanee postulates and theorems. We were able to ihow 
that some of these six conditions implied the others . The 
apjpllc^Mon of these results reduGed our work whenever we 
wlsh#<S to prove triangles oongruent . 

We are now going to find ways to prove two triangles are 
similar^ ways that reduce the work demanded by the definition 
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of similarity. These methods are provided by Theorems 7=^, 
7-5j 7-6* As an aid In the proofs of these three theorems, we 
first prove that, given any triangle, there exists another 
triangle similar to It. 

THEOREM 7-3 . If a triangle and a positive number k are 

given, there is a triangle which Is similar to the given 
triangle with proportionality constant k . 



Proof I Let the given triangle be 
b = AC , and c ^ AB , 
We consider three cases; 

(1) k < 1 , (2) k - 1 , (3) k > 1 . 

Case (1), If k < 1 , there is a 
point D in AB such that 
AD ^ kc . The line which con-^ 
tains D and Is parallel to 
BC Intersects AC , say in E 
Then AE ^ kb , Why? 

There Is also a point F 
AB such that PB - kc , A line 
containing F parallel to AC 
intersects BC In G and BG ^ ka 



ABC With a ^ BC 




AD 



Now> consider ADE ^ - » FBG , In which we Imow 
kc - FB , £B = /FDE (Why?) and £k S ^GFB * Therefore 
^ADE ^ AFBG (A.S.A,) and DE ^ BG ^ ka , We also note that 
£C i £AED (Why?), 



Now j consider ADE^ 



^ABC 



; we have 

(AD, DE, EA) p (AB, BC, CA) with k as the constant of 
proportionality and we also toow that all three pairs of 
corresponding angles are congruent. Therefore, by the 
definition of similarity we know that ^ ADE ^ A ABC , 



Casei(2) . If 
^ADE ^ ^ABC . 



then D 



and E ^ C and again 
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Cast (3). If k > 1 , then a slightly modified version of the 
argument given for Case (l) is needed. We would choose a point 
D on AB instead of W . The point F would lie on M*^ 
such that A was between B and P . Using this new diagram, 
you would find that the proof for Case^ (1) would then, with the 
changes prescribed, also prove in Case (3) that a triangle 
exists which Is similar to the given triangle with the 
proportionality constant k , ^ 

Experiments 

In each of these experiments, consider triangles ABC and 
DEF and the correspondence AM^* — ^DEP , 

1. Draw triangles ABC and^ DEF such that the corresponding 
sides are proportional , 




Measure the corresponding angles. Do the corresponding 
angles seem to be congruent? Do the triangles seem to 
be similar? 

2. Draw triangles ABC and DEF such that the corresponding 
angles are congruent, (For instance ^, you may choose the 
measures of the angles to be 75, 6o, as In the 

diagram* ) 

\ D 



Measure the sides of the triangles. Do the corresponding 
sides see^ to be proportloml? Do the triangles seem to 
be similar? 

■3* Draw triangles ABC and DEF such that some other 

combliiation of conditions is satisf ied--such as, Just one 
pair of corresponding angles are congruent, or two pairs = 

. " of corresponding an^es are congruent , or two sides of one 
triangle are proportional to the corresponding sides of 
the other, or some combination of these or other 
conditions. Try to select conditions which seem to 
guarantee that the correspondence ABC ^ » DEF Is a 
similarity. If you succeed, what conditions did you 
chops^ 

* THEOREM 7--^. (The S*S,S. Similarity Theorem) "A correspondence 
between two triangles such that corresponding sides are 

.fti 

proportlonal^^ls ^a -'slml^larlty . 

Proof : Hypothesis: ABO^ — *^A'B^C* Is a correspondence 
between triangles ABC and A»B'C' . Thara Is a positive 
number k such that a ^ ka* ^ b - kb' , c ^ kc ' . 

To prove: ^ ABC ^ AA»B*C' . ' 




V 



Stattmtnts 



1. There is a triangle A"B"C"' 
similar to A»B»C« with 
proportionality constant k 

2* a'* ^ ka' , b" ^ kb« 

3 . ait ka ' ^ a , kb » ^ b , ' 



A^ a A"B" 
5. ^ABC & £iA"B"C" 



6> A ABC ^ AA"B«C » 



Reasoni 



4, 
5. 



Theorem 7-3 . 



Corresponding sideg 'of 
similar triangles are 
proportional , 
Hypothesis * 

Segments with equal 
measures are congruent 
S#S*S^. .Congruence 
Postulate, 
Transitive property 
of polygon similarity. 



THEOREM 7-5 .' ('Hie S,A.S* Similarity Theorem) If a corre- 
spondence between two triangles has the properties that 
two sides of one triangle are proportional to the oorre- 
'sponding sides of the other and that the Included angles 
} are congruent, then the correspondence is a similarity. 



Proof: Hjrpothesie: 



ABC- 
AB ^ 



— *-A«B*C * 
kA»B» * BC 



There is a AA''B''C" which is similar to ^A*B^C> with 
proportionality constant k . 

Therefore A'-B'* - kA«B» - AB , ^B" ^ ^ £b / 
B"C" * kB»C' ^ BC and A ABC i ^A"B"C" y AA»B«C« . 
Therefore A ABC ^ AA>B»G» , 

The pi*oblem of ^writing t,his as a two^coliomn proof is 
left to you in the next problem set . 



421 4r ' 



7-5 

THSOREM 7-6 . (The A, A* Similarity TheoreTn) If a correspondence 
' between two triangles has the property that two angles of * 
one triaLngle are oongruent to the corresponding angles of 
the other, then the correspondence Ig a similarity. 

Let the correBpondence between the two trlangl = 3 be 
ABC-*--^A"B'C» and ^A ^ ^A» , & . There i a 

positive number k such that AB = kA'B* . Now, conBlder 
^A"B"C'' ^ AA"B»C» with k as proportionality constant. 

With this start as a hlnt^ it Is left to you to write the 
complete proof as a problem In the next set. 

Problem Set 7-5 

1, For every pair of triangles which can be pr^oved similar, 
state the Similarity Theorem whi^ would be used and 
state the one-to-^one correspondence between the vertices 
of the triangles which is a similarity. 




G 6 " J B ^^^^^ C 



* 




42^ 4 I 



In each of the following, determine the length m If 
there Is sufficient Information given. In the diagrams * 
all points are cop'lanar and also collinear as IndlGatetf^ 



(a) 



(to) 




m 









/ 

; 








r 




6 










t 






n 







(e) 






(f) 



E 

(a) If BD I I AE , prove 
AACE ^ ^ BCD . 

(b) If ^ACE-^ ABCD , prove 
Id I I M . 

(o) ^If B is the midpoint of 
and D is the mid= 
CE f prove 

and state 



AC 

^int of 



A ACE ^ ^BCD 
t he cons t an t .,,af 



proportionality. 
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6, prove that two isosceles triangles are similar if a baee 
angle of one is congruent to a base angle of the other* 

1. Prove that two lsos<^eles triangles are similar if the 
vertex a^gle of one Is congruent to the vertex angle of 
the other, ^ 

8, If fr _L 11 , W 1 M \ 

prove ^ QTP and ^ QRS 
are similar. Write a 
proportional^ity involving 
QP, PT, and TO . ' 




In A ABC , AB = AC and 
ED Al , If _[ AC . Prove 

(a) ^ BDE ^ ^ CFE , 

(b) (BD, DE, EB) g (CF, FE, EC) 

(c) (DE, PE) p (EB, EC) . 




10. Hypothesis: 



Prove : 



11. 



In ^ ABC , 
M 1 AC , 
AY 1 K . 



(a) (BC, AC) p (BZ, AY) 

(b) (BC)(AY) - (AC)(BZ) 



ABCD is a parallelogram. 
1 



DE ^ 



EB 



prove FD - i M 






7-6 

12. If a tree casts a shadow of 13 feet and a six foot man 
nearby casts a shadow of two feet/ what is the height of 
the tree? . 

13, The sides of a right triangle are 3, 4, ^and 5 units 
in length, 

(a) Prove that a triangle with sides 6, 8, and 10 ■ 
units in length Is also a right triangle, t 

(b) Express algebraically^ In tems of the proportionality 
constant k , the lengths of the sides of any other 
triangle similar to the given triangle, above, 

14, If ABCD is a parallelogram with E between A and B , 
P between C and D , and G . the Intersection of IF 
and AC , prove that (AG) (OF) ^ (Ca)(GE) , 

15. (a) If a ruler is^'held 28 inches from the eye, the 

dlstmeter of the moon seems to be ^ of an £nah. 
If the distance to the moon is approximately 
240,000 milee, give an approximation of the actual 
diameter of the moon, 
(b) ttfhen a ruler is held 28 inches from the eye, if 
the diameter of the sun also seems to be ^ of an 
Inch, what is the approximate diameter of the s\m? 
The distance from the earth to the sim Is about 
93,000,000 miles. 



7-^6, Similarities in Right Triangles , 



We pause to define two words which are ueeful In our study 



of right triangle similarities 
"projection," 

Let PQR be a triangle* By 
llieorem 5-11 there is a unique 
perpendlGular to ^ that contains 
P , Let A be the foot of the 
perpendicular from P to * The 

segment PA is called an altitude 
^of the triangle. Q 



They are "altitude" and 
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^ Thus in Figure a, is an altitude of A PQR/ . We notice 
that the altitude is detemlned V 
by the vertex P and by the 
side * Another altitude 

of ^ ?QR , rmmely the 
altitude determined by Q , 
Is the segment ^5 , Name 
the altitude to the side 

, Pigure a 




DEPINITIQH . The segment which Joins a vertex of 
a trlaingle to the foot of the perpendicular from 
the vertex to the line containing the opposite 
side is called the altitude of the triangle from/ 
that vertex. 



For empKasls we sometimes say that the sepient / 
Is the altitude to the side* 



8* 



Another notion related to perpendicularity is the idea of 

the projection of a segment on 

" ' B 

a line. Consider AB and line 

m i as shown. Let A* be the 

foot of the perpendicular from 

A to m * We sometimes say 

^that A' is the projection of 

A on m * The point B' , 

which Is the foot of the perpen-- * 

dlcular from B to m , is the ' 

projection of B on m * The projection of each point between 

A and B Is some point between A' and B* , and each point between 

A» and B' is the projection of some point between A and B. 

If a point C lies on a line m , then there is no 
perpendicular segment Joining C 
to m . Nevertheless there is a 
line containing C and perpen- 
dicular to m . This line inter- 
sects m at C , So we consider tne projection of C 
to be C itself* 



on m 



k27 



DEFINITIONS , Tne projection of a point m a line 
la the intersection of the given llne^and the line 
containing"^ tne given polnt*^nd perpendicular to 
the given line. 

The projection of a Begment on a line is the set 
of all points which are projections on the given 
line of points in the given segment. 

In each of the diagrams below, A»B' is the projection 
of Al on line m . 



A A 




Since the altitude of a trlaoile from a vertex is the 
shortest segment ft^om that vertexjto the line containing the 
opposite side, the length of this altitude is the distance 
Detween ^ne point and the line. In'our later work, we often 
refer to the measurej of an altitude of a triangle and for 
convenience, we simply use ^'altitude" when we mean "measure of 
the altitude*" Similarly, we use "projection" to mean the 
"measure of a projection/' However, if you remember that 
"altitude" and "projection" in one usage refer to a certain 

of points and in the other to a certain number , the context 
should enable you to decide which meaning Is Intended* 

Problem Set 7-6a 

1, Draw three trianglesi a right trleuigle, an obtuse 

triangle and an acute triangle. In each triangle, draw 
all three altitudes. 
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J 



S. Olven points A, P, In tmt 
^ order and line ^ * ITi^ 
projeetion of on J0 is 

A'B' and the projection of 
IF . on £ Is Wf^ . It 
AB = 12 , A'B' » 9 , AP * 4 , 
find A'P> and piB' . 




A' 



Given s 



segment whose projectloii. cna line 



J u 



(b) 
(o) 



(a) Can the length of the projectlori of a sepnent be 

(1) greater than the length of ^^he segment? 

(2) equal to the length of the ^apent? 

(3) less than the length of th% eigment? 

Is the proj^tlon of a eegment ^2^m a segment? 
If P ^ P" , Q ^ a* , compare Mh P»Q' , 

In ^ ACB , the altitude is drawn to tr>^ longest side, AB 
intersecting the interior of ffl at D. Name, the 
projection on ^AB*^ of W i of W . ^ is the sum of 
the lehgths of these projections? 

Let ABC be a right triangle wltn ri^ht angle at C . 
Let TO be the altitude to the hypot^W 
Let m /A = 40 . 

(a) Find m /ACb , m /MB j 
m /CBD . 

(b) Name two pairs of congruent^ 
ajigles in the figure. 

(o) Are these same angles 
congruent if m /A la 
some number other than 
40 ? A 
How many triangles are 
determined by A, D ? 



/ 




(d) 



Are ar^ of these triangles simlig,!? 



Experiment 

On a large sheet of paper draw two congruent right 
es, ABC and k*WC* , with right angles at C 



and 





I^aw the altitude C<D< of ^A»B"C» . Now* consider the 
three right triangleBi ^ ABC , ^A'C'D" , AC"B'D» , Cut out 
these three triangles and match the right angles of the 
triangles* Do the triangles appear^ to be similar to each 
other? Try to match the remaining angles of the three 
triangles, 

THEOREM 7-7 . In any right triangle, the altitude to the 
hypotenuse separates the triangle '^Into two trlwigles 
which are similar to each other and to the original 
-triangle , i 

Proof ; Let ABC be a right triangle with right angle 
at C , let be th^ altitude 

from G to TB . We must 
that ^ ACD , A CBD , ^ ABC 
all similar to one another 
We do this by showing the 
correspondences 

ACD^# — ABC ^ ^ CBD 

are similarities. 

First of all, we do know by Theorem 6=20, that the 
altitude OT does intersect the hypotenuse, "SB , in Its 
interior as pictured In the diagram, since AB Is the longest 
side of the triangle; 




/ 



1 



■r:.' 



Now, we prove the triangles are similar toy considering in 
order each of the following pairs: 

(1) ^ACD knd/^ABC , \, ' . ^ 

(2) AA^ and .^CBD , 

(3) AACD and ACBD , . ^ ■ 
^ First, £mc a £CAB by the refTfexive property. Also 

£CDk S /BOA since they are both Wgh,t angles. Thus 
^ACD ^ b^ the A, A/ Similarity Theorem, -In like 

mimner, Akm ^ ^CBD . 

Then, using the transitive property of similarly* we taiow 
that AACD ^ ACBD . 

We eonclude that all three triangles are slmlia?' to one 
another in the correspondence giveni that is, AACD ^ AABC 
*v ACBD • Notice that we acquire more information fXQm this . 
correspondence of the vertices than is provided by t?ie state ^ 
ment of the theorem. This information lepds to the followins 
IntereBtlng relationship among the lengths of various segments 
of a right triangle. You will be asked to prove these 
_ corollaries in the- problem set. 

Corollary 7-7-1, The squarp of the altitude to the 
hypotenuse of a right triangle is equal to the product of the 
projections of the legs on the hypotenuse, 

Corollary I-7-g. The square of the length of either leg 
of a right triangle is equal to the product of the lengths of 
the .hypotenuse and the projictlon of that leg on the hypoteriiaae 



Problere Bet 7-6b 

1 . Olvtn ^ ABC with iOTotenust md altitude W . 

In Thearem 7-7, we proved ^ ACB ^ A CM ^ A ADO . 

c 




Oon^lete the ehart below to show the lengths of the sldas 
of ^GDD and A kW that eorreapond to the lengths 

Qi El b 



of the sldaa of A ACB 

A CDB ^ 



^ ADC 



2. 



5. 



Refei* to the*dlagram in Problem 1 and write Corollaries 
7-7-1 and 7-7-2 as formulae involving a, b, a, h^ x, 
and y , 4 

Provei (a) Corollary 7-7-1/ 
(b) Corollary 7-7-2. 



Refer to Problem 1, 



Prove that h ^ — 



Referring to the diagram In Problem 1, find each of the 
following measures* 



(a) 


If 


X 




2 , y ^ 8 , find h , 


(b) 


If 


X 




1 ^ c ^ 10 , find h 


(o) 


If 


X 




7 , y - 7 , find h . 


(d) 


If 


X 




*5 , h ^ 2 , find c 


(e) 


If 


X 




^ ¥ ^ ^ p find h 


(f) 


If 


X 




4 , c ^ 9 * find a . 


(g) 


If 


X 




3 , y - 9 * find a . 


(h) 


If 


b 




4 , X ^ 6 , find y , 


(i) 


If 


b 




8 , y - 16 , find 


(J) 


If 


c 




25 i h ^ 10 , find x 
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' 7-7. ffla Pythagorean rniaorem . ,^ 

The theorem whieh bears the name of the ancient Greek 
sehalar ^^hagoras is probably the most fwioui of all mathe- 
Tnatleal theorems. The Egyptians learned experimentally that 
If three ropes have lengths measuring 3* ^, 5, respeotivelyi 
then the ends omn be Joined to form a right triangle. This 
iaiowledge is very useful in making eorners square In con- ' 
struQtlon and surveying operatlo'na* Other triplets of len^hs 
may also be used, as for instanee, 5# 12, 13 - You may notice 
that 3^ + 4- ^ 5^ and that 5" + 12^ ^ 13" - The Pythagorean 
Theorem tells us the converse of the principle used by the 
E^ptlans, namely^ that if a and b are measures of the legs 
of a right triangle^ and c the measure of the hypotenuse, 
then a^ + b^ s . At this time, you should reread the 
discussion of the Pythagorean Theorem, its converse, and 
related material in Sections 1=2, l-S, 1-7* 

* The Pythagorean Theorem is not only a key principle in 

construction and surveying, but it has been found extremely 
Important in many scientific and mathematical studies- For 
this reason. It has attracted the attention of numerous 
mathematicians, and more proofs have been found for this 
theorem than for any other. 

THEORIM 7-8 . (The Pythagorean Theorem) In any right triangle, 
the equare of the length of the t^potenuse Is equal to 
the sum of the squares of the lengths of the two legs. 

Proof I Given: A ABC with a 
right angle at C . Measures a. 




c 



o 

ERIC 



1. 



2* 
3. 

5. 



fhe foot C ,of the 
^tit\;^ tram C Is 
an intariox* point of 

Let m ■ JE and 
DA ■ 0 - X , 

- ax * ' 

.at 

b ■ c - ex , 



ReftBons 
1» Theorem 6*20 « 



2. The Batwtenneei^Dist&nae 
^eoremt 

CorallaiT 7-7-2. 

5- Addition property of 
equality. 



The converse of the Pythagorean ^eorem Is also valid. 
We now prove It. 

HfflQRlM 7-9 * (Converse of Pythagorean Theorem) If the square 
of the length of one side of a triangle Is equal to the 
sum of the square's of the lengths of the other two sides, 
then the triangle le a right ti^lwigla with the right 
angle opposite the first side, 

Proof s In the triangle ABC j le"^ the measures of the 
sides opposite the vertloes A, C 

be the respeotlve numbers a, g , 

2 2 2 
It Is given that a~ + b = c j 

we are to prove that /Q is a 

right angle , ^ 

There Is a right triangle DEF 
such that EF - a , m /P = 90 , 
and DF ^ b , because s 





there are points E, P 
Ruler Fostulatei 
there is a right angle 
Postulate; and 
on FG there is a point 
the Point Plotting Theorem 



such that EF ^ a , by the 
£EF0 , by the Pro'^ractor 
D such that DP ^ b , by 



If WD « X i thon the .Pylh^oremh ThebreA, appllad to ADlF > 
. %fiikB UB ^hfit a b - X , Comparing this with the f 
^^i^thefllB* that a^ + s , we conclude that d = x , ^ , 
slne^ both o and x are positive, ^us,^ S A DIF (irtiy?) 
and la a rl^t angle (why?). 

In eve^day speedhj we often shorten the. statements of . 
the Pythagorean ^^eorem a*ifl Its converse by saying "the square 
of a side" Mther than "the square of the length of a sld#," 
Using this phraseology^ we may s^nmarlM the two theorems of 
this section In the following "if sind only If" version. 

A triangle is a rlgfct triangle If and only if ^ 
the square of one side Is the sum of the squares of 
the other two sides. ' 

% 

Problem Set 7-7 

1. In each of the following* suppose that the given three 
number& are the jneaEurei of the sides of a triangle. 
Determine, in each case* whether the triangle is a 
right triangle, and explain why. 



(a) 


3, 


^. 5 . 


(1) 


2k, 12, 26 . 


(b) 


^. 


4 8 . 


(J) 


7, 24, 25 . 


(c) 




X, X \/^ . 


(k) 


30, 4o, 56 . 


(d) 


6. 


8, 10 . 


(1) 


6 i/J, 12 y^, 18 


(e) 


12, 


13, 5 . 


(m) 


9ab, 12ab, 15ab 


(f) 


20, 


16, 11 . 


(n) 


8, 15, 17 . 


(s) 


H 


5, 5 . 


(o) 


29, 20, 21 . 


(h) 




2, 2| . 
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m tht felioiilng» o is the lenfth oi^ th« hypotenuse imd 
ft and b aw lehgtha of the legs of a rl^t triangia. 



Mnd: 



;4 



a 

a 

b 

e 



If 

If 

if 

4f 

If 



20 and b w 12 
a * 9 and b ■ 7 , 
0 15 and " b ^ 5 , 
a ■ 10 and e ^ 16 
a ^ 1.5' and h ^ 2 



(b) 

io) 

m 

A ladder 18 feet long reaches to a windew sill ©f the 
side of^a house* If the window sill Is m feet above 
^ the groiind, how far. from, the sldt of thy houst Is the 
foot of the ladder? . 

Two ears leave a eertain point at the same time. One 
travels north at thm rate of 30 milea an hour j the 
other travels west at the rate of 4o miles an hour. 
How Near apart are the, oars at the end of 1^ houM? 

Find the length of the altitude to the base of an 
isosceles triangle whose aides measure 25, 35^ 48 , 

Find the length of the oongruent sides of an Isoseeles 
triangle if the length of the base of the triangle is 
IS inches and the altitude to the base is 16 inches. 

Find the length of a side of an equilateral triang|e if 
the altitude to that side is 4 . 

Find the length of the diagonal of the floor of a class- 
room if the floor is 16 feet long and 12 feat wide. 

The figure to the right is 
a reotangular solid with 
Al J_ and J_ Iff , 



Find PC if 
BC ^ 4 , and 



AB ^ 8 
AP - 8 
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- W - 6j &iM RS - 5. Find PS. 



s 



li* Two vertloal poles on Itval ground are 12 fast apart 
and their topi ara 10 $nd 15 faat, raspeativelyj 
above the grotmd* Find tha distanoa ^atiitan the tops 
of tia poles. ^ 

♦la. Find the length of the hypbtenusa of a right trlangla each 
of whose legs has a Masure of 1 • , 

*13* Th% hypotenuse of an isosceles right triangle has a 
measure of 6 , Plnd the measure of each leg* 

♦14. If the length of one lag ^f a right triangle is half the 
length of the hypotenusfe, and the hypotenuse is 23C , ^ 
find the lengths of the two legs in terms of x . 

2 2 ^ 2 

15. Let u^ w be positive numbers such that u + v ^ w 
Prove that there is a right triangle whose sides have 
respective lengths u, v^ w . " * 

16. Show that a triangle whose sides measure x 1 , 

2x f and + 1 ^ reBpeetively, (where x > 1) is a 
right triangle. What are these three numbers if x »^2 ? 
xs^?x^6? 

2 2 2 2 

17. Show that the numbers u + v , 2uv , and u - v , 

(where 0 < v < u) are the measiires of the three sides 
of a right triangle. What are these numbers if u ^ 5 
and V = 2 ? 

18. If the measures of the three sides of a right triangle »e 
all integers, the three Integers are sometimes called a 
"Pythagorean Triple." Find at least one "I^hagorean 
Triple" that is not listed In Problem 1 above. 
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If tiio-lf^ ©f ont rl^t trltt^la w*e ^^oportlenal %q the 



tlio l6gi of any ethtr rl^t triMglt^ ipa tha triiufiglts 



If a leg 4£id the iOTpOtenuae of one right triangle are 
proportlenal to elthei* leg the hypotenuBe of a seoond 
rl^t triangle I are the triwgles Blmilar? E^^laln* 



7*8. apeoi^ Right K^ianglea , 

Certain right trianglts appear f recently In protolems of 
the physioal world iuah as In englneepiifg. It Is worth mslcing 
their aocpiaintanae so ttet you may reco^lEe them fUid he able 
to use them in developing some computational short outs. These 
triangles ^y be olassified into sets of triangle Sj each set 
containing only triwifles that are similar to one another^ We; 
shall list some of these sets. i 

I. The 3, 5 right triangles, 

2 2 2 

Since 3 + ^ ^ 5 # the converse of the Pythagore&i 
^aorem tells us that a triangle whose sides have measures 
3, ^#5 Is a right triangle. Any trl^igle similar to a ^ 
rl^t triangle 'is itself a right triangle; why? TOius^ If ajiy 
positive number k Is used as a proportionality constmt^ we 
oonelude that a triangle whoBe sides meaaure 3k ^ 4k j 5k is a 
right triangle. For Instmce, any triangle who^e slderf measure 
6, Bi 10 or 150, fiOOj 250j Is a member of this set of right 
triangles* 

e 1, 



Given i In right triangle ABC 
with right angle at C , a - l8 , 
b ^ 2M , To find c 



a - 3 
0^5 



6 
6 



. b - 4 
or 30 



we note that 
Therefore 



ExMiple 2, 

In right trl^gle 
c - 75 and a - 45 . 
a ^ 3 • 15 • therefore 



ABC , 
To find 

b - 4 




b we note that 
15 or 60 . 



c - 5 



15 



438 



7-8 



' 5# 12, 13 rl^^ triangles. 

^^laln wt^r a^trlangli whose sidei have measures 5j^ l2j 
13 Is a rl^t "Criangle. Escplaln a trlmgle whose sides : 
have lengths Sk, ISk^ 13kj far same positive number k , la 
a ri^t triangle « bplaln why all these triangles are slnd.lar 
to one ^^ther. ^Ive other examples of three nimbers whleh are 
""the respeatlve measwes of the sides of trlajngle.s in this set 
of^slmilir right triangles. 

el. 



In A FOR , /ft Is a right 
angle ^ PR = q , Rft ^ p ^ 
FQ ■ r . Suppose p ^ 15 and 
r ■ 36 , To find q ^ we note 
that p s 5 * 3 , r ^ 12 • ^3 I 
therefore, q ^ 13 • 3 or 39 




a a. 



se q ^ 78 

6 , p^^ 12 * 



and' p = 72 , To find r , we note that 

6 and therefore r ^ 5 ' 6 or 30 , ^ " 



q = 13 

^ III. The 30, 60, 90 triajigles. ' 

Unlike the sets of triangles in (i) or (11), these 
triangles have angles rather than sides whose measures aro^- 
"convenient" ntmbers. Suppose In A ABC , m ^ 90 , 
m ^ 60 , and m /A ^ 30 * Let 
D be a point such that B and D 
are on opposite sides of AC and 
m /CAD 3 30. , and let D be the 
point of interseetlon of AD and 



We can prove 

A ABC S A ADC 
Therefore m £D = m /B ^ 
Also m /BAD m 60 . 



60 




Hence, ^MD is equiangular and therefore equilateral, 
ir BC a , then BD ^ BA > ga , and AC® + a® ^ (2a)® 
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4/1 ^ 



V 



Alt equation psnaltf thm oonclualon AC ^ ay? . • niereforf, 
;m see that {BC, OA, AB) - (1, yl", 2> . .«»•. 



ConveF8tly> given a triable A»B»G» , If 
(B«C^ C»A», A»B») - (1, 2) than ^A»B»G» is similar to' 
rl^t triangle ABO above by the S.S.S. Similarity I^eor#m« 
O^s, ^A*B>C' is also a ri^t triangle. -In faatj sinae all 
oorresponding angles nmst be oongrnientj ni ^A* ^30 V 
m ^B» ^ 60 , m ^ 90 . 

. We sunmarlse this dlsoussion in a theorem ^ 




TWOWk 7-10 . trlar^la ABC. is a right triangle with 

m ^A ^ 30 > m ^B = 66^^ and m ^ 90 if and only if 
(BC, CA, AB) g (1, v^, 2) . 



Because of TOeore^ _6-l8^ we conclude BC <; GA < AB 
can therefore in the stlftamant of this theorem use a 



proportionality I in which we refer to lengths of sides i 
(shorter lag^ longer leg^ hypotenuse) p (1^ y^, 2) * 

el. 




Find the length of _ an altitude 
of an equilateral triangle If the 
length of one of itii s^des Is 10 . 
' (5. h, 10) p (1, v^, 2% , The 
constant of proportionality is 5 . 
Iherefora h ^ 5 • 



Example 2, 

Find the measures of the sides of a 30, 60, 90 triangla 
if the length of the longer leg is 8 , Let a ^ length of 
the shorter leg and c ^ length of the hypotenuse^' then 

(a, 8, c) p (1, v^, 2) . j 

The constant of proportionality is 8 ; therefore , a - 

8 ^ y7 

and Q m 2 ' • ■ 



f-8 



IV. Slip' if 4/? rltfit triangles (samstimas callad the 
isososles Fight trianglts or the 90 
triangles) « 



7-11 * Tti^ triangle ABC Is a right triangle with rl^t 
a^le at C , mnd wlth^ AC = BC , If and only If 

, Bc, A5) p (ii 1, . ; , , 



The proof ©f this theorem ii left aB a problem* 



Find the length of a side of a square ±f the length of 
its diagonal Is 10 • (a, a, 10) p (1* 1, y^) , Ihe eonitant 

of proportionality is or 5^ * Therefort, a 5 . 



Probltm ^t 7-8 
Find AB and BC In each of the following figures* 
(a) (c) C 

B 





(b) 



(d) 
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a. Frova Thmovmm 7-11* 

3* Oompltte^th® tablt for the right Isofaelas triangle in 
the diagrm. 






45-45-90 


triangle 




a 




(a) 


10 


s 


(b) 


5 




(e) 




9 


(a) 




6 


(e) 




3 


(f) 


5i/f 





4. Complete the table for tha 30-60=90 triangle in the 
diagram , 

a% ^1 




30-bO-90 trlang 





a 


b 


e 


(a) 


10 






(b) 


5 






(e) 




9 




(d) 








(e) 






12 


(f) 






12 



^ Mjid feha lai^^h af the al^^do mt m mqallmtmpml triangle 
if the length of eaoh tide 6 . 

njAd the length of a side of an equilateral triangle If 
the leisgth of the altitude Is 6 , 

A D 

In the flgurej ^QD la a 
mqm^ with AB - BC a CD - DA , 

/k, a^*® rl^t 

angles. Wi hlsacts ^ • 

Find BD If AB Is 6 . 

8 g 
In Problem 7j find the ler^th of a side of the square If 
the length of the diagonal Is € . 

A baseball dlamnd is a square vAiose sides are 90 feet 
long. Uhat Is the dlatanea a ball travels when thrown 
from first to third base? 

A boy is flying a kite with a string 300 feet Ipng^ 
which Is attached to a stake an the grotmd. If all the 
string Is out sjid the string makes an angle of 30 S 
degrees mrlth the grotmd, how high is the kite? 

In each of the following are given the ler^ths of a leg 
and the hypotenuse of a right triangle* Which of the 
measures belong to a triangle similar to the 3j 4^ 5 
triangle? to the 5, 12, 13 trlangla? to the 1* 2 
triangle? to the 1, 1, ^/S trlmgle? 



(a) 


6, 10 


(s) 


8, 10 , 


(b) 


12, 15 


(h) 


1.5, 2.5 


(e) 


2U, 25 


(1) 


6, 6.5 


(d) 


15, 39 


^ (J) 


2J*, 26 ^ 


(e) 


3, 6 


(k) 


3 i/ff, 5y^ 


(f) 


3, 2 l/J 


(1) 





In each part of Problem 11, find the length of the side 
which is not given. 
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In Chapter 5^ thm Idei^f "sma slzt shape" of physioa 
obj€ot&^^<ti^gest@d the mathematioal concept of a congnLence» 
Congruence developed as a one-to-one correipondence between 
the vertices of two triangles bii& relied on 'properties of 
lity. 

I- 

In^his chapter J the idea of "same shape" suggested the 
mathematical concept of a similarity « Sljnilarity vmis developed 
as a one-to-one correspondence between vertices of polygons and 
relied on properties of equality and properties of proportion- 
ality^ We leamedj tooj that a congruence is a sin^larlty. 

We proved three triangle similarity theorems comparable 
to the S«S«S.# S.A*S.j and A,S,A, congruence postulates. The 
culmination of this development was the P^hagoreM Theorem. 

Some of the new terms in this chapter arei 

proportionality eonetant of proportionality similarity 
propok*tion projection altitude 



Review Problems 

Wimn we say "a^ b are proportional to c, d, with 
proportionality factor k*S we are saying In effecti 
" and __ - . " 

Given that 3, x are proportional to 39* 65: 

(a) Find X . 

(b) Vftiat is the proportionality constant in the above 
proportionality relation? 

(c) Complete I 3j Xj 3 + x are proportional to 39j 



^e number ____ Is not permitted to be a constant of 
propor t lonal 1 ty , Wiy? 

If the three angles of one triangle have measiires 
proportional to the measures of corresponding angles of 
another trianale, what is the proportionality oonstant? 
Explain . 
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5. 



6. 




If thf iMgthft of sldti of onr triangle ftra ^ 

pn^^%G(Ml to thst lengths of the .aorrespon^jig tfldes 
of a 0ecimd triangle » the pro^rtlonallty oonstant may 
toe a^ mmbdir belonging to the set of all numbers « 

(mi the blank with om word^ } 

UMer lAiat olroiAstanoei^ Is a oorrespondenoe tetween the 
vertlaes of trlanglefc said to be a similarity? 

In^jfche^trlangle ABC^ 
plotured at the right, 
1^ I t 15" ^ and length^ E/ 

seewnts are as ^ 
Indloatedt Wind % « 
Find AC . nnd WC . 




8, Find the value of x In each of the following problemB, 
(a) (s) 





(b) 





D 3 3 C 

ABCD li a parallelogram. 
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10. 



4 ABC ^ ARST ^wlth. proportionality constant k . 
AXYZ ^ 4 RST with proportionality constant m * Is 
A ABC ^ ^XYZ ? If so, what is the proportionality 
constant? 

In this figure cD la 
the altitude to the 
^hypotenuse of right 
triangle ABC , Complete 
these proportionality 
relations: ' 



(to, h, x) p (a. 



) 




_) g (c, _) 



11, 



In thls^ figure A ADC ^ ^CDB 
with proportionality factor 
k * ^us X' ^ kh , Express 
a in terms of .k and the 
length of some segment. Do 
the same for h * 



12. In A ABC ,AB-2,AC^l,BC-y^ 
Find m. /A > m £B ^ m /C , 

13, In A ABC > AB ^ B , AG - CB ^ i| , 
Find m ^A , m /B , m £C * 
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Ik. 



15. 



16. 



Consider the diagram with 
right angles and lengths' 
as marked, 

(a) Find AY, AZ, and AB . 

(b) If you continue the 
pattern established in 
this figure making 
m £kBC 90 and BC ^ 1 
what would be the length 
of M 7 

(g) If the distance between two dots on the blackboard 
(or sheet of paper) is used as one unit of measure, 
locate two dots such that the distance between them 
is . 

A rectangle Is a parallelogram whoee consecutive sides 
are perpendicular. Find the measure of the diagonal of 
a rectangle if two sldee are 5 and 12 . 




In A ABC , BD 
BE ^ 3 , BA ^ 



(a) 



Find AC 
Is DE M 



AC 



, BC - 4 , 
DE - 3,5 ^ 

? Explain, 




17 • The sides of a triangle measure 5, 6, and 8 * Find 
• the meaeures of -the Gorresponding sldas of a similar 

triangle whoee perimeter Ho 57 . 

Hypotheses : ffi Intersects 
BD at C . 




Prove I Ai 



AC 
CE 



m 

CD 



DE 
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C „ D B 

20* The hypotenuse of a right trlajigle nwasures 13*6 and a 



leg has a length 6.4 , Find the length of the other leg 
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Appendix I 
A CONVENIINT SHORraAND 



There was a time when algebra was written out In 
worda* In words, you might state an alge^D^alc problem In the 
following wayi 

"If you square a Gertaln number, add five times the 
number^ and then subtract six, the result la sero. What are 
the possibilities for this niimber?" 



form: 



This problem can be more briefly stated in the following 
"Find 'the roots of the equation x + gx -/^ =^ o'^K" 



The notation of algebra Is a very convenient short nd» 
A similar shorthand has been Invented for talking about sets* 
It saves a lot of time and spacer once you get us-; c and 
it is all right to use it in youx" //rll ^ .... j/k^ unless you 
teacher objects. 

Let us start with a picture > and say various things about 
It first In words and then In shorthand* 




Here we see a line , which separates the plane ^ 

Into two halfplanes and hhr^ - ■ Now let us say some 

things in two ways , 







In Words 


In Siorthand 


1. 


The 


se^ent PQ lies In . 


1 , McU-^ . 




The 


intersection of RS 


2, HsPl^ ^ T , 




and 


i is T . 
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The Bhorthand expression TO C is pronoimced in 

exactly the same way as the expression on the left of it. In 
general, when we write ACS, this means that the set A 
lifts In the set B • 

An "expression of ^ the type A H B denotes the inter- 
section of the sets A and B . The symbol "H" is 
pronoimced "cap," because It looks a little like a cap. Notice 
that the sets ^ and WS do not Intersect, If we agree to 
write 0 for the empty set, then we can express this fact by 
writing 

similarly, , 

mni ^ 0 

and 

fsnWg ^ 0 . 

Of course^ p5 is a set which lias In }4^^ , But the 
point p above is a member of * We write this In short- 

hand like this ^ 

ThlB is pronounced "p belongs to 

The union of two sets A and B is written as A {J B . 
Tills is pronounced "A cup B In the same way, we write 
A U S U C for the union of three sets. For example^ In the 
fl^re on the previous page^ the plane S is the union of 
14^^ , , and ^ . We can therefore write 

^ ^ ^^U W| u J . 



Problem Set J 

Consider the sets. A, B, C, and so on, defined In the 
following waj^ 

A is the set of all doctors, 

B is the set of all lawyers, 

C Is the set of all tall people , 

D is the set of all people who can play the violin, 

E is the set of all people who make a lot of money. 

F is the set of all basketball players , 

Write shorthand expressions for the following statements* 

1. All basketball players are tall, 

2. No doctor Is a lawyer, ^/ 

3. No vlQllnist makes a lot of money, unless he is tall. 

4. No basketball player Is a violinist, 0 

5. Everyone who is both a doctor and a lawyer can also 
play the violin. { 

6. Every basketball player who can play the violin makes 

a lot of money, ' 

7. The man X is a tall violinist, 

8. The man Y is a prosperous lawyer, 

9. The man Z is a tall basketball player. 
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Appendix II 
POSTULATES FOR ADDITION AND MULTIPLICATION 



The mathematics of combining real numbers by means of 
addition, subtraction, multiplication, and division, has Its 
basis in the following del'inltlons and postulates. Several 
theorems are deduced from, the postulates at the end of the 
Appendix , 



POSTULATES FOR EQUALITY 

T^ie Sub stitution property of Equality 

One name for an object may be substituted for another 
nam.e for that object In any statement about that object without 
changing the truth value of the "statement . 



y then y ^ X . 

Trans. i^ve Property of Equality 

For all X, y, z, if x - y and y z then x 



POSTULATES FOR ADDITION ANtf MULTIPLICATION 
OF REAL NUMBERS 

Closure under Addition 

For all X and y , x + y Is a unique real number. 

Associative few for Addition 

For all X, y, z, x + (y + 2) - (x + y) + z . 



Reflexive Property oj^ Equality 



r all X ^ X = X 



Symmetric Property of Equality 
For all X and y , If x 
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Coffgnutatlve Law for Addition 

For all X and y^x+y-y+K. 

Additive Identity 

^There is a unique number 0 such that for all x , 
X + 0 ^ X . 

Additive Inverse 

For each x there is a unique number -x such that 
X + (-x) = 0 * 

Closure under Multiplication 

For all X and y , xy Is a unique real number. 

Associative Law for Multiplication 

For all X, y, xCys) ^ (xy)g . 

Conmiutative Law for Multiplication 
For all X and y ^ xy ^ yx , 

Multiplicative Identity 

There Is a unique number 1 such that for all x , 
X * 1 ^ X * 

Multiplicative Inverse 

For each x except o , there is a unique number i 

1 ^ 

such that X ^ — ^ 1 . 

X 

Distributive Law 

For all y^ x(y + z) ^ xy + xz , 



\ 
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DEFINITIONS 
'Peflnltion of Subtraatlon 
— =^ For all X and y , x - y ^ x + («y) , 



iDeflnltlon of DlvlBlon 

X 

For all X , and for all y except 0 , ^ 



THEORMS 

l^OREM II-l , For all x and y , 



If y = =x ^ then -y ^ x 



Proof I 

y - -X 
X + (=x) ^ 0 
X + y ^ 0 
y + X - 0 
X ^ -y 
-y * X 



hypothesiB 
additive inverse 
BUbetitutlon 

commutative law for addition 

additive inverse 

symmetrla property of equality 



THEOREM II-'2, For all x 



.Proof: 



X ^ X * 1 
^ x(l + 

^ X • 1 
" X + X 
X ^ X + X 

X ' 0 ^ 0 
THEOREM I 1-3* 



0) 

+ X 

• 0 

* 0 



* 0 




xy + x(-y) 
x{-y) 



x[y + (-y)] 
x ^ 0 

0 
0 

-xy 



0^0 



multiplicative identity 
additive identity 
distributive law 
multiplicative identity 
trans* property of equality 
additive identity 



For all X and ' y 



x(-y) - -xy 



distributive law 

additiv^ inverse 

Theorem) II-2 
I 

trans, property of eq^iity 
additive Inverse ^ 



THEOREM For all x , x(-l) =x . 
Proof I 

x(-l) = ^1 . X Theorem II-3 

^ multlpllGative Identity 

THEOREM For all x,y,z, If x + y ^ z then x ^ i ^ 
Proof : 

(x + y) + (^y) - x + [y + (-y)] associative law for addition 

- x + 0 additive inverse 

^ X additive Identity 

(x + y) + (^y) ^ X trans, property of equality 

X + y ^ 2 hypothesis 

2 + (-y) ^ X substitution 

2 - y ^ X definition of subtraction 

THEOREM II -6 , For all x and y , If xy - 0 , then 

X ^ 0 or y ^ 0 . ■ 

Proofs It is enou^ to show that if x ^ 0 , then y ^ 
Suppose^ then J that x ^ 0 . 

xy ^ 0 hypothesis 

j(xy) ^ ^ . 0 ^ closure under multiplioation 

^(xy) ^ 0 Theorem 11^2 y 

^x ' ^ ^ assoc. law for multiplica^^n 

1 ' y ^ 0 multiplicative inverse 

y ^ 0 multiplicative identity 
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THEOREM For all x,y,z, if xy ^ xz and x 0 , 

then y » z . 

Proof I 

xy = xz hypothesis 

xy + (-xz) - xz + (-xz) closure for addition 

xy > (*xe) - 0 additive inverse 

xy + x(-z) * 0 Theorem II-3 

x[y + (»z)] ^ 0 distributive law 

X / 0 hypothesis 

y + (-z) - 0 Theorem 11^6 

y ^ z = 0 definition of subtraction 

TMORm For all x and y ^ y + (x - y) ^ x * 

Proof s 

y + (x - y) " (x - y) + y cormnutati^)^e law for addition 

^ [x + (-y)] + y definition of subtraction 

^ X + [(-^y) + y] association lavj for addition 

= X + [y + (-^y)] commutative law for addition 

^ X + 0 additive inverse 

^ X additive Identity 



Problem Set IX 
Prove each of the following statements, 

(a) For all x 'and y , (-x)(-y) ^ xy , 

(b) For all X, y, z, x(y - z) ^ xy -= xz , 

(c) For all x, y, z. If x - y ^ z then x - y + z 

(d) For all X, y, u, v, it is true that 

(x + y)(u + v) ^ (xu + xv) + (yu + yv) • 

Given the definitions* 
2^1 + 1 

2 

For all x , x^ ^ X ' X 

For all X, y, 2, x + y + z ^ (x + y) + z 
For all X, y, z, xyz ^ (xy)z , 



Prove : 



For all x and y , (x + y)" ^ x' + 2xy + y 

4^; 



Provei For all x and y , (x + y)(x - y) ^ - 

Olven the definitions i For all y except 0 , 
"1 1 

y ^ ^ ' Prove each o^the following statements. 

(a) For all x except 0 ^ and for all y except 0 
(xy)-^ ^ x^l ^ y^^ . 

(b) For all x and z , for all y except 0 , and 

for all w except 0 , = 

y w yw 

(c) For all x^ y, z such that y ^ 0 , z ^ 0 ^ 

(d) For all x except 0 ^ (-x)^^ - =x^^ , 

(e) For, all x ajid y and for all z' except 0 p 

i + Z = ^ t y 
z z z 

(f ) For all x and for all y except 0 , 

X ^ ^ _ X 

-y ^ y ^ " y ^ 
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Appendix III 
TtffiOREMS ON IhffiQUALITIES 

In addition to the postulates for addition and multipli- 
cation Appendix II includes postulates for equality and the 
definitions of subtraGtion and division. In Chapter 3 we 
diSDiiSsed some properties of order and defined positive and 
negative. The properties of order may be considered as our 
postiil'atea for inequality. Appendix III Includes several 
theorems whioh extend the discussion In Chapter 3 concerning 
the order properties of real numbers. 



The addltlcn property of order as given in the text cp 
be extended, as in' Theorem III-l, 

. mEQ]^ III-l . For all x, y, a, b, if > y and a > b 
then X + a > y + b . 

Proof s 

X > y hypotheslB 

xH,, a > y + a additive property of order 

a > b • hypothesie 

a + y > b + y additive property of order 

y + a > y + b commutative property of addition 

X + a > y + b trans, property of order^ 

^ — — — — -T— — - 



\ The foliowing theorem shows that if we accept the first 
part of the multiplication pi^operty of order as^ given in the 
text we can prove the second part, .^-^^s^ 

THEOREM Ill-g . For all x, y, if x > y and k < 0 . 

then loc < ky . 
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0 > k hypethaslB 



0 + (-k) > k + (-k) additive property of ortei- 

'^0 + (-k) > 0 additive Inverae 



> 0 adiltlve Identity 

3£ > y hypothesis 

^-lc)x > (-k)y mult, property of or^er, Parti 

-toe > -ky Theorem 1 1-3 

*Ja£ + (toe + Jqt) > -iqr + (Ibc + Iqr) additive property for order 

-lac + (iqr + Joe) > -Iqr + (lac + lor) oonroutatlve prop* for add/ 

Icy > lac Theorem II -8 



Theorems II1-3 and 1II-4 are precise statements conoernlr^ 
the comparison of two real numbers. 

TOIORIH Ili-3 . For all x and y , x > y If and only if 
X - y is positive* 

l^ere are two parts to proye*) 

Part 1, If X -.y is poiltlve then x > y . 

3f : 




" y > 0 definition of positive 

(3E^ y) + y > 0 + y additive property of order ' 

y * (^ - y) > y + 0 eonmiutative law for add±4^on 

X > y + 0 ' Theorem II-8 

X > y ' additive identity^ 

If X > y then X - y is positive. 




X > y hypothesis 

X + C-y) > y + (»y) additive property of order 

^ + (-y) > 0 . additive inverse 

X - y >.p definition of subtraction 

X - y is positive definition of positive 

.4 
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meOOT! «f^ . Per all X and y , x > y If and only if 
there is a mttiber % such that ^ > 0 and x * y + 2 

(Ihere are two parts to prove.; 

Psj^ 1* If X « y + E 'and e > 0 then x > y . 

Proof I 

X s y + z hypothtsis 



z - X ^ y < 



Theorem I 1-5 



x^- y is positive hypothesis 

3^ ^ y " Theorem III-3 

fM*t 2. If X > y then there is a positive niimber 

iuoh that y + ^ X . / 

Proof I \ 

- - _ : ' — i 

X > y ^ hypothesis 

X - y is positive Theorem III-3 

y + (x - y) » X Theorem II-8 

Observe that x - y Is a positive nmnber with the required 

property. 



Appendix IV 
MflONAL AND iraATIONAL NUMmRS^ 



How to ^aw That a Number la Rational , ■ 

By definition a number Is rational If It Is ^^^^^tlent 
of two Integers, Therefore* If we want to prove thl^» 
number Is rational, we have to show that there are two 
Integers p and q , such that | ^ ^ • Here are some 
example a I . 

(1) The number x * | + y is rational, because 
1 3 7 + 6 13 

■ 

Therefore x - ^ , where] p » 13 and q = l4 , 



(S) The number x - 1.23 li rational, besause 

whloh Is the quotient of the two Integets 1S3 and 100 . 

(3) If the niMber x is rational, then so is the 
number 2x . (That Is, twice a rational number Is alvmys 
rational.) For if ^ 

where p and q are^ integers, then 

where the numerator 2p and the dendnlnator q are both 
integers* | 

(4) If the number x Is rational, then so Is the 
number x + | . For if - 

then 

^ 2 P J. 2 _- 3p + gq 

where the numerator and denominator are both IntegerB. 



~ (5) If X IB a rafclenal number, then so is + x 



' ,2 a 



q ^ q- 



whare tha numerator and denominator are IntegerB, 



Problem Set IV-l 

1, Show that ,2351 - ie a rational number, 

2 c 

2, ^ow that J + Y rational* 

3* Show that if x'^ls a rational number, then so is x - 
4* Show that If X is rational, then so is 2x - 7 . 

5, Show that J + ^ ii rational. 

6. Show that the sum of any two rational numbere Is a 
rational number. ' 

7* Show that/" (^) is rational. 

8. Show that the product of any two rational numbers is a 
rational number* 

9, Show thai ^ ^ is rational. 

10, Show that the quotient of any two rational numbers is 
a rational number, as long as the divisor is not zero. 

11. Given that is Irrational, show that is also 
irrational. (Hinti mis problem Is a lot easier, now 
that you understand about indirect proofs.) 

12. Given that ir is Irrational, show that 2 ig also 
irrational. 

13, Show that the reciprocal of every rational ^number 
different from zero Is rational, 

14* Show that the reciprocal of evary Irrational number 
different from zero Is Irrational. 
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15* !■ 1^ tmm that ^th« Bum of a imtlonal nt^bar uiA an 

Irrational numbtr ia always Irrational f Wiy or wt^ not? 

l6« Is it true that the sum of tifo irrational numbars la 
ali^^s irrational? Why or why not? 

17* How about the produat of a rational number and am 
iz^ational nwiber? 



Soine Ixamples of Irrational NwuabarB , 

In tha previous saotlonj wa provad that imder oartain 
conditions a ftiMbar must ba rational. In soma of the problems^ 
y^ showed that ^ ^^irting with an Irratlo&l nimber wt oould get 
more irrational nwbars in various ways. In all this wa left 
one very important qu|stion unsattlsdi are there ar^ 
irrational numbers? 'We shall settle this question ^ showing 
that a particular nimber^ namely ^/W , cannot be expressed as 
the ratio of any two intagars« 

i 

To prove this, wa first naad to establish soma of the 
facts about squares of odd and even Integars, Every integer 
is either even or odd. If n Is even, then n is twice some 
Integer k , and we can write 

' n ^ 2k , 

If n is odd, then when we divide by 2 we get a quotient k 
and a remainder 1 , so that 



fherefore, we can write 

n ^ 2k + 1 



These are the typical formulas for even nuitibers and odd numbers, 
respectively. For example, 

6=2-3 n^^ 6 h k ^^3 

7^2*3 + 1 n^7,k^3 
8^2^^ n^8,k^4 
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^ and lo 0n. The follewlng th«optm Is #asy to pravei 

BCOBB! JV^. The square of every odd number la odd. 
ft^Qf' If n Is odd, then w« can write 

n - aic + 1 , ^ 
where k la an Inteier.^-^uamng both sides, we get 

= (26)2 + ^ . 1 

- ^k^ + 4k 

The right-hand side must be odd, because it la written iry the 

fOITO 

V 

2 • [2k- + 2k] + 1 ■ 

that U, It is twice an Integer, plus 1 . Therefore, n^ is 
odd, which was to be proved. 

Prom Theorem iv^l we can quickly get another theorem; 

THEOREM IV-g. If n2 Is even, ^hen n Is pven. 

i£oo£i If n were odd, then n^ would be odd, which 
Is false. Therefore n Is even. 

Notice that is is an Indirect proof . 

^e'are now ready to begin the proof ofi 

■TOEOREM IV-3 . ^ Is Irrational. 

iroolt The proof will be Indirect. We begin by making 
the assumption that ^ is rational. We will show that this 
leads to a contradiction. 

Step 1. SuppoBlng that ^/T is rational, it follows that 
v2 ean be expressed as 

q 

where the fraction | 1b In lowest terms. 

Thm reason Is that If can be expressed as a fraction 

at all, then we can reduce the fraction to lowest terms by 
dividing out any commor^ factors of the numerator and denominator. 

m 



Vt thiMforo have 
in l5WiBt temg, Thlm gives 



whlow In tui^ gives 

2 2 

Q 

^ Btmpi2* p is even« 
2 

beaause p Is twloa an IntegeF, 

Step 3^ p is even I 
^ Theorem IV- 2. ^ 

We therefore set^ p s 2k , Substituting in the formula 
at the end of Step 1, we get 

(2k)2 - 2q2 , ■ 

iihlah means that 



TOerefore 



4k^ ^ 2q^ 



2 2 
q ■ ^ 2k- 



o 

Step 4* q is even^ 
2 

because q is twiea an integer. 

Step 5**' q i^ even, 
by Theorem IV-2. 

We started by assuming thmt was rational. From this 

we got ^ ^ , in lowest terms * From this wt have proved that 
p and q were both even* ^erefore ^ was not In lowest 
terms, after all* This eontradlction shQWs that our initial 
assumption must have been wrong, that is, must not be 



rational « 
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groblem Set 

Ohese probltms are harder than most of the problems In 
the text. ^ 

1. Atopt the proof that Is Irrational j so as to get a 
proof that^v^ is Irrational* (Hlnti Start with the 

i fast that evei^ Integer has one of the forms 

' n ^ 3k 

n ^ 3k + 1 
n ^ 9k + 2 , 

and then prove a theoreil eorrespondlng to Theorem IV-8.) 

2. Obviously nobody ean prove that -/k IB irrational,- 
because If you tr^ to "prove" by adapting the 
proof for ^/W , at what point does the "proof" br^ak dovm? 

3. Show that is irrational. 

Actually, the square root of an integer Is either another 
Integer or an Irrational -number] tha^ is, .^/H' either "comes 
out very even" or "comes out ve^ uneven," The proof of this 
fact, however, requires mSre mathematical technique than we 
now have at our dlspOBal. Problama llkt this are solved In a 
branch of mathematloa ealled the Theory of Numbers. 
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Apptndix V 
HOW TO DRAW MeTURES OF SPACl FiaURlS 



A aourse In maehanloal drawing is eoneerned with preoist 

repraiantation of pJ^slc«. objects seen from different positions 

in space , In geometry Mm are oonoemed with drawing only to the 

extent that we use sicetWies to help us do mathematloal thinking. 

TOiere is no one correot way to draw pletures in geometry, but 

''there art some tegtolquesf helpful enough to be in rather general 

use. Here J for exmiplTT is a teotaleally 

eorreot drawing of mn ordinary pyramid, 

for a person aan argue that he Is looking 

at the pyramid from dlreatly above* Bit 

careful ruler drawing is not as helpful 

ai this very crude free-hand sketch. The 

fir^t drawing does not suggest 3 -space j 

the second one does, 
t 

The first part of thle dlBcuaslon offerB suggestions for 
simple ways to draw 3-space figures. The second part Introducee 
the more elaborate technique of drawing from perspectiv^* The 
difference between the two approaches Is suggested by these two 
drawings of a rectangular box. 





/ 




In the first drawing the base is shown by an easy-to-draw 
parallelogram. In the second drawing, the front baee edge and 
the back base edge are parallel, but the back base edge Is 
drawn shorter under the belief that the shorter length will 
suggest --more remote*'' 



No matter how a reetaji^lar box la drawn, eome saerlfloes 
muat b€ mad©. All angles of a reeta^igular solid are right 
angles I but In eaeh of the drawingi shovm on the prevloui page 
.^wo-thlrds of the wiglas do not eome close to Indloatli^ ninety 
degrees when maasured with a protractor. We are willing to give 
up the toawing of right angles t^hat look like right angles In 
order that we make the fl^ra as a whole more suggestive. 

You already Imow that a plane is generally pictured by a 
parallelogram. 

It seems reasonable to 
draw a horizontal plane In either — i 

of the vmys shown, and to draw a vertical pl^e like this* 




If we want to indicate two parallel plfinea, however, we can not 
be effeotive if we Just draw any two '-horizontal" planes* 
Notice how the drawing the right below improves upon the one to 
the left. Perhaps you prefer still another kind of drawing* 

. EZJ^ / 7 

VarlouB devices are used to Indicate that one part of a 
figure passes behind another part. Sometimes a hidden part Is 
simply omitted, sometimes it is Indicated by dotted lines. 
Thus, a line piercing a plane may be drawn in either of the two 




Tm InterMOtlng planes are lllustmted by each of these drairtngs, 





Thm seaond Is better thaji the first beeause the line of inter- 
section is shoim and parts sonoealed from view are dotted* The 
third and fourth drawii^s are better yet because the line of 
intersection is visually tied in with plane P as well as 
plane Q by the use of ^rallel lines in the- 
drawing. Here is a drawing whloh has the , 
advantage of simplicity and the diaadvantage ^^^^.^.j^ 
of suggesting one plane and one half plane. 

In aw case a line of intersection is a particularly Important 
part of a figure, 

)S^pose that wt wish to draw two intersecting planes each 
erpendicular to a third plane* An effective procedure is 
howi by this step-by-step development* 



Z 




Notice how the last two planaa drawn are feullt on the line of 
Intersection, A oomplete drawing showing all the hidden lines 
is Just too involved to handle plerfsantly. The picture below 
is much more suggestiv| 



Pr<' 




S>!<1 
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A diiae, from difftMnt^ angles, looks like this: 



o 



Ntlthap the first nor the last Is a good picture of a alrcle 
In 3-spaaa. Either of the others is satisfaetory* ^e thinner 
oval Is perhaps better to use to represent the base of a cone. 



6 A 



Certainly nobody should expect us to Interpret *the figure 
shomi below as a cone. 




A few additional drawings, with verbal desorlptions, are 
shown* 

A line parallel to a plane, < 

/ 7 

A cylinder out by a plane 




A vfmmiA mat a^.piano 

J^mitl to th# bfLM. 




It is ^ortant to rtmembtr t!«Lt a drawing is mt an end 
in itaalf but slpply an aid te eur undafstrndlng of thm g©©« 
iietriaal iltuatlon, Mm should ohoosa tha l^id of pletu^a that 
irtll aarva ua baat for thla purpoaa, and parson' a eholca 
wm^ be diffarant trcm another « 



Parapaativa , 

Uia i^ya a , b j e , d , a , f m the laft-hand figure 
balow suggest coplanar llnas Intarsaatir^e at V j the corre- 
sponding i^a in the rl^t^^and figure s^^est parallel lines 
in a three -dljienalonal drawing. TM^ of a railroad track and 
talaphona pplaa aa you look at tht rl^t-haaid figure, 

a b fi 6 





The ri^t-^hand figura suggests certain principles whloh are 
useful in making perBpeotlve drawings* 

(l) A set of parallel lines whlcH reoeda from the viewer 
are drawn as eoncurrent rayai for .^axampla, rays a , b ^ c , 
d , e ^ f , The point on the drawing where the rays meet ±b 
Imoim as the "vanishing point," 
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(2) eangru^^sagmenti are drawn smaller whan they are 
farther from the viewer. (Find eMmples In the toawlng,) 

(3) Parallel linei whioh are per^andiGular to the line of 
sight of the viewer are' shown as parallel lines in the draw}.ng. 
(Find ewunples in the drawing.) - 

A person rfo^es not need muoh artlstlo ability to make uee of 
these thrie^.prinoiplas. 

The steps to follow in sketohlng a raetangular solid are ' 
shown below 



// 

/ 



Draw the front face as a 
rectangle . 

Seltet a vanishing point and 
draw sesnents from It to the 
vertices* Omit sepnents that 
cwnot be seen, 

9 

K*aw edges parallel to those 
of the front face. Finally erase 
lines of perspective. 



Under this teohnlque a single horizontal plane can be 
drawn as the top face of the solid shown above. 



A Single vertical plane can be represented by the front face, 
or the right-hand face of the solid. 



V 



/ ^ Mf%W thli brief aeoount of two a]pprQaahes to the dimwini ^ 4 
of. fi^^es In a-Bpa@e m sho^d one© agiin tmooffi^zp the faot * 
thti^ is notone aori*eot imy* to ploture ge^netrio ideas« 

;BoMv@r^ the more "real*' we imnt^ow ploture to ap^ar/thr 
Bore mttentlon we should pay to .^j^apeotive. Suoh an artist 
M J^Qimx^ da Vlnel paid great, attention to perspeotlve. 
Mpst e>f us f4^d ttils done for us wh&n w? use o^lln«*y cameras,. 

See some boolcs on drawing or look up 'perspective" In m 
encyalopedla if you are intenpsted in a detailed treatment. 
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, \ ^ *Appandix VI 

Tim A,StA* AND s.a^s. 
COH^TOBIOl fOSTOTiATiS A3 TlioRSIS 



In Qhaptar 5 we assume threa postulates about oongmienoa 
' or trimglefl -*^,A.S.; A.S.Av^ and S^S.S. We stated thft two 
of these are "redwidaht"| l.e.^ It is \mneaessaiT to asswa 
them, for they aaa be proved ^ (They were asaiamed in Chapter 5 
to ea^dlte wid simplify our development of eongruenoe , ) 

We now prbaeed to prove the A*S,A, and S,s/s/ statements, 
to show that proofs really e«i be given. We still assiane the 
S.A.S. Postulate, 

^TOQRIM VI^l i> (A.a«A,) aiven a oorrespdndanoe bitwaen two 
triangles (or betwew a triple and itself), if two 
mgles and the ineluded side of one trlansle are opngruant 
to the 0 or responding^ parts of the other trlimgle, then 
thii eorrespondenoe is a oongmence, 

be 



Proof g Let AK^ 



the correspondence between, the 
triangleli. We have as l^otheslsi 

S , AB ^ m , S J. 
wid we are required to prove that 




We proceed as followei 




1+79 
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Reasons ^ 




On the riy *^ 


there is 




Point Plotting nieorem. 




a ^ 


Lnt F» f 


suoh timt 






• 


D»» a AC / 










2. 


' AB - 


and 


m 




. 2. 


^^pothesls. 


^ • 


^ABO 




• 










^AK 










ft&f^i ri"! t'i rin rtf* a fiOTiflPPilerifi^ 














bdtwaen trlanglas . ^ 


5. 


£abc 








• 5. 


l^pothasls * 












6. 


Transitive ^fTOperty of 






and E? 








Gongruane# for Angles* ^ 


7v 


are the 


7. 


FrotraGtor Poitulate* 




SUM 


i»ay# 










8. 


F« ^ 








8. 


Two ll^U Intersect In 














at moat one point. 


9. 


^ABC 


a ^DEF 


> 




9. 


Subatltutlon Property of 














Equal Ity* 



TlffiOR^ VT-g , (S*S*S*) Given a eorreapondenoe between two 
^ triangles (or between a trlwigle^^d itself ). If all 
three pairs of corresponding eldes are congruent * then 
the aorrespondenea is a coi^ruence. 

Proof! Let ABC < > DEF be the eorrespondenoe between 
the triangles. We have as hypothesis r AB ^ DE j BC ^ EF j 
CA ^ FD I and we are to prove that A ABC S ADEF * 




mo 



Wt proossd as follows^ 



Raassns 




TOier© Is a ray - AG , gueh 
that ^CAQ « ^1^^^, and 
BMQh that B and ^9 are. 
on opposite sides of 

There is a point 1» on 
A? f such that Alj s ^ , 

A1»C S ADEP . 



ppotraotor Postulate. 



Point Plotting' ^aorem* 



S.A.S. PoBtialatt^ 



Wmt we have done^ so far, is to .duplloate on the 

r side of A ABC , using the S,A,S. PostiUate * 



4, 


AB ^ 


Dl . 




^pothesis 


5. 


DE ^ 


Al' , 


5* 


Step 2. 


6, 


AB ^ 


Al» , ^ 


6. 


"Transitive 










Equality* 


7* 


BC ^ 


EF , 


7* 


I^pothesifl 



9. 
10. 



BE' Interseets W in 
a point H . 



8, 

9. 
10. 



Corraapondlng parts of 
congruent trlwiglts i^f 
oongruent , 

Transitive Property of " 
Equality, 

Plane Separation Postulate, 
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Is bftman A and 0 ^ as In t^s ^iguta, TA% other ^ailble 
oases will be dlseussad later* » . 



11/^ SI Is between ' 
3t and \ ]} 

12. H ^ IE* . . i 

13/ AASE' ' is Isosoeles; 

Ik,, ^ABH 2r ^^iH . 

15. /CBH S ^C1"H . , 

16. m /ABH + m £cm = m £fLm , 

17. m /AE^H + m /CE»H « m ^AB»C 
IS. m /ABC ^ ffi £A1»C 
19^ /ABC 2 ZA1>C 

20i^> /pc ft £bw . 

21, A ABC S ADEP 



11, Interior of an Aiigle , 
Poetulate, ; 

12 « Sesnden^a of equal length, 
are oongruent,' 

U3 . A triangle with two sides 
congruent is isosceles', 

14. Isciieelei tt^iangle Theorem* 

15. Isoibelei. Ti^liyngle Theorem, 

16. ^e Betweenness -Angles 
IJieorim* 

17.^ The Be tweanriess -Angles 
■Theorem^ 

l8 , , Thm Substitution Proparty 
; for lquallty# * 



19. Defifiitid^ of Congruent 



as . 



ao* Transitiva Property of 
Congruenoa- for Angle s . 

21, S*A,S. Postulate. 



This eompietes tha proof for the ease in which H is 
between A and C . We recall that H Is the point in whioh 
the line BE» , intersects the^ line AC * If H ^ A'^ then^ B 
A Bnd E' are aolllnear, and the figure looks lika thls.i 

B I-- ^ ' ^ E 





omw , ^eauie tta bag# angles of an 

te€«i4ft ^ . S,A,S, fogttaat© allies, M^fow,, 

If A li tetmM H and C , thtn th# figure leoks lite 



\ 





^ «# Bhow tliat £ac m ^ by Bubtraetlng tha Wasiu^rta of 
mgles, iri^t^ad of by adding thtm. nmt is, \ 

stf that /AW S ^AS»C S ^ 

IS before, ^e rest of the proof is the same as m the first 

lase * ^ ' ^ . ' / . ' 

l^ie two remaining oasis, H = G and C betwen A and 
t , are similar to the two above, 

. In the proof of this theorem we lased the Zsosckles 
h'langle Theorem, Thm proof of this theoreqi^ as given in 
Shapter 5# depended on the S*S,S, Postulate, Therefore,' as ^ 
l?*^??*®,,^?*^*** could be oonvleted of olreulw^ ^asonlng. 
Ms clrole of reasonir^ oan be broken easily by observing 
;hat a proof of the isosceles TrlMgle l^eorem oan be based 
n the S.A.S^ Postulate rather th^ the S*S.3. Postulate. 
Iich an 41temate proof is the followli^ one* ^ 
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. Bappo%% glvtii tritogle L MC with II ^ Iff * Bien 
tB^W , W - IB , • ^ # ^ tiy the S.A.S. fostulata, 
the .OQrreepondeMe JfflC^ — ^ACl li a ^ongrutnoa* Consequantl 
^ - t tod the Isoiaeles TrlMgle TOedrem is proved. 

With this remark About the proof of the Isosoeles n?lahg3 
f^^ren, we have ompleted our task of showing ttmt the A.S«A, 
and S.SiS. festulates ean be deduced as tneoreas from the 
S,A,3. fostulate, \ >^ ^ 
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' " ' Pie Mtsnlng Ua# of ^fflbols 

• • - - ■ . ' » f . 

■ * A s B . oan b# read as "A equals B"^ "A Is tqual to ^B", 
"A equal 3" (as In "Let Am b"), md posslily other 
W^B to f It wie struoture 'of the sentenoe in which the 
I ^ p|rmbol appears^- However J we should not use the s^bol, 

a , in such forms as "A and B are j its proper use . 
is between two express ions . If two expressions are 
conneoted by it Is t^ be understood that these %wo ^ - 

^expressions sttad.for the w^i mathematieal entity^ in 
our case either a real number of' a point set , 

fi'* * "Not equal to", A ft B mm\^B that A and B do not 
represent the same entity. The SMie variations and 
cautions apply to the use of ^ as to the use of ^ . 

Algebraic , ^ 

+ # * * ^ # ▼ These f&niliar algebraic symbols for operating 
with real nianbars need no comment. The basic postulates 
about them a^e presented in Appendix 11, 

< # > * S * i * Like - , these can be read in parlous ways . 
in sentences, and A < B may stand for 'the underlined 
part of "If A is less.th^ B " , "Let A be less than ^ 
''B" /' " A less than B Implies", etc. Similarly for the - 
other three p^bols, read "greater thsui", "less than or 
equal to" , 'fgreater than or equal to" . Tlieee Inequalities 
apply only to real numbers, Hieir properties are discussed 
in Chapter 3 and Appendix III, ^ ^ 

Qeometric . 

Point Sets, A single letter may stand for any point -set. Thus 
we may speak of a point P , a line j a half plane , 
a olrcle C , an angle x , a se^ent b , etc. 



d D 



Ttim limm aontalnins th# two points A ajnd B • 



if 

7B. mmsmn^ having A B as andpolntSg , ' 

Thm ray with A as Its andpolnt and aontalMng j^lnt B « 
£km. The angle iSvli^ B as, vartax and* and rWC as sides 
4 ABC. Thm triangle having 4j 0 as vertlQes* 



c 



^ABQ is a rl^t angle, 



£A-BC-D. lha dlhetoal angle having Una BD as edge sni with 
sides eontalnli^ A and D , 

Real Nmabers , 

AB* ^^le posftlve number which is the distanee between tha two 
points A and B mid alio the lai^th of"^f^^ se^ent 1E5 

m /fiSC, The real ntunbeV between 0 and l8o whlah is tha 
dagrea measure^of . f 

FQ (ralative to (AM*))* The'* mea sura of the segment W , 

with res]£eet to the unit-pair^ [A, A*) . 

Relatione ^ 

^ a' a Is matched with a» , 

2 , Congruenea, A S B la read "A is aor^ruent to B"> but 
with the same possible variations and restrlotlons as 
A = B • In the text A and B may be sepnents, angles^ 
or triangles* 

J_ * Perpendicular, A \^ B is read "A is perpendicular to B"j 
with tha^ same comment ai ^r S , A and B may be • 
either two lines, of^ubsets of lines (rays or ^epfients) . 
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^tita 
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seta 
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eta 
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thfta 


^ th 
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lota 
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ni« Oz^ek Alphabet 

(s) ^ 0 0 

' (d) - n TT 

(B) E . cr 

: (a) T f 

(e) « 0 

(It) . X X 

(1) f 

(m) Q U 



nu 
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.(n) 
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» i 
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(P) 


rho 




rh(r) 
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(b) 


tiu 
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(tK 


phi 


Ph 


(f) 


ahi 


oh 


(k, K) 


pal 


ps 


(PB) . 


omag^ 
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(o)* 
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Xtttt of Owpters ami Postulatea 

Oiapt^ I . Introduetion to FonDal* Oaometxy 
Chapter 2.. Setsj Points, Lln@8 and Flanks 



Postulate 1, 
^stulata 2, 

Postulate 3i 

Fostulata 4, 
Fostulmta 5. 

Ppslulate 6. 



Postulate 7, 
Postulatt 8, 



Postulate, 9 < 



Bpaoe aon^a^ns at least two' dlstingt points^, 

EvBTy. %±n% Is a set of polnt^^nd contains at v 
least'two polntSp ^' * 

If P and Q are two distlnot point^'j thfre Is 
one and only otim llrff ^Sk% oontains thtm# 

No line Gonta^s all points of spaaa. " 

Evtry plane is a set of ^points and contains at ^ 
If^st thrte nofte^llinear points « 

If Pj R are triree distlnot noi^oolllnear 
points I then there Is^ne an^ only one plane ' 
whi6h oontains them. 

Ho plane oontains all points of spaoe. 



If two dlstj^ot points of a line belong to a 
plane ^ then evei^ point of the line belongs to 



] 



that plant, 



j 



If two planes intersect ^ tlien their interseotiafn 
is a line. 



Postulate 10, 



Postulate 11, 



Chapter 3, Distance and Coordinate Systems 

f ^ 
If A and are distinct points, thes^ exists 

a correspondence which associates with each pair 

of ^distinct po\nts In space a unique posltlve^ 

niOTber such that the number apsl^ed to the given 

'pair of points {A,A'j Is one. 

If '£A,A»J if any unit-pair and if B and B« 
are two points such Jbhat 

BB» (relative to [A,A'J) ^ 1, then 
for any pair of points, the distance between them 
relative to the unit -pair {B,B'J is the same as 
the distance between them relative to (A,A')t 



pQstuiatt lip (Ihe mimr PostUlftt©) If * (A,A»J Is any unlfc* * s 
palr« If j0 is lu^ lint J anfl 1^^ P and ,Q are 
^wa distinct points on $ rthm thera Is a 
.. unique eoo^lnate syajbam on ^ relative to ^ (A#AQ^ 
suoh thi^ the origin of the aoordlnate system, is X 
P ai^ tne o6oM#fiate of Q'' Is pasl^lve. . ^ 

P&siul^e 13. Let >A and A» ^e tjp dlstlnet points and. 

■l%t B and be any two distindt points, 

then, for every 'pWr of' distinct points P and\ . 

* constant* ^ ' ^ 

Chapter Angles - 

Postulate 14. C^e Plajie Separation Postulate) For any plane ' ^ 
and any line contained in the planer the points 
of the plane which do not lie on the line form 
two. sets iu^h* that 

(1) each of the two sets is cDnvex* ahd 

(2) eveiy sepnent which Joins a point of one _ _ ■ - 
of the sets and^a point of the other 
intersects the given line. / . 



' Postulate 15. For any plane, the points of space which do not 
> lie on the plane f on^ two sets* such that 

(l) l^^h of the two sets is convex, and" 

^ . (2) every aegneht which Joins a point of iNie of 

the sets and a point of the other intersects 
^ ' ^ ^he given plane* ' 

^oiStulata 16* There exists .a correspopdenet which assoclatei , 
^ ^Ith each angle In space a' unique number between 

0 and l80, . ^ 



Pofltulata 17. (Thfe Protractor Poitulate) If ±s any plana- 

^ and- If VA^ and ' VB are noncolllnear rays £n ^ j 

then there Is a unique ray-cQOr^nate system In 

T lielatlve to V* such that corresponds 

. ^ / T 

- to Q and such that every ray VX with X and, 

^ B on the aame si^e of VA , correspondi to "a % 

' . ^ - number less than l80. 

Postu|aLta 18. (!merIntej^ior* of an Angle Psstulate). 
If £kVB .±B any^anglf, 

^ ^ - ' (1) Let- P& be t>ie set of all Interior pdlnta. of 

rays between VA and VB^ « 

^ " (2) :^t d/.be the set of all points whlc^ ^ 

" ' \ ^ belong both to the half plane with edge VA 

, and c^ontalning B and to the haWplane 

with edge VB and containing A^ and 

(3) Let -cT be the eet of all interior points 
,of segments Joining an interior point of 
VA and an Interior point ^of vS, 

l^en,^^ and are the a%me set, and this set 
; ^ contains tT- * . ^ ' 

Chapter 5, . Congruence 

Postulate 19» (The S.A^S. Poifoulate) Given a one-to-one corre-^ 
spondence between the ver^^es of two triangles^ 
(not necessarily distinct)* If two sides and 
the included angle of the first triangle are 
: ' " conginient to the corresponding parts of the 

/ second trlanglej then the correspondence is a 

congruence* 

Postulate 20. (The A,S,A, Postulate) Given a one-to-one corre- 
spondence betweerL the vertices of two triangles 
(not necessarily distinct). If two angles and 
the Included side' of one^ triangle are congruent 
to the corresponding parts of the other triangle, 
then the correspondence is a congruence. 



Postulaie Zlf {The S*S*S* Postulate) Given a one-to-one corre- 
spondenoe between tjie vertices of two triangles 
(no.t neGeg&arlly distinct). If three sides of 
one trlanglt are oongTOent to the corresponding • 
sides of the other triangle^ then the , correspond- 
/^-^ ence is a congruence. 



m 6: f^r 



CHAPTER 6,'' P&rjaiellsm. 



Postulate 22. (The Parallel Postulate) There Is at most one 
line ,*parallel to/ a given lina*and containing a 
given pofht not on the given line. 

CHAPTER 7. Similarity . ^ , 

Postulate 23. (T^rf Proportional Se^ents Poatulate)^ If a line 
^ Is^arallel to one side of a triangle and inter- 

sects the other two sides in Interior points, 
then the measures of one of those side and the 
two segmentB into which It Is cut are propor- 
tional to the measures of the three corresponding 
segments in the other side. 
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KffiOMf 2-1. 

TOEORSi 2-7* 
TOEORS^ 2-8. 

TffllOREM 2-9, 

TmOBm 2-10. 



TIffiOREM 3-3. 
^raEOREM 3-4, 



LIST OF TmOR04S AMD COROU^ARIES 

Space eontalns at least one line. 

Space oontalng at least three distinct points 
not in one line , 

Space contains at least two lines. 

If two distinct lines Intersect ^ they Inter- 
seat in exactiy- one point, 

If P Is a pointy there is a plane that con^ 
taln^ it. " - ^. 

Spao6 oontains at least twq^ planes. 

Space contains 'at least fotu* noncoplanar points, 

If* a line intersects a plane not containing it^ 
the intersection is a^ single point> 

A line and a- pqlnt not on that line are 
contained In exactly on^ plane. 

If two distinct lines have a point in oprmnon^ 
there is exactly one plane which contains them. 

(The Origin and Unit-Point Theorem) If ^ P 
and ft are anj^ two distinct points^ then 
there is a coordinate system on the line Pft 
relative to the imii^alr [PjQj such that P 
is the origin and Q -Is the unit-point of the 
, coordinate s^Wem*\ » 



1 



Every on a ^Ivh^ line is the end point 



of two rays on the llse^and the intersection 
of thes^ two rays is the point itself. 

E^i^ery se'gment has a unique midpoint. 

Let [A, Ay) and (BjB^*) be any unit-pairs^ 
let M and N be any two distinct points, 
and let E and^ P be any two distinct pQlnt| . 
Then 

) 

T 



MN( relative t_o (A^J)) ' l^(relati ve to [B ^B^ 
Stf (relative to [AIa'J) ^ fiP(relative to IB'B' 

^93 . 



THEO: 



■^EOROT 3-7, 



THEOREM 3-9, 



( 

(The Tvfo Coordinate Sygtenj mieorem) Let a 

and two coardlnate systems, 0 and 



on j£ be given, , There exist two numbers 
with a ^ O^s sudh that 'for any point 
on ^ , Its coordlrtflte x in 0 is related 
to its coordinate j^' ^n C* by the equatlof 
X' ^ ax + b. 



(The Two-Point Theorem) In any coordinate 
system on a line ^ , let x. and be 
^ the respective coordinates of distinct points 
andv Xg on ^ , Then the formula 

X ^ x^ + k(xg - x^) 

expresses the coordinate x of any point on 
^In terms of the coordinate k of the same 
point relative to the coordinate system with, 
origin X^ and unlt-polnt Xg. 

(The Betweenness-Coordinates Theorem) Let Q, 

P be three points on a line ^ and let 
any coordinate system on ^ be given* The 
point P is between the points G and D if 
and only ^ the Goordinate of F is between 
the coordinates of C and of D* 

(The Point Plo^tting Theorem) Let {A^A») be 
any unlt=pairj let Q be any point , and let. 
p be any positive number* On any ray with 
endpoint ft there is a uniqu^;/ point R sueh 
that the distance ftR is p. / 

(The B#tweenness-Distance Theorem)! Let C, 
D be points such that 0 is between B,.and« 

If CA,A»] is any imit-palr, then the 
distances relative to (A^A") satisfy the 
condition that BC + CD = ffl (or, that 
BO s BD CD.) 



TIffiOMM 
THEOREM 4-6. 
imOREM 4-7 • 



fIffiOREM 4-8, 
TTOOReA 4-^9* 



mEOREM 4-10, 



TOEOREM 4-11. 



Th% Interseetlon of any tyro Gonvex sets of 
points Is a convex set* 

If the interseetion of a line and & ray is . 
the endpoirit of the ray, then the interior of 
the ray is contained in one of the h^lf planes 
whose edge is the given line, ' ^ 

(Angle Construction Theorem) If ^ is a 
halfplane whose edge Gontains the ray VA 
and if r is any number betweeft 0 and l80j 
then there is a unique ray ^ VR such that R 
is in and m£ATO ^ r, , / ' 

(The Betweennesa-Angles Theorem) Let VE^ 
VFj VG' be rays such that VP is between 
and ^ Yp* ^ Theii + m^FVG m^EVG (or, ' 

m/IFV ^ m£EVG - m/FVG, ) 

Every angle has a unique midray, ^ 

The interior of any angle i^ a convex sefrl 

Let A, B, Cj Ej 0 be coplanar points 
such that A, Bj C are not collinearj E is 
between B and the rays EF and EA 

are opposite , and the rays CG a^ OA are 
opposite. Then CP is between OB and ^ OG. 

The sum of the measured of the two angles in 
any linear pair is l80. 

Let A, Bj Oj X, Y be distinct coplanar 
points such that 0 is between X' and Yj 
such that A and B are on the same side of 
XY, and such that OA is between OX and 
oJ. Then m/XOA + m/AOB + m£BOY - l80. 

T^Q adjacent angles^ sucli. that the sum of 
their measures Is 18o, are a linear pair 
of angles . / 

If the, two angles of a linear pai^ have the 
same measure ^ then each of them is a right 
angle , 



m 

^OKP! 4-15. 
THEOREM 4-16. 
mEOR™ 4-17. 
raiorad 4-18. 



THEOREM 4-19, 



THEOREM 4-20, 



TffilOREM 4-21. 



Any two right angles are congruent to each .A 
other* 

(The Supplement Theorem) The two angles of 
any linear pair are supplementary to each 
other* . 



THEOREM 4-22. 
THEOREM 4-25. 



If- two angles are b^th congruent and supple- 
mentary, then each /of them is a right angle. 

If two angles are complementary^ then each of ^ 
them is acute* 

Supplements of congruent angles are congruent 
to each other. ^ 

Complements ofj{congruent angles are congruent 
to each other. 

Let each of two sets be a line or a ray err a 
segment. If th^ two lines which are determine^^ 
respectively, by the given sets intersect in a 

single point V,^ then the given sets determine 

" "... • 

two pairs of verWcal angles, all with vertex 
V. - ' 

Any two vertical angles are congruent to each 
other. 

If two intersecting lines fom one right 
angle j then they form four right angles. 

For each^oint on a line in a plane, there is 
one and only one line which lies in the given 
plane, contains the given point, and is per- 
pendicular .to the ^ven line. 

The interior of a triangle is a convex se%, ^ 

The Interior of. any convene polygon is a convex- 
set . 



A- 
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TB^m^ 5-1* 



EfflOrai 5-6. 

COROLLARY 5-6-1. 
KffiORffl 5-7. 



Gongruancej for s-apnents has the following 
propertltyr4. 

Reflexive I M ^ 

Sjmmiatrioi If W^W then W 

Waniltlvti If W and W S W, 

then 51 » W. 

CongraienGt for angles has the following 
properties; 

Reflexive I S . 

Ssmmietrioi If £k S £B then ^ 2^ * 

tt^ansitivfti If S and ff£G, 
then ZA ^ 

CongruenGe for triangles haa the fol^^lng 
properties I t ^ 

i^ABC S AABC 



Reflexive 
Spmetrio 



If A ABC m AdEF, then 
ADEP S AABC. 



Transitive I If A ABC m ADEff and 

ADEF = AGHI, then A ABC AOHI. 

(Betweenness Addition Theorem for Points) If 
points B and C are between A and D 
and ra S OT, then W m T 

(Betweenness Addition Theorem for Rays) If 
OB and pC are between OA and OD and 
ZAOB = ^OOBf then ^^00 m /mi)> 

S 

If two sides of a triangle are congruent, 
then tjie angles opposite these sides are 
congruent , 

Ever^ equilateral triangle is equiangular. 

If two angles of a triangle are congruent^ 
then the sides opposite these angles are 
congruent. 
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COROIiARY 5-7-1. 

TOffiOMasi 5-9. 
TIffiOREM 5-10. 
TIffiOREM 5-11* 



THEOREM 6^1, 



THEOREM 6-^2 



eOROLLARY 6^£^1. 



COROLMRY 5-2-2. 



THEOREM 6^3, 



Every equiangular triangle is equljitegml* 

The median, to^ the base of an isosoi,Wfi ^ - T " 
triangle (l) bisects the vertex ansiJ^^ndv ^ 
,(il) Is perpendicular to the basei*'^ 1 r ;/ 

The bisector of the verte'k angle 6£:an%\, 
isosceles triangle bisects the base' and'^e 
perpendicular to it, ; * ; 



The meas\ira of an exterior angle of tfi^ahgle , 
is greater than the measure of eitha^ bt^^$ts 
non-adjacent interior angles* 




Given a line and a point not on the lii 
there is one and only one line which CQQM|Lps 
the given point and which is perpendlgu^^K 
to the given line* 

Let two distinct coplanar llnee. be given, ^ . 
If a transversal c^f the lines Is perpendicular^' 
to each of them^ then the lines "are parallel t ^ 

Let two distinct coplanar lines be given. 
If t^o alternate interior angles determined 
by a transversal of the lines are congruent, 
then the llneB are parallel, ' 

Let two coplanar lines be given. If two 
corresponding angles determined by .a trans^ 
versal of the lines are congruent^ then the 
lines are parallel. 4^ 

Let two coplanar lines be given. If two 
consecutive interior angles determined by 
a transversal of the lines are supplementary^ 
then the lines are parallel, ^ 

I^t a line and a point not on the line be 
given. In the plane determined by the line 
and the point, there la a line which contains 
the given point and Is parallel to the given 
line. 
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THEOBIM 6-4, 



COROLLARY 6-4^1. 



COROdMRY 6-^4-2. 



^OLiA 



COROLLARY 6-4^3, 



THEOREM 6-5* 



CORpLMRY 6-5-1, 



COROLURY 6^5=2, 



TOEORM 6-6, 



THEOREM^ 6-7. 



If two distinct lines are parallel,' then 
any two alternate Interior' angles determined 
by a transversal of the lines are congruent. 

If two distinct lines are parallel^ then 
any two corresponding angles determined by 
a transversal of the lines are congruent. 

If two distinct lines are parallel, th§n any 
two consecutive Interior angleg determined 
by a transversal of the lines are supple- 
mentary, 

f If a transversal is perpendicular to one of 
two distinct parallel lines, it Is perpen= 
dicular to the other also. 

If each of two coplanar lines Is parallel 
to the same lina^ parallel to each 

other* 

If a line lies In the plane of two distinct 
parallel lines and Intersects one of the 
lines in a single point, then It also inter- 
sects the other line in a single point. 

Lret ? be a plane, let S be a set of 
mutually parallel lines In ^ (that is, 
a set of lines in ^ such that each line 
in S is parallel to every other line in 
S), ,let T be another set of fnutually 
parallel lines In ^ . If any one line of 
S is perpendicular to any one line of T , 
then every line of S Is perpendicular to 
every line of T . 

In ar^ parallelograin, each side Is congruent 
to the side opposite it. 

If two sides of a quadrilateral are parallel 
and congruent, then the Quadrilateral Is a 
parallelogram , 
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THIOSEM 6-8* 



TOEORIM 6-9, 



THEOREM 6»10. 



THEOREM 6=11. 



THEOREM 6=12. 



raEO^M 6=13. 
THEOREM 6-14. 

THEOREM 6-15. 
mEOREM 6-l6. 



To every pair of distinct parallel lines 
there is a number shich is the common length 
of all segments which have their respective 
endpointj on the given lines and are perpen- 
dicular to each of the given lines. 

The sum of the measures of the angles of a. 
triangle is l8o , 

The measure of an exterloT angle of a triangle 
is equal to the sum of the measure^! of its 
non-adjacent interior angles. 

Given a one-to-one correspondence between the 
vertices of two triangles, if two pairs of 
corresponding angles are congruent ^ then the 
third pair of corresponding angles are ^ 
congruent , * 

(The 3, A, A, Theorem) Given a one-to-one 
correspondence between the vertices of two 
triangles^ if two angles and a side opposite 
one of them in one triangle are congruent to 
the corresponding parts of the second triangle^ 
the correspondence is a congruence. 

The sum of the measures of the angles of a 
convex quadrilateral is 360 * 

If one of the angles of a triangle is a right 
angle or an^^ obtuse angle, then'' each of the 
other angles is an l.cute angle, ) 

The acute angles of a right triangle are 
complementary , "'^--^^ 

(The Hypotenuse -Leg Theorem) Let a one-to= 
one correspondence between the vertices of 
two right triangles have the property that ^ 
the vertices 'of the respective righ angles 
correspond. If the hypotenuse and one leg of 
one triangle are congruent to the corresponding 
parts of the other triangle, then the corres- 
pondence is a congruence. 
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THlORiPI 6-17* If the lengths of two sides of ,a triangle ^are 

unequal^ then the measures of the angles 
opposite these sides are unequal in the same 
order', 

, THIORI^ 6-18. If the measures of two angles of a triangle 

are unequal, then the lengths of the ^ 
sides opposite these angles are unequal In 
the same order , 

COROLLARY 6-18^1, "me hypotenuse of a right triangle is the 

longest side of the triangle, 

TOE0OT1 6»19, The shortest segment Joining a point to^m 

^ine not containing the point l^ the se^ent 
perpendicular to the line, 

COROLt^RY 6-19-1. If a line perpendicular to at the point 

Q contains a point P , then PQ < PR * 

TOEORSI 6-?0* If the length of one side of a triangle-is 

equal to or greater than the length of each 
^ of the other sides, then the perpendicular 

4 ^. segment Joining the opposite vertex to this 

side intersects this side in an interior 
point of the side. 

.THEOREM 6-21. (The Triangle Inequality) The sum of the 

lengths of any two sides of a traingle Is 
greate^ than the length of the third side, 

THEOREM 7-1* The relation of similarity between convex 

polygons Is reflexive, symmetric , and 
transitive, 

TOEOREM 7-2. Given three coplanar parallel lines and two 

transversals J thfe corresponding secants on 
the transversals are proportional, 

THEOREM 7-3* =■ If a triangle and positive number k are 

given, there is a triangle which is similar 
to the ^ given traingle "with proportionality 
■ constant k , 
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(The S.S.S. Similarity Thtorem) A correspond- 
ence between two triangles such that aorres- 
ponding sides are proportional Is a similarity 



THEORY 7-7* 



COROLLARY 7-7-1. 



COROLLARY 7-7-2. 



THlOreM 7-8. 



(^e S.A.S. Similarity Theorem) If a qorres- 
po^tenee between two triangles has the 
properties that two sides of one triangle 
are proportional to the eorrespondlng sides 
of the other and that the Included angles are 
congruent, then the oorrespondence Is a 
similarity, 

(The A. A, Similarity Theorem) If a eorres^^ 
pondenee between^ two triangles has^ the 
property that two angles of one triangle are 
congruent to the correspcndlng anglee of t^e 
other, feen the correspondence is a similarity, 

In any right triangle, the altitude to the 
hypotenuse separates the triangle into two 
triangles which are similar to each other 
and to the original triangle, 

I^ie square of the altitude to the hypotenuse 
of a ri^t triangle is equal to the product 
of the projeotions of the legs on the hypot- 
enuse * 

The square of the length of either lag of a 
right triangle Is equal to the product of the 
lengths of the hypotenuse and the ^projection 
of that leg on the hypotenuse, 

(The Pythagorean Theorem) In a^ right 5^ 
triangle,' the square of the length of the 
hypotenuse Is equal to the sum of the squares 
of the lengths of the two legs * . 
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(Gonverae of, Pythagoraan Theorem) If the 
squara of the length of one side of a triangle 
is equal to the sum of the squares of the 
lengths of the other two sides, then the 
triangle Is a right triangle with the right 
angle opposite the first side. 



TOIOREM 7-11^ 



The triangle ABC Is a right triangle with 
m ^ 30 , m ^ 60 , and ^ ^ 90 if 

and only If (BC^ CA, AB) p (1, 2) , 

> p 

The triangle ABC is a right triangle with 
right angle at C , and with AC - BC , if 
and only if (AC, BC, AB) w (1, 1, ^) . 
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intercepts an arc, 852 
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interior of a triansla, 
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obtuse, 182 

plan© an^l© of a dihedral 
angle, 634 

polyhedral, 788 
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' right, 182 
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"straight V\144 
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' angle (9), (con^t. ) 

tani^ent-t^n^ent , 8§a 
^, pf- a triangle , 2d^ ^ 

trihedral,- 786 
^ vertex of, 145 

vertigal, 194 

■*^ero", 144, 
angle eonstru&tion theorem, 16 
antlparallel ray s , 355 
apothem of regular polygon, 77 
arQ(s) ' . 

Qongruent, 855 * 

degree measure of^ 

endpoints of, 848 

Intercepted, 852 \ 

lengt^ of, 900 'N 

majori 848 

minor, 848 

of a aeotor, §01 

semlcirole, 848 
area 

of if oircle, S95 
of eqilllateral triangle, 75f 
lateral, of a prism 7f9 
of a ^railelogram, 756 
^at polygonal regions, 744 
' of a regtangle, 748 

regular polygon, 786 
rhombus , '755 - 
sector of a circle, 901 
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square, 749, 756 



of*a trapezoid, 758 
Of triangles, 753 
area' relations 

£ngruer^NU*dangles, 747 
of p^Mllejfocirams, 769 
of tria^ftgles, 767 
A,S.A. ^:oitulat@., 252 : 
axioms, 10 ' 

base (s) ' 
bf isosceles triangle, 277 
of a parallelogran, 748 
of a prism, 796 
of a pyranild, 803 
of a trapezoid, 593 
base anfalea 

of isosdelas trian^li 
jf a trapezoid, 593^ 
betweenness - 

for points, ^1 
for rays, I65 



271 



^*lij»or#a, 109 ^ / 

of Mt anglo * 167 ^ 
ef ft »«^enti 93 
bpttdftry of a pelygoMa 
* r©gl©Bi 731 

a oiral#i 815 
/ 0f ijwl^* TTl ^» ' 

m regular pely8W# 779 * 
if m sphere # Sao ' 
central an^e of a alrcla* 847 
0antral triangle of a 
regular polygon, 779 

ehord, 821 ^ , : 

\eirea#(eh 819 

mi^,pt, 895 

are^ of seetor of, 901 

©enter o^, 819 - 

aeitral angle of, 847 

ohord of, Sai / 

oire-jfiif erenoe of, 888 
^ / , '*olrQvsiser£6ed, S05 

ooneentrlc, 820 » 

congruent, 8£2 

diameter of, 831 

exterior of, 829 

great, 821 
' -i inBcribed, 905 

Ij^erlor of, 829 
' ms'jor arc of, 848 

minor f.ro of, 848 

power ^f a point wltti 
respect to, 871 
' . , radius of, 819, 821 

seoant of, 821 

stctir of, 901 

segmaht of J 903 

tangent of , ,850 

tangent #3cternally, 835 

tangent InternidLly, 835 
elreular-resion, 894 
- oiroumference >t a clrela, 888 
cirouaserlbed circles, 905 
clrc'jmscrlbed triangle, 905 
eolllnear, 40 

in tnat ord#r, ^1 
aoflimon external tangent, 877 
oosmon Internal tangent, 877 ex 
eomplement, 189 ■ - 



ebmpotie:dta 

of ddreoted se^enti, 690 

of yeotors, , 703 ^ 
oompoiite dondltion, 533 
oonoentria, 820 

eonoluefon, 10 * 
eonourrent lines, 597 
eojacurrent rays/ 597 - 

in ti^t order, 1$6 _ * 
ooncurrent se^enta, 597 
oonditionalfi, 244 
con^u#ntie between 'two oonvex 

polygons, 460 
QOz^ruenoe between two 

trlaBglea, 228 . J 
eongruent - 
' angles^ 184 ' 

aril, 855 

©hords, 854 ' 

olroles, 822 

pplygonii- 405 . _ . . _ 

ae^ents, 115 
^ spheres, 622 
trlangleii *229 
consecutive interior angles, 319 
oonstant of proportionality, 393^ 
0 o nt r a po s i tl ve , 328 
property of, 329 
converse, 280' / , 

'.. Pytimgorean theoreji, Ay¥ 
donvex polygon(s), 211 
angles of ^ 213 
consecutive angles of , 213 
diagonals of, 212 ' ' 

interior of, 212; 
convex polyhedron, 884 
cgnvex set of points, 134 
coordinate jlanes, 643 
coordinate of a point, 76 
coordinate system, 76 
in a pline, 509 
in space, S4l 
on a line, 505 
origin of, 76 
unit point of, 76 
coordinates of a point 
in a plane, 511 
in space, 646 
coplanar, 44 

correapundenoe, Qne-to-one, 30 
between triangles, 227 

corresponding an^iles, 315 

eounter-exam/le, 5 

counting numpers, 55 ' 
. oroas-sectlt^ of a prism, 7&8 
, cuoe, 7^7 

decagon, 210 ^ / 



if and only it form, 24i 
in proofs p 241 
a«grM« 1&^ 

d«gr«* MMur* of an are, 649 
diagonals of a eenvax 

M^go&. aia 

diaMt#r» ,6tl 
&%hmiHx :sm^4im), 215 
of, 21S 
faca of , 215 
■aaaura of, 635 
plana an^a of, 634 
right, 635 
vartiealf 2l6 
diraotad aAgsantCsh 684 
" oQiiar; 

aquiTalant, 66S 

propartiafl of ^ 68? 
langth of , 60 
' o^oal^ta of 693 

produot with a nLuabar, 693 
SLpDtrMtlon Qt, 701 ©x, 
suffl of, 697 

. j*aomponent ©f, 690 
diaplaodment, 683 
idiatanea, 

batwaan appoint and a 

line, 376 
patvean a point and a 

plana, 638 
batwasn two Darallel 

Unas, 354 
batwaan two points,, 522, 655 
ffiaaaurs of , 70 
di s tanc a formula , 
in a plana, 522 
in 'spaca, 655 
dodacagon, 210 
dodaoahadronj 784 
718 



"dot produGt 
ad^,a of 

halfp3^a, 138 
p jlygonal-rdgion, ©x. 
polyhsdrsl An^l©, 
polyhedron, 783 
ampty sat, 26 
andppints of an are, 
aqual dlreGtaa se^tnts, 685 
aqual vactors, 704 
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•qttfktionCs), 538 : 
aquiTalant, 639 * 1- 

intaroapt form, 571 ax,, 
pajwnatrio pS^o, 658 . 
,©f a plana, 663 >^ " 
ti;"^ paint- slops fojta,, 569 ' 

slopa-ihtaraapt form, 571 ax. 
two^point form, 5^9 ^ 
•quian^ilar triwgla, 277 
aquilataral triangla, 277 

area jf , 755 
aquivalant diraotad 

sagmants, 686 
aqulTalant aquations, 539 ^ ' 
Sul#r*a thaoratt,.734 M» 
aj^tarior 

of an angla, "176 . " 

of a oirola, 829 ^ ; V ^ 
of a sphars, 84l ' ^ ^ 

of a triangla, .203 
axtarior ^ngla ©f polygoji, 738 
axtarior angla of triangla^ 292 
axtamal saeant aagmant, 870 
axtarnally tai^gant oirolei, 835 
faoa angla of a 

polydahral angla, 789 
facas - ' ■ 

of a polygonal-rogipn, 734* ex. 
of a polyhsdral an^lOj 789 
- of , a polyhedron, 783 
fiot of a perpandleular,-, 254 
frustum Df a pyramid, 
gaomatriaal applications 

of vaotori, 714 
grad, 153 
■ graph, 514 

graat clrGle of a iphers, 821 
graatsr than, 57 
halfllna, 137 ^ 
half plane, 138 

* edge of, 138 
halfspace, 139 
heptagon, 210 
heptahedron, 784 
hexagon, 210 
haxahsdronj 784 
horisontal lines, 510 
;i^potenusa, 366 
hypotenuse-leg theorem, 367 
hyp^thesla, 10 
leoaahedr jn, 784 
Identity correspondence, 3i ex, 
if and only If form, 242 
if-then form, 17 
inciaenee relations, 35 

points and lines, 36 

points, lines, ana planes, 42 
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^^YlAitlM^ 538 

1 %jf'thm mmm» ordw, 370 
^tlal point, M4 
invdj^Md 853. 

Qlrele, 905 

trlanglAt 905 
ia£dg«rs; 56 

i&t«ro«pt#d SM^ 852 
imt#rior 

of M angle J 175 
of ft Qlr Am f 829 

eomv«% PQlJgon, 212 
p§lySOWtl'i'®Sl©B# 732 
90 

t«pientp 90 
■pbare, 841 
tri&a^e, 202 
interior angle 4^ 

of a pQlygoa, .738 ' - ^.^ 

of a tl?iaa^e/ 292 : 
interaallj tangent oiFClee, 835 
Interaeet^ 27 * 
Interaeetlon of leta, 24, 554 
^yerselj proportional, 766 
iweraion property^ of 

proportion, 399 
iaoeeeles trapezoid, 593 
laoaoeles trlanglt, 277 

base of, 277 

base sngleB of, 277 

theorem, 275 

vertex of, 277 . 
lateral area of a prism, 799 
lateral tdge of a prlam, 797 
lateral face of a %^lsm, 797 
lateral surface of ik^rlim, 797 
leg of a rl^t trlan|le, 366 
leg of a trapezoid, 593 
length of an arc, 900 
lengtla of a segment^ 11^ 
length of a vector, 704 
less than, 64 ^ 
limit, 888 
llne(B) 

oonourrent, 597 

Goordlnate sjstam on, 505 

horliontal, 510 

Interoept form of, 571 ex. 

opposite aides cf, 136 



lineC9)f (oon't •) . ■■ . ^ 
^«%llel, 316, 3*3 S ^ 
"^^llel to a plan#/ 617 : ■ ;t 
panmtrio equationa ot^ 
perpendloulkr, 163 ' 
perpendloular to a pUane, 610 
point-slope fora of, 569 . 
projeotion of a point on, 428 
pro j eat ion of |U ' ; 

se^ent on, ^S8 
representation of, 35 
' Bkmjt, ^6 

-^slope of, 5Sp . . 
slope* intercept 

form of,; 571 ex. 

transTersal, 317 

two-point t^m of, 569 

undefined , 33 ^ 

vertloal, 5W ^ 

linear pair, 179^ 
Lobaohelrsklan geomet^, 340 
leoua, 538 r' ; ^, 

logloal equlyalenee, 329: 
logloal system, 2 
mag^itWe of* a veetor, 704 
major aro, S48 ;^ / ^ 

measure of an an^e, 154 / ' i 
measure of art arc, S49;. 
measiuTS^^f a dlhediml a^^#,' 635 
mteiure of dl stance, 70' 
median ^ of a 
median of a 
midpoint of 

sf gment , 
mldray, 167 
mil, 153 _ 
minor arc. B48 # 
muitlpllcatlon property y 

Qf equality, 236 "^"^ 

cf order, 63 
nonagon, 210 
nonflh#dron, 784 
nbn-Suclld@an seomatrles, 339 
null setf 29 ©X* 
mm bars \ * , . ' 

oountif^, 55 , 

Inequality of, 57 ^ 

Integers, 56 ? 

Irratioiml', ; 56 ^ v 

natural, 55 |' 

negative, 63 

order properties^ 63 

positive, 63 ' 

rational 56 

real, 56 
obtuse angle, 188 
octagon, 210 
octahedron, 78^^ 



tra-iezoid, 593, 758 
triangle, 269 

91, 526, 550 
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/ ^ of QQlllMar point 1, 
*iord#r«d ^Ip, 511 
oMsMd ti»lpl«, 646 \ ■ 
ori^, 76, 510/. 684 
orisl^ n& unit paiat 

t^QMap 78 
out«r end of radius, 821 
SMftUftl li»a* 316 , 343 
diateM* batvaan. 354 
prapartlaa ©f , 347 
PMallal peatulAM^ 339 
parmllal raya, 355 - i 
jl^anllal aagmanta, 350 

paMllai Taatorap 705 
N«arailalapipddp 797 

parallaliaBp 315 

df a llM to platia, 617 

of tvo planaa, 617 
parallalognm, 351 

altltuda of p 748 

araa of « 75q 

baaa of p 748 

propartiaa of, 603 
paraaatar^ 546 v. 
p^raaatrio aquatians 

m a plana p 546 ^ 

in spa§ap 656 
pantagonp 210 
pantahadroap 784 
parpandi o alar , 18 3 

foot, of, 294 V, 
. linasp 183 ^ 

planas , - 635 I 

sata, 183 \ 

vac tors, 717 \ 
parpanAicularity bf a llna 

and a plana, 6l^\ 
piprt*, 839 \ 
plana is), X 

Goordinata ijatam in, ^09 
. aquation of, 663 

parallal to a line, 617 

parallal to anothar 
plana, 6l7 

parpandlaular, 6?5 
parpandloular to a line, 

ra praaantation of, 44 
tangant, 84a 
i^afinadp 33 
plana an^# of a dihedral 

an^gla, 634 
plana separation poitulatap 
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, |pl©t,*^4 . ' 
point (a) . 

lina aoordinatii of, 76 
plana ooordinatas of, 511 
apaoa ooordinataa of, 646 
distanoa batweanp 5Sip 655 
powar of with rtfipaot ^ 
m,^rQlap 871 
* raprtfMntation of, 35 

mdaf Inad, 33 
point plotting thaoraBpll6 
point-alopa f ora ^f a 
f v rillMar aquatlmK 569 
point of tanganaj \ 
,of a oiroia, 830 
of a aphara, 64i 
polygon (a J 

anglaa of, 213 v 
oongruansa batwaanp 405 
odBiaoutiTa aidaa of, aiO 
- msOTwouttTa vartwanpf^^ "^10 
oonvaxp gll 
ragularp^S07 , 779 ^ 
aidag of, 205 
■imilarp 403 , 
vartax of, 209 
POlygonal-ragion(B) , 730 
araa of, 744 
boundary of, 732 
edges of, 734 
faeas of, 734 
intarlor of, 732^ 
vartiQei ofp 73^ 
polyhedral an^^ts), 788 
edge of, 788 
faae of, 789 
faoa angle of , 789 
vertax of, 788 
polyhedron(a) , 783 
convex, 784 
edge of, 783 ' 
face of, 78^ ^ - 
regular, 78^ 
aectidn of, 784 
vertex of, 783 
postulata(s) , JO 
. of Algebra, 57 
of congruanGa, 

B.A.S., asi 

s.s.s,, 253 

of inaidenea, 35, 36, 42 , 

interior of ai^ anglp, 174 

parallal, 339 

plana separation, 138 

proportional aegaente , 412 

protractor, 159 

ruler, 77 



pmrer df a'>@ifit with rMpaot 

prUmU), 79© 

«lWtMa of, 799 
^ bast of ^ 796 f 

ajfDSs*ia0tiiQin of 798: 

iiLtftnl^M*^tf of/7&9 

lat«nl #4g« of, 797 

lateral fao» sf/ 797 

il^tanl iurfaea of , 797 

raatangular, 796 
797 

.rigrA-saetloa of,. 793 ^ 
tota]^ area ©f , 799 
triangular, 796 ' 
prlanatle^ surf aos, 797 
prjiduat property of 

proportloii, ^399 
prbjaotlon*,^ ' 

df ^V point i&to a plana% 630 
H^fv Appoint on a, Una, 428 
^ ^^f* a vacant on a lint, 428 
\ of a\sft of points Into a 
, ; y pi^m, 631 ^ 
of a vegtor* 720 / 
proof* 17. 

fli^ins of, 271 
indlreat istthod, 325 
paragraph farm g 276 
two oolumn form, 244^ 276 
ualng daflnitlons in, 241 
writing of * 260 
propartlas of * 
. oingruance, 253 

for anglas, 235 
for s^ipents, 2>4 
for trlftnglas, 235 
direotad staffi#ntB, 687 
aquallty, W3, 235 
ordar* 63 

parallal llnas, 347 

parallal plants , 627 

parallal06**ams , 6QJ 

proportilonr 399^ 

proportionality, 397 

raotanglas, 603 

rhombustfl, 603 

icalar products, 719 

elmllkr convox polygons, 406 

sqiimras, 603 

trapazolds , 603 

vsotors, 707 
property of the 

oontraposltlva, 329 ; ^ 
proportion, 399 

properties' of, 399 
proportional, 393 



proportional aagmanti 

pQittalatair 4^ 
proportionality , 392 \ ^ ^ 

invaraa, 766 

propartias of, 397 
protj^otor, 151 
protjNL0%oi^ ^ftulatef 159 
pyriiiid ( ■ ) , gey 

altltuda of, 603 , 

baaa of « 803 

f,^iatua of^ 605 

ragular, 804 

ala^t^halg^t of^ 805 

vajrtax of, 803 
Pytha^pfan t^^ram, 433 
quadj^ania, 513 
quadrilataralks), 204 

opposlta lidaa of, 213 

oppoalta Tartloas of, 213 

sidaa of, 204 

vartioaa of,. 204 
radian, 153 
radius 

of a olrola, 8l9« 821 

out*!" end of , '821, 

of^a ragvdLfti* polygon, 779 

of a aeotor of a alrola, 901 
rajCs)^ 04 

antlpaimllal, 355 ^ ■ 

oonourrant, 597 

ooordlnata of* 159 

andpolnt of, 84 

Inltlai, 143 

interior of, 90 

opposite, 85 

oMered pair of, 143 

pajmllsl, 355 

slope of, 556 

taralsal, l43 
jm^-Qoordlnate systsffl, 159 
real numbers, 56 - 
rdasonlng, 

deduotlvej 10 

lndlreot,^12 ' 

induotlva, 5 ' 
raatangla, 578 

area of, 7W 

propertlttN^f , 603 
reatangular parallelepiped^, jyf 
reotangular prlsfflj 796 
reflex angle , 143 
reflexive property ^ ^ ' 

of osngruenoa, 

for angles, 235 
for at^tnts, 234 
for trianglas, 235 

of ©quality, 233 

of ©quivalent dlreoted 
BegmentSi 687 



otprQpQr%%omml±%f, 397 
of similar eonvex > , 

regul&jp' po]^gQni8)» 297 

apothom Qf . 7T9 . * 

area of, 76^, 

aentar of / 77S * 

eantral trlas^© of » 775 

radlufl of p 77S 
^MCulftj^ psf^^badron, 78.4 
rspilar pyraaidV 804 
raiultant, 709 ax. 
rtaMbus , 578 

araa of^ 755 ^ 
f c ^ pi^p#rtiai of,- fi&3 * 
M^iAnnian saomati^p 340 
right angla, 18a 
A0it dibadral angl#« 635 
right prism* 797 
ri^t stotioh of ft ^prlsm, 798 
ri^t trian^t, 366 
rotation, • 143 
rullr postulata, 77 
S.A«Ai thaoram* 361 
,3#A«S« postulatas 251 
^i^^A*S.t similarity thaoram, 421 
scalar (a), 683, 703 
soalar p^odudt, 718 

propartias of, 719 
saoant, 621 

saeant-saoant angla*, 862 
saoant-sagmant , 870 

axtarnal, 870' 
aaotion ^©f polyhedron^ 7§4 
saotor of a olrcla, 901 

arc of, 901 , 

araa of, ^01 

radius of, 901 
sagaiant (i ) , 86 

of a oircle, 902 ax, 

.aoaeurrant, 597 

oongruant, 115 

dirsctad, 684 

*andp©ints of, 86 
• interior of , 90 

length of, 114 

midpoint of, 91, 52S, 550 

paralltl, 350 

slopa of, 554 

tangant, 865 
samiclrala, 848 
saparation, 

by a line, 138 

by a plans, 139 

by a point, T.33 



^ satCb), 19 

conTaXp 134 

alamants of, 19 

amptj, 16 

aquality of, 20 
^jfatarsaction of, 24, 534 - 

ni^l, 29 ax, 

of raal numbari,..55 

union of , 25, 534 . 
sat-bulldarlb^otation, 531 
sidt, . , 

of an angla, 145 

of ^ llm:^cl3a 

of a pianaV 139 
:\ of a quadrilateral, 204 
, of a trian^lp,* 201 
similar polygans, 403 

propartles of, 406 
skaw lines, 3l6 ^ 
*8lant haight of a pyramid, 804 
slope, 

of a ae^ent, 554 

of a non-vertlcal line, 556 

of a non-vertloal ray, 556 
slopa-lntercaot form of a 

linear eqiiatlon, 571 
spaca, 36 " ^ 

oooralnata ayatem in, 64l 
sphere (s), 820 

center of, .820 

chord of, 821 

concentric, 820 

congruent, 622 

diameter of, 821 

exterior of, 841 

great circle of, 821 

interior of, 841 

radius of, 820, 8si 

segant of, 821 ^ V 

tangent tp, 842 
square, 578 ; 

area of, 749, 756 

properties of, 603 
3,3,3, postulate^ 253 
3,3. S*. similarity thaares, 420 
"stralsht angle's 144 
jubset, '22 

proper, 25 ex* 
substitution property, 233 
aupplement, l8b 
supplement tneoram, 189 
lymmetric property 

of ton^ruence, 

fb^ angles , 235 
for segments , 234 
for triangles , 235 

of equality, 233 

of equlvalant directed 
segments, 687 
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^ of pa«lj.«l pl^ttM, 6S7 

^ , j r • ©f prDp©rtloa«llty, 397 

i tasgrat t© A qlribl«« &30 , 

eomfflom imtarml^ 877 
tM^Mt-ehord 861 € 

^ tenant elrel©i, 835 » . 
1^ ; teag#i^ plans ^ 84? / ^ 
^ Jb§^#nt-s#f&&t angle « 86S 
' V ; t^ig#nt«*8t^»t, 869 

ta&s9^^"'^9'^S®nt angle « 862 
taniiaal pointy 684 
tarmlnus^ 684 
tatrmhedronf 784 
thaoramls), 10 

A. A, •imilarity, 422 
angle eonstFuationi 160 

betweenness-addition, 
for points, 240 
^ for rays* 240 
* . : ' betwe©nneiS*a©ordlnate, 109 
betweemiei3*dlstaneep 117 
hypotenuse-leg, 367 
isaaeles trlansle, 275 
origin and imit point, 78 
poin^-plo^tt^ng, 116 
Pythagorean, 433 
obverse of, 434 
. B.A.A^, 351 

3. A. a, similarity, 421 
3*S.S. aimilarit^, 420 
•upAlementj 18& 
triangle inequality, 378 
two^oobrdlnate system, 103 
two-point> 108* ^ 
total area of a prism, 7^9 
transitive property 
of eongruenae, 

for angles, 235 
\ ^ \ ' for -segiffents, 2^4 
for triangles, 235 
of ©quality j 234 
of equivalent directed 

segsents, SS7 
of order, 63 
^f parallel lines, 3^7 
Df parallel planes, 627 
of proportionality, 398 
of similar eonvex 
-polygons, 4o6 
' transverBali 317 



^ t r ap e aQ ldy ^&3^~^^ . i . ^^>. V ^ 
' altitude of, 593 ' 
area of, 758 1 - * 
base of, 593 /' . ' 

base angles of, 593 
iaoaeles, ^593 * 
legs of ,'593 " 
laadl^n of , 593, 758 * ^ 
/ properties of, 603 
triangle ( 8 ), 201 ^ 
alUtudt of, 427 
an^es^ of ,^ 201 / .. 

, area of, 753 
olraifflsarlbed, 905 
oongruent, 229 
equlai^ular, 277 
equilateral, 277 
exterior o^f , 203 
exterior angle of, 292 
insoribed, 905 ^ 
interior of, 202 
Interlojr ^gle of, 292, _ 
isosgeles, 377 ^ = - 

median ef , 285 
ri^t,' 366- % 
sides 6(, 201*' 

vertloei ofiV.201 - . . 

triangle- IroquSlity tneorem, 378 
triangular prism, 796 
triangular* region, 730 
trintdral angle, 789 
two-GOordlnate system 

theorem , 103 
two^point form of a linear 

equation, 569 
two^point tneorem, 108 
unequal in the same order, 370* 
union of sets, 25, 534 
unit, 70 

unit area, 744^ i 
unit-pair, 70 , ' 

unit-point , 76 . 
unit ^sqtiare, ,748 
?veotQr(s)% 700, 703 ' 
oomponents of, 703 
: equal., 704 ^ 

geometrioal applioationa, 714 
^length of, 704 
ma^ltude of, 704 
parallel, 705 
perpendieular, 717 
product with saalar, 704 
projection of, 7lS 
properties of, 707 
soalar product of, 718 
subtraGtion of, 705 
sum of, 705 
zero, 704 
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of m pely^Ml^Mglra, 734 

of a polyta^dmnt 7B3 
ef A igr ruM,* 803 

▼•jf^iMl iinast 510 

j|-dQ9pm»iit of a dlraatad 
••SM&t» 6bO 

xjr^plAMp §lOp 643 

y-MlSp 510 . 

^^s#gp#Bt« $S0 \ 
y^eodrdinata^ 511 « 646 
jrs-plaM» 643. 
a-dedrdiiiata, 646 

aaro vector, 704 



